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Preamble

The purpose of this License is to make a manual, textbook, or other functional and useful document “free” in the sense of freedom: to assure everyone the effective freedom to copy and redistribute it, with or without modifying it, either
corr ially or noncon ally. S ily, this License preserves for the author and publisher a way to get credit for their work, while not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must themselves be free in the same sense. It complements the GNU General Public License, which is a copyleft license designed for free software.

‘We have designed this License in order to use it for manuals for free software, because free software needs free documentation: a free program should come with manuals providing the same freedoms that the software does. But this License
is not limited to software manuals; it can be used for any textual work, regardless of subject matter or whether it is published as a printed book. We recommend this License principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by the copyright holder saying it can be distributed under the terms of this License. Such a notice grants a world-wide, royalty-free license,
unlimited in duration, to use that work under the conditions stated herein. The “Document”, below, refers to any such manual or work. Any member of the public is a licensee, and is addressed as “you”. You accept the license if you copy, modify
or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals exclusively with the relationship of the publishers or authors of the Document to the Document’s overall subject (or to related matters) and
contains nothing that could fall directly within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section may not explain any mathematics.) The relationship could be a matter of historical connection
with the subject or with related matters, or of legal, commercial, philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being those of Invariant Sections, in the notice that says that the Document is released under this License. If a section does not fit the above definition
of Secondary then it is not allowed to be designated as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover Texts, in the notice that says that the Document is released under this License. A Front-Cover Text may be at most 5 words, and a
Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format whose specification is available to the general public, that is suitable for revising the document straightforwardly with generic text editors or
(for images composed of pixels) generic paint programs or (for drawings) some widely available drawing editor, and that is suitable for input to text formatters or for automatic translation to a variety of formats suitable for input to text formatters.
A copy made in an otherwise Transparent file format whose markup, or absence of markup, has been arranged to thwart or discourage subsequent modification by readers is not Transparent. An image format is not Transparent if used for any
substantial amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-conforming simple HTML, PostScript or PDF
designed for human modification. Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary formats that can be read and edited only by proprietary word processors, SGML or XML for which the
DTD and/or processing tools are not generally available, and the machine-generated HTML, PostScript or PDF produced by some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are needed to hold, legibly, the material this License requires to appear in the title page. For works in formats which do not have any title page as
such, “Title Page” means the text near the most prominent appearance of the work's title, preceding the beginning of the body of the text.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another language. (Here XYZ stands for a specific section name
mentioned below, such as “A ", “D ", “Endorsements”, or “History”,) To “Preserve the Title” of such a section when you modify the Document means that it remains a section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License applies to the Document. These Warranty Disclaimers are considered to be included by reference in this License, but only as regards
disclaiming warranties: any other implication that these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially, provided that this License, the copyright notices, and the license notice saying this License applies to the Document are reproduced
in all copies, and that you add no other conditions whatsoever to those of this License. You may not use technical measures to obstruct or control the reading or further copying of the copies you make or distribute. However, you may accept
compensation in exchange for copies. If you distribute a large enough number of copies you must also follow the conditions in section 3.

‘You may also lend copies, under the same conditions stated above, and you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document, numbering more than 100, and the Document’s license notice requires Cover Texts, you must enclose the copies in covers that carry,
clearly and legibly, all these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly and legibly identify you as the publisher of these copies. The front cover must present the full
title with all words of the title equally prominent and visible. You may add other material on the covers in addition. Copying with changes limited to the covers, as long as they preserve the title of the Document and satisfy these conditions, can be
treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must either include a machine-readable Transparent copy along with each Opaque copy, or state in or with each Opaque copy a computer-network
location from which the general network-using public has access to download using public-standard network protocols a complete Transparent copy of the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible at the stated location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before redistributing any large number of copies, to give them a chance to provide you with an updated version of the Document.

4. MODIFICATIONS

‘You may copy and distribute a Modified Version of the Document under the conditions of sections 2 and 3 above, provided that you release the Modified Version under precisely this License, with the Modified Version filling the role of the
Document, thus licensing distribution and modification of the Modified Version to whoever possesses a copy of it. In addition, you must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and from those of previous versions (which should, if there were any, be listed in the History section of the Document). You may use the same
title as a previous version if the original publisher of that version gives permission.

B. Liston the Title Page, as authors, one or more persons or entities responsible for authorship of the modifications in the Modified Version, together with at least five of the principal authors of the Document (all of its principal authors,
ifit has fewer than five), unless they release you from this requirement.

C. State on the Title page the name of the publisher of the Modified Version, as the publisher.



D. Preserveall the copyright notices of the Document.
E. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.
E  Include, immediately after the copyright notices, a license notice giving the public permission to use the Modified Version under the terms of this License, in the form shown in the Addendum below.
G. Preservein that license notice the full lists of Invariant Sections and required Cover Texts given in the Document’s license notice.
H. Include an unaltered copy of this License.

1. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least the title, year, new authors, and publisher of the Modified Version as given on the Title Page. If there is no section Entitled “History” in the
Document, create one stating the title, year, authors, and publisher of the Document as given on its Title Page, then add an item describing the Modified Version as stated in the previous sentence.

J.  Preserve the network location, if any, given in the Document for public access to a Transparent copy of the Document, and likewise the network locations given in the Document for previous versions it was based on. These may be
placed in the “History” section. You may omit a network location for a work that was published at least four years before the Document itself, or if the original publisher of the version it refers to gives permission.

K. Forany section Entitled “Ackno its” or “Dedications”, Preserve the Title of the section, and preserve in the section all the substance and tone of each of the contributor acknowledgements and/or dedications given therein.
L. Preserveall the Invariant Sections of the Document, unaltered in their text and in their titles. Section numbers or the equivalent are not considered part of the section titles.
M. Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified Version.
N. Do not retitle any existing section to be Entitled “Endorsements” or to conflict in title with any Invariant Section.
0. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary Sections and contain no material copied from the Document, you may at your option designate some or all of these sections as invariant.
To do this, add their titles to the list of Invariant Sections in the Modified Version’s license notice. These titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of your Modified Version by various parties—for example, statements of peer review or that the text has been approved by an organization as
the authoritative definition of a standard.

‘You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage of Front-Cover Text and one of Back-Cover
Text may be added by (or through arrangements made by) any one entity. If the Document already includes a cover text for the same cover, previously added by you or by arrangement made by the same entity you are acting on behalf of, you may
not add another; but you may replace the old one, on explicit permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use their names for publicity for or to assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms defined in section 4 above for modified versions, provided that you include in the combination all of the Invariant Sections of all of the
original documents, unmodified, and list them all as Invariant Sections of your combined work in its license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant Sections may be replaced with a single copy. If there are multiple Invariant Sections with the same name but different contents, make the title
of each such section unique by adding at the end of it, in parentheses, the name of the original author or publisher of that section if known, or else a unique number. Make the same adjustment to the section titles in the list of Invariant Sections in
the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original documents, forming one section Entitled “History”; likewise combine any sections Entitled “Acknowledgements”, and any sections Entitled
“Dedications”. You must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENTS

‘You may make a collection consisting of the Document and other documents released under this License, and replace the individual copies of this License in the various documents with a single copy that is included in the collection,
provided that you follow the rules of this License for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this License, provided you insert a copy of this License into the extracted document, and follow this License in all other respects regarding
verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the copyright resulting from the compilation
is not used to limit the legal rights of the compilation’s users beyond what the individual works permit. When the Document is included in an aggregate, this License does not apply to the other works in the aggregate which are not themselves
derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be placed on covers that bracket the Document
within the aggregate, or the electronic equivalent of covers if the Document is in electronic form. Otherwise they must appear on printed covers that bracket the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document under the terms of section 4. Replacing Invariant Sections with translations requires special permission from their copyright holders, but
you may include translations of some or all Invariant Sections in addition to the original versions of these Invariant Sections. You may include a translation of this License, and all the license notices in the Document, and any Warranty Disclaimers,
provided that you also include the original English version of this License and the original versions of those notices and disclai . In case of a di: nent between the tr ion and the original version of this License or a notice or disclaimer,
the original version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the requirement (section 4) to Preserve its Title (section 1) will typically require changing the actual title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly provided for under this License. Any other attempt to copy, modify, sublicense or distribute the Document is void, and will automatically terminate your
rights under this License. However, parties who have received copies, or rights, from you under this License will not have their licenses terminated so long as such parties remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation License from time to time. Such new versions will be similar in spirit to the present version, but may differ in detail to address new problems
or concerns. See http://www.gnu.org/ copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies that a particular numbered version of this License “or any later version” applies to it, you have the option of following the terms and conditions
either of that specified version or of any later version that has been published (not as a draft) by the Free Software Foundation. If the Document does not specify a version number of this License, you may choose any version ever published (not as

a draft) by the Free Software Foundation.

Que a quien robe este libro, o lo tome prestado y no lo devuelva, se le convierta en una serpiente en las
manos y lo venza. Que sea golpeado por la pardlisis y todos sus miembros arruinados. Que languidezca
de dolor gritando por piedad, y que no haya coto a su agonia hasta la iviltima disolucién. Que las polillas
roan sus entrafiasy, cuando llegue al final de su castigo, que arda en las llamas del Infierno para siempre.
-Maldicion anonima contra los ladrones de libros en el monasterio de San Pedro, Barcelona.
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Preface

For many years I have been lucky enough to have students ask for more: more challenging problems, more illuminating
proofs to different theorems, a deeper look at various topics, etc. To those students I normally recommend the books in
the bibliography. Some of the same students have complained of not finding the books or wanting to buy them, but being
impecunious, not being able to afford to buy them. Hence I have decided to make this compilation.

Here we take a semi-rigorous tour through Calculus. We don't construct the real numbers, but we examine closer the
real number axioms and some of the basic theorems of Calculus. We also consider some Olympiad-level problems whose
solution can be obtained through Calculus.

The reader is assumed to be familiar with proofs using mathematical induction, proofs by contradiction, and the me-
chanics of differentiation and integration.

David A. SANTOS

dsantos@ccp.edu
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Chapter 1

Preliminaries

Why bother? We will use the language of set theory throughout these notes. There are various elementary
results that pop up in later proofs, among them, the De Morgan Laws and the Monotonicity Reversing of Com-
plementation Rule.

The concept of a function lies at the core of mathematics. We will give a brief overview here of some basic
properties of functions.

1.1 Sets

This section contains some of the set notation to be used throughout these notes. The one-directional arrow — reads
“implies” and the two-directional arrow <= reads “if and only if.”

1 Definition We will accept the notion of set as a primitive notion, that is, a notion that cannot be defined in terms of more
elementary notions. By a set we will understand a well-defined collection of objects, which we will call the elements of the
set. If the element x belongs to the set § we will write x € S, and in the contrary case we will write x ¢ S." The cardinality of
a set is the number of elements the set has. It can either be finite or infinite. We will denote the cardinality of the set S by
card (S).

|:| Some sets are used so often that merit special notation. We will denote by
N=1{0,1,2,3,...}

the set of natural numbers, by
Z={..,-3,-2,-1,0,1,2,3,...}°

by Q the set of rational numbers>, by R the real numbers, and by C the set of complex numbers. We will occasionally also use
aZ={...,-3a,-2a,—a,0,a,2a,3a,...}, etc.

We will also denote the empty set, that is, the set having no elements by &.

2 Definition The union of two sets A and B is the set
AUB={x:(x€ A) or (x€ B)}.
This is read “A union B.” See figure 1.1. The intersection of two sets A and B is

ANnB={x:(x€ A) and (x € B)}.

1 Georg Cantor(1845-1918), the creator of set theory, said “A set is any collection into a whole of definite, distinguishable objects, called elements, of our
intuition or thought.”

27 for the German word Ziihlen meaning “integer.”

3 Q for “quotients.”



Sets

Figure 1.1: AUB Figure 1.2: AnB Figure 1.3: A\ B

This is read “A intersection B.” See figure 1.2. The set difference of two sets A and B is
A\B ={x:(x€ A) and(x ¢ B)}.

This is read “A set minus B.” See figure 1.3.
3 Definition Two sets A and B are disjointif AnB = &.
4 Example Write AU B as the disjoint union of three sets.

Solution: Observe that
AUB=(A\B)U(AnB)U(B\A),

and that the sets on the dextral side are disjoint.

5 Definition A subset B of a set A is a subcollection of A, and we denote this by B C A. * This means that x€ B = x¢€ A.

|:| & and A are always subsets of any set A.

Observe that
A=B < (AcB) and (BcA).

We use this observation on the next theorem.

6 THEOREM (De Morgan Laws) Let A, B, C be sets. Then

A\(BNnC)=(A\B)u(A\QO), A\(BUCQ)=(A\B)n(A\(O).

Proof: We have

x€eA\(BUC) < x€A and x¢(B or O
— (x€A) and ((x¢B) and (x¢(Q))
<~ (x€A and x¢B) and (x€ A and x¢C)
<~ (x€A\B) and (x€ A\C)
— x€(A\B)n(A\CO).
Also,
xeA\(BNC) <— xe€A and x¢g(B and O)
<~ (x€A) and ((x¢gB) or (x¢Q))
<— (x€A and x¢B) or (xeA and x¢C)
<— (x€A\B) or (x€A\Q)
<~ x€e(A\B)U(A\QO)
O

“There seems not to be an agreement here by authors. Some use the notation c or € instead of C. Some see in the notation < the exclusion of equality.
In these notes, we will always use the notation S, and if we wished to exclude equality we will write <.
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7 THEOREM (Monotonicity Reversing of Complementation) Let A, B, X be sets. Then

ACB < X\BCX\A.

Proof: We have
(xe A) = (x€B)

(xZB) = (x¢ A)
(xeX and x¢B) = (x€X and xdA)
X\BC X\ A.

1o

O

8 Definition Let Aj, Ag,..., Ay, be sets. The Cartesian Product of these n sets is defined and denoted by
Al X Ag X eee X An = {(al,az,...,an) tap € Ak},

that is, the set of all ordered n-tuples whose elements belong to the given sets.

|:| In the particular case when all the A are equal to a set A, we write
Ap x Ag x -+ x Ay = A",

Ifac Aandbe Aweuwrite (a,b) € A2,

9 Example The Cartesian product is not necessarily commutative. For example, (\/E, 1) e R x Z but (\/E, 1) ¢ Z x R. Since
R x Z has an element that Z x R does not, Rx Z # Z x R.

10 Example Provethatif X x X =Y xY then X =Y.
Solution: Letx e X. Then (x,x) € X x X, which gives (x,x) €Y xY,soye Y. HenceX<Y.
Similarly, ify € Y then (y,y) € Y x Y, which gives (y,y) € X x X, soy € X. HenceY < X.

ThusX <Y andY c X givesX =Y.

Homework
Problem 1.1.1 ForafixedneN put Ay ={nk:keN}. Problem 1.1.5 Prove the following associative laws:
L Fmd‘g”‘” AN(BNC)=(ANB)NC, AU(BUC)=(AUB)UC.
2. Find () An.
n;l Problem 1.1.6 Prove that
3. Find | J An.
" anJl " AnB=A < AcB.
Problem 1.1.2 Prove the following properties of the empty set: Problem 1.1.7 Prove that
Ang =0, Aug=A. AUB=A < BcA.
Problem 1.1.3 Prove the following commutative laws: Problem 1.1.8 Prove that
AnB=BnA, AUB=BUA. AcB — ANnC<BnNC.
Problem 1.1.4 Prove by means of set inclusion the following dis- | problem 1.1.9 Prove that
tributive law:
(AUB)NC=(ANnC)U(BNO). AcB and C<B = AUCcB.
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Problem 1.1.10 Prove the following distributive laws: Problem 1.1.13 Let A, B, and C be sets. Shew that
ANn(BuUC)=(AnB)U(AnQ), AuBnNnC)=(AuB)Nn(Au).

Ax(B\C)=(AxB)\(AxC).
Problem 1.1.11 Is there any difference between the sets &, {J} and
{{o}}? Explain.

Problem 1.1.14 Provethat a set with N € N elements has exactly 2N
Problem 1.1.12 Is the Cartesian product associative? Explain. subsets.

1.2 Numerical Functions

11 Definition By a (numerical) function f : Dom ( f) — Target(f) we mean the collection of the following ingredients:
O a name for the function. Usually we use the letter f.
O asetof real number inputs called the domain of the function. The domain of f is denoted by Dom (f) C R.

U an input parameter, also called independent variable or dummy variable. We usually denote a typical input by the
letter x.

O aset of possible real number outputs of the function, called the target set of the function. The target set of f is denoted
by Target (f) S R.

O an assignment rule or formula, assigning to every input a unique output. This assignment rule for f is usually de-

noted by x — f(x). The output of x under f is also referred to as the image of x under f, and is denoted by f(x).

The notation®
I3 Dom(f) — Target(f)
) x — fx)

read “the function f, with domain Dom (f), target set Target(f), and assignment rule f mapping x to f(x)” conveys all
the above ingredients.

|:| Oftentimes we will only need to mention the assignment rule of a function, without mentioning its domain or target set.

In such instances we will sloppily say “the function f” or more commonly, “the function x — f(x)’, e.g., the square function
26

x—x“.

12 Definition  The imageIm (f) of a function f is its set of actual outputs. In other words,
Im(f)={f(a): acDom(f)}.
Observe that we always have Im (f) < Target (f). For a set A, we also define

fA) ={f(a):ac Al

13 THEOREM Let f: X — Y be a function and let AC X, A’ C X. Then
1. ACA = f(A)C f(A)
2. f(AuA)=f(AuUf(A)
3. f(AnA) C f(ANf(A)

4. f(A\fA)C fa\A)

Proof:

5Notice the difference in the arrows. The straight arrow — is used to mean that a certain set is associated with another set, whereas the arrow — (read
“maps to”) is used to denote that an input becomes a certain output.
6This corresponds to the even sloppier American usage “the function f(x) = *2.

»

®
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1. xe A= xec A and hence f(x) € f(A) = fx)e f(A) = f(A) C f(A)

2. SinceAC AuA' and A C Au A, we have f(A) C f(AU A) and f(A) C f(Au A), by part (1) and thus
FA) C f(A) S fF(AUA). Moreover, ify € f(AUA'), thendx e AU A’ such thaty = f(x). Then eitherx € A
and so f(x) € f(A) orxe A and so fx € f(A). Either way, f(x) € f(A)u f(A") and

ye fLAUA) = ye fFAUf(A) = F(AUA)C fA U fFA).

Hence

fAuA) = f(AufA).

3. Letye f(AnA'). Then3x € An A’ such that f(x) = y. Thus we have bothx € A = f(x) € f(A) and
xe A = f(x) € f(A). Therefore f(x) € f(A) N F(A") and we conclude that f(An A') € f(A) n f(A)).

4. Letye f(A)\f(A). Thenye€ f(A) andy ¢ f(A"). Thus3Ix € A such that f(x) = y. Sincey ¢ f(A'), then
x¢ A'. Thereforexe A\ A’ and finally, y € f(A\ A'). This means that f(A)\ f(A) S f(A\ A) as claimed.

O

1.2.1 Injective and Surjective Functions

14 Definition A function is injective or one-to-one whenever two different values of its domain generate two different values
in its image. A function is surjective or onto if every element of its target set is hit, that is, the target set is the same as the
image of the function. A function is bijectiveif it is both injective and surjective.

15 Example The function

is neither injective nor surjective.

The function

is surjective but not injective.

The function

is injective but not surjective.

The function
[0;+oo[ — [0;+oo[

X — x2

d:
is a bijection.

A bijection between two sets essentially tells us that the two sets have the same size. We will make this statement more
precise now for finite sets.

16 THEOREM Let f: A— B beafunction, and let A and B be finite. If f is injective, then card (A4) < card (B). If f is surjective
then card (B) < card (A). If f is bijective, then card (A) = card (B).

Proof: Putn=card(A), A= {x1,X2,...,X,} and m = card(B), B ={y1,¥2,.«+» Ym}-
If f were injective then f(x1), f (x2),..., f (x,) are all distinct, and among the y;.. Hence n < m.

If f were surjective then each yy. is hit, and for each, there is an x; with f(x;) = yi. Thus there are at least m
different images, and son=m. []

®
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1.2.2 Algebra of Functions

17 Definition Let f : Dom (f) — Target(f) and g : Dom (g) — Target(g). Then Dom(f + g) = Dom (f) nDom (g) and the
sum (respectively, difference) function f + g (respectively, f — g) is given by

Dom(f)nDom(g) — Target(f+g)

f+s: x —  fx)tgx)

In other words, if x belongs both to the domain of f and g, then

(f+8)(x) = f(x) £ g(x).

18 Definition  Let f : Dom (f) — Target(f) and g : Dom(g) — Target(g). Then Dom(fg) = Dom(f) nDom(g) and the
product function fg is given by

Dom(f)nDom(g) — Target(fg)

r8: x —  f(x)-gx)

In other words, if x belongs both to the domain of f and g, then

(fg)x) = f(x)-g(x).

19 Definition Let g : Dom (g) — Target(g) be a function. The support of g, denoted by supp (g) is the set of elements in
Dom (g) where g does not vanish, that is

supp (g) = {x < Dom(g): g(x) # 0}

20 Definition Let f : Dom (f) — Target(f) and g : Dom (g) — Target(f). Then Dom(g) = Dom (f) nsupp(g) and the

quotient function f is given by
g

f(x)

X —_— z _
g(x)

In other words, if x belongs both to the domain of f and g and g(x) # 0, then I (x) = M
g

g’

f Dom (f)nsupp(g) — Target(f/g)
.

21 Definition Let f : Dom (f) — Target(f), g : Dom (g) — Target(g) and let U = {x € Dom (g) : g(x) € Dom f)}. We define
the composition function of f and g as

U — Target(fog)

x = flg) (1.1

fog:

Weread fog as “f composed with g.”

1.2.3 Inverse Image

22 Definition Let X and Y be subsets of R and let f : X — Y be a function. Let B € Y. The inverse image of B by f is the set
flB)=i{xeX:f(x)eB}.

If B = {b} consists of only one element, we write, abusing notation, f “14py = f ~I(p). It is clear that f “1(Y) = X and
flw=2.

23 Example Let
{—2,—1,0,1,3} - {0)1y4)5y9}
x — x? ’

f:

Then f_l({O,l}) ={0,-1,1}, f_l(l) ={-1,1}, f_1(5) =, f_1(4) =2, f_l(O) =0, etc. Notice that we have abused notation
in all but the first example.
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24 THEOREM Let f: X — Y be a function andlet BC Y, B’ C Y. Then
1. BEB = f 1B S fl(B)
2. fYBUB)=f B Uf(B)
3. f'BnB)Y=f'B)nf(B)

4. FFUB\FB)=fYB\B)
Proof:

1. Assumex € f~Y(B). Then thereisy € B C B' such that f(x) = y. Buty isalso in B' sox € f (B'). Thus
®criae).

2. SinceBC BUB' and B'C BUB', we have f 1(B) C f Y (BUB') and f'(B") C f Y (BUB'), by part (1).
Thus fYB)uf1(B) S fY(BUB'). Now, letx € f"Y(BUB'). Thereisy € BUB' such that f(x) = y. Either
yeBandsoye B = xec f '(B)orye B andsoye B = xe¢ fY(B'). Eitherway,x € f 1 (B)uf1(B).
Thus fY(BuB) C f1(B)u f1(B). We conclude that f Y (BuB') = f '(B)u f1(B).

3. Letxe f"Y (BN B'). Then3y € BN B' such that f(x) = y. Thus we havebothye B = x€ f '(B) andye
B' = xe fY(B'). Thereforex e f~'(B)n f 1 (B") and we conclude that f " *(BnB") C f 1 (B)n f1(B).
Now, let x € fY(B)n f L (B'). Thenx € f~Y(B) and x € f"'(B"). Then f(x) € B and f(x) € B'. Thus
f(x) e BB andsoxe fY(BNB'). Hence f1(B)n f~1(B') C f1(Bn B) also, and we conclude that
fiBnf Y B)=fYBnB).

4. Letxe f B\ f 1 (B). Thenxe f(B) and x ¢ f ' (B'). Thus f(x) € B and f(x) ¢ B'. Thus f(x) €
B\ B’ and therefore x € f 1 (B\ B"), giving f *(B)\ f 1(B") € f 1 (B\B'). Now, letx€ f (B \ B'). Then
f(x) € B\ B', which means that f(x) € B but f(x) ¢ B'. Thus x € f Y(B) but x ¢ f 1 (B'), which gives
xe fAB)\fY(B') and so fH(B\B) C f~1(B)\ f1(B). This establishes the desired equality.

O

25 THEOREM Let f: X — Y be a function. Let Ax BC X x Y. Then
1. AS(f oA

2. (fof " H(B)CB

Proof: We have

1. Letxe A. Then3y e Y such thaty = f(x). Thus y € f(A). Thereforexef_l(f(A)).
2. ye (fOf_l)(B). Then 3x Ef_l(B) such that f(x) =y. Thus x Ef_l(y). Hence f(x) € B. Thereforey € B.

O

1.2.4 Inverse Function
26 Definiton Let A x B C R2. A function F: A — B is said to be invertibleif there exists a function F~! (called the inverse of

F) such that Fo F"1 =1d pand F “loF=1d a- Here Id g is the identity on the set S function with rule Id g(x) = x.

The central question is now: given a function F: A — B, when is F"! : B — A a function? The answer is given in the next
theorem.

27 THEOREM Let Ax B C R?. A function f: A — B is invertible if and only if it is a bijection. Thatis, f ! : B — Ais a function
if and only if f is bijective.




Numerical Functions

Proof: Assume first that f is invertible. Then there is a function f ' : B — A such that

fofl=1dp and flof=1d 4.

(1.2)

Let us prove that f is injective and surjective. Let s, t be in the domain of f and such that f(s) = f(t). Applying
f! to both sides of this equality we get (f ' o £)(s) = (f ' o f)(£). By the definition of inverse function, (f "' o
f(s)=sand (f_l of)(#) =t. Thus s =t. Hence f(s) = f(t) = s =t implying that f is injective. To prove that
f is surjective we must shew that for every b € f(A) 3a € A such that f(a) = b. We take a = f 1 (b) (observe that
f_l(b) € A). Then f(a) = f(f_l(b)) =(f Of_l)(b) = b by definition of inverse function. This shews that f is
surjective. We conclude that if f is invertible then it is also a bijection.

Assume now that f is a bijection. For every b € B there exists a unique a such that f (a) = b. This makes the rule
g: B — Agiven by g(b) = a a function. It is clear that g o f =1d 4 and f o g = Id g. We may thus take f ! = g.

This concludes the proof. [1

Homework

Problem 1.2.1 Find all functions with domain {a, b} and target set
{c,d}.

Problem 1.2.2 Let A, B be finite sets with card(A) = n and
card (B) = m. Prove that

o The number of functions from A to B ism".

e Ifn < m, the number of injective functions from A to B is
m(m—1)(m—-2)---(m—n+1). If n > m there are no injective
functions from A to B.

Problem 1.2.3 Let A and B be two finite sets with card (A) = n and
card (B) = m. If n < m prove that there are no surjections from A to
B. If n = m prove that the number of surjective functions from A to
Bis

n_(Mm e |M _oyn_|M ey _qpym-1| M
m (1)(m 1) +(2)(m 2) (3)(m 3)"+-+(-1) (m—l)

Problem 1.2.4 Let h:R — R be given by h(1 — x) = 2x. Find h(3x).

Problem 1.2.5 Consider the polynomial

4)2003 8012

(1—x2+x =a0+a1x+a2x2+---+a8012x
Find

ag

apg+ayt+az+---+agoi2

ap—ay +az—ag+---—agoi1 + agoi2
ap+az+ay+---+agoio + agoi2

ay +ag+---+agoo9 + agoi1

O 0o oo

Problem 1.2.6 Let f:R — R, be a function such thatVx €]0; +ool,
[F&®+D1VF =5,
find the value of

for y €10; +ool.

Problem 1.2.7 Let f satisfy f(n+1) = (—1)"+1n—2f(n),n =11If
F@) = f1001) find

F)+f@+FB)+-- + £(1000).

Problem 1.2.8 Iff(a)f(b)=f(a+b)Y a,beRand f(x) >0V xe
R, find f(0). Also, find f(—a) and f (2a) in terms of f(a).

—

R\ {-1}
Problem 1.2.9 Prove that f :

R\ {1}
x-1
x+1

is a bijection

—

and find f1.

Problem 1.2.10 Let fN (x) = fx) =x+ 1, f U = o fl =1,
Find a closed formula for f [m]

n".
Problem 1.2.11 Let f,g: [0 ;1] — R be functions. Demonstrate

2 1
that there exist (a,b) € [0 ;1] such that 2 < |f(a) +g(b)— ab| .

Problem 1.2.12 Demonstrate that there is no function f : R\
{1/2} — R such that

xeR\(1/2) = f(x)(f(zxx—__ll)):xz+x+l

Problem 1.2.13 Find all functions f :R\{-1,0} — R such that

xeR\{-1,00 = fx)+f

-1

—) =3x+2.

x+1

Problem 1.2.14 Let fU(x) = f(x) = 2x, f"* U = fo fIM p > 1.

Finda closedformulaforf["]

Problem 1.2.15 Find all functions g : R — R that satisfy g(x +y) +
gx—-y)= 2x? +2y2.

Problem 1.2.16 Find all the functions f : R — R that satisfy

fxy)=yfx).
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Problem 1.2.17 Find all functions f : R\ {0} — R for which
)

—|=x.

x

Problem 1.2.18 Find all functions f : R\ {-1} — R such that

fx)+2f

1
Problem 1.2.19 Letf[” = f be given by f (x) = 1T—= Find

@) @) = (fo ),

(i) fB¥ (%) = (fo fo ), and

(i) fO = (fofo-fof) ).
N e’

69 compositions with itself

1-x
—— | =64x.
1+x

(f(x))z -f Problem 1.2.20 Let f: A — B and g : B — C be functions. Shew
that (i) ifgo f is injective, then f is injective. (ii) if go f is surjective,

then g is surjective.

1.3 Countability

28 Definition A set X is countable if either it is finite or if there is a bijection f: X — N, that is, the set X has as many
elements as N.

Any countable set can be thus enumerated a sequence
X1, X2, X3y00ee
Thus the strictly positive integers can be enumerated as customarily:
1,2,3,....
Another possible enumeration’is the following
3,5,7,9..., ,22.3,2%.5,22.7,2%.9,...

,2-3,2-5,2:7,2-9,... ,...2423 22 2 1,

that is, we start with the odd integers in increasing order, then 2 times the odd integers, 22 times the odd integers, etc., and
at the end we put the powers of 2 in decreasing order.

29 Any subset X € N is countable.
Proof: If X is finite, then there is nothing to prove. If X is infinite, we can arrange the elements of X increasing

order, say,

X1 <X2<X3<:‘: .

We then map the smallest element x; € S to 1, the next smallest x3 to 2, etc. U

|:| Hence, even though 2N g N, the sets 2N andN have the same number of elements. This can also be seen by noticing that
f :N— 2N given by xn = 2n is a bijection.

30 A set X is countable if and only if there is an injection f: X — N.

Proof: The assertion is evident if X is finite. Hence assume X is infinite. If f : X — N is an injection then f(X) is
an infinite subset of N. Hence there is a bijection g : f(X) — N by virtue of Lemma 29. Thus (gof): X —Nisa
bijection. [

|:| An obvious consequence of the above lemma is that if X' is countable and there is an injection f : X — X' then X is
countable.

31 THEOREM Z is countable.

“Which is relevant in chaos theory, for Sarkovkii’s Theorem.
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Proof: One can take, as a bijection between the two sets, for example, f: Z — N,

P :{2x+1 ifx=0

-2x ifx<0.

O

32 THEOREM @ is countable.

Proof: Consider f:Q — N given
f (%) — 2|a|3b51+signum(a),

a
where B is in least terms, and b > 0. By the uniqueness of the prime factorisation of an integer, f is an injection.
O

|:| The above theorem means that there as many rational numbers as natural numbers. Thus the rationals can be enumer-
ated as

q1, 92,935+

33 THEOREM (Cantor’s Diagonal Argument) R is uncountable.

Proof: AssumeR were countable so that its complete set of elements may be enumerated, say, as in the list

r = nl.dlldlzdlg...
r2 = nz.dgldgzdlg...
r3 = n3.dz1dzdss ...,
where we have used decimal notation. Define the new real r = 0.dydzds... byd; =0 ifd;; #0 and d; = 1 if

d;; = 0. This is real number (as it is a decimal), but it differs from r; in the i™ decimal place. It follows that the
list is incomplete and the reals are uncountable. [

34 THEOREM The interval ] -1;1 [ is uncountable.

Proof: Observe that the map f : ] -1;1 [ — R given by f(x) = tan % is a bijection. [
Homework

Problem 1.3.1 Prove that there as many numbers in [0;1] as in any | Problem 1.3.2 Prove that there as many numbers in ] ) ;+oo[ as
interval [a; b] witha < b.

in ]0 ;+oo[.
1.4 Groups and Fields

Here we observe the rules of the game for the operations of addition and multiplication in R.

35 Definition Let S, T be sets. A binary operation is a function

Sx§ — T
(ayb) = ®(ayb) )

We usually use the “infix” notation a ® b rather than the “prefix” notation ®(a,b). If S = T then we say that the binary
operation is internal or closed and if S # T then we say that it is external.




Chapter 1

36 Example Ordinary addition is a closed binary operation on the sets N, Z, Q, R. Ordinary subtraction is a binary operation
on these sets. It is not closed on N, since for example 1 -2 = -1 &N, but it is closed in the remaining sets.

37 Example The operation ® : R xR — R given by a® b =1+ a - b, where - is the ordinary multiplication of real numbers is
commutative but not associative. To see commutativity we have

a®sb=1+ab=1+ba=b®a.
Now,
19(192)=19(1+1-2)=1®(3)=1+1-3=4, but 1el)e2=(1+1-1)92=292=1+2-2=5,

so the operation is not associative.

38 Definition Let G be a non-empty set and ® be a binary operation on G x G. Then (G, ®) is called a group if the following
axioms hold:

G1: ®isclosed, that s,
V(a,b) € G, asbeg,

G2: ® is associative, that is,
V(a,b,c) €G3, ae(boc)=(azb)®c,

G3: G has an identity element, that is

Jee GsuchthatVae G, esa=-a®e=a,

G4: Every element of G is invertible, that is

1

VaceG, Ja'eGsuchthatasa '=a'ea=e.

|:| From now on, we drop the sign ® and rather use juxtaposition for the underlying binary operation in a given group.
Thus we will say a “group G” rather than the more precise “a group (G, ®).”

39 Definition A group G is abelian if its binary operation is commutative, that is, V(a, b) € Gz, a’db=boa.

40 Example (Z,+), (Q,+), (R, +), (C,+) are all abelian groups under addition. The identity element is 0 and the inverse of
ais —a.

41 Example (Q\ {0},-), (R\{0},-), (C\{0},-) are all abelian groups under multiplication. The identity element is 1 and the
1

inverse of a is —.
a

42 Example (Z\{0},-) is not a group. For example the element 2 does not have a multiplicative inverse.

43 Example Let V4 = {e, a, b, ¢} and define ® by the table below.

SEESIRSEA K
SRR ESEECH R
SO |||
Q| |T T
RX|T| |

It is an easy exercise to check that Vj is an abelian group, called the Klein Viergruppe.

44 THEOREM Let G be a group. Then
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1. There is only one identity element, the identity element is unique.
2. The inverse of each element is unique.
3. V(a,b) € G? we have

(ab)_1 =blal.

Proof:

1. Let e and e’ be identity elements. Since e is an identity, e = ee'. Since €' is an identity, ¢ = ee'. This gives
/ !/
e=eé=¢.

2. Letb and b’ be inverses of a. Then e = ab and b' a = e. This gives
b=eb=ba)b=b'(ab)=b'e=D'.
3. We have
(ab) (b laHY=ambb Ha'=ae)a'=aa ' =e.

Thus b a™! works as a right inverse for ab. A similar calculation shews also that it works as a left inverse.
Since inverses are unique, we must have
(ab)_l =blal.

This completes the proof. ]

45 Definition Let n € Z and let G be a group. If a € G, we define

a®=e,

ad%=a-a---a,
—_———
|n| a's
and
a=ql.ql...q7L,

n|a-l's

|:| If(m,n) € 72, then by associativity

(a™)(@™) = (a™)(a") = a™"".
46 Definition Let F be a set having at least two elements Or and 1r (Of # 1) together with two binary operations - (field
multiplication) and + (field addition). A field (F,-,+) is a triplet such that (F,+) is an abelian group with identity Of ,
(F\{0F},-) is an abelian group with identity 1r and the operations - and + satisfy

a-(b+c)=(a-b)+(a-c),

that is, field multiplication distributes over field addition.

|:| We will continue our practice of denoting multiplication by juxtaposition, hence the - sign will be dropped.

47 Example (Q,:,+), (R,-,+), and (C, -, +) are all fields. The multiplicative identity in each case is 1 and the additive identity
is 0.

Homework
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Problem 1.4.1 Isthe set of real irrational numbers closed under ad-
dition? Under multiplication?
Problem 1.4.2 Let

S={xeZ:3(a,b) € Zz,xz a+p3+c3 —3abc}.
Provethat S is closed under multiplication, thatis, ifxe Sandye€ S
thenxy€S.
Problem 1.4.3 (Putnam, 1971) Let S be a set and let o be a binary
operation on S satisfying the two laws

(Vx € S)(xox =x),

and
(V(x,y,2) € $3)(xoy) oz = (yoz)ox).

Shew that o is commutative.

Problem 1.4.4 (Putnam, 1972) Let.” be a set and let * be a binary
operation of Z satisfying the laws ¥ (x,y) € .72

x*(x*y)=Y, (1.3)

(y*xx)xx=y. (1.4)

Shew that * is commutative, but not necessarily associative.

Problem 1.4.5 On Qn] —1;1[ define the binary operation ® by

a+b
oh= 7
a4 1+ab’

1.5 Addition and Multiplication in R

where juxtaposition means ordinary multiplication and + is the or-
dinary addition of real numbers. Prove that (Qn]—1;1[,®) is an
abelian group by following these steps.

1. Provethat® is a closed binary operation on Qn] —1;11.
2. Prove that ® is both commutative and associative.

3. Findanelemente € Qn]—1;1[ such that(Va € Qn]-1;1]) (e®
a=a).

4. Given e as above and an arbitrary element a € Qn] — 1;1],
solve the equation a® b = e for b.

Problem 1.4.6 Let G be a group satisfying (Va € G)
a’=e.

Prove that G is an abelian group.

Problem 1.4.7 Let G be a group where (V(a,b) € G?
((ab)® =a®b®) and ((ab)® = a®bd).
Shew that G is abelian.
Problem 1.4.8 Suppose that in a group G there exists a pair (a,b) €

G? satisfying
(ab)* = a¥b¥

for three consecutive integers k = i,i +1,i + 2. Prove that ab = ba.

Since R is a field, it satisfies the following list of axioms, which we list for future reference.

48 Axiom (Arithmetical Axioms of

R) (R,-,+)—that is, the set of real numbers endowed with multiplication - and addition

+—is a field. This entails that + and - verify the following properties.

R1: + and - are closed binary operations, that is,

V(a,b)eR?, a+beR,

R2: + and - are associative binary operations, that is,

Y(a,b,c) €R3,

R3: + and - are commutative binary operations, that is,

V(a,b) € R?,

R4:

VaeR, 0+a=a+0=a,

R5:
VacR,
Vb eR\ {0},

a+((b+c)=(a+b)+c,

a+b=b+a,

a-beR,

a-(b-c)=(a-b)-c

a-b=>b-a,

R has an additive identity element 0, and a multiplicative identity element 1, with 0 # 1, such that

lra=a-1=a,

Every element of R has an additive inverse, and every element of R\ {0} has a multiplicative inverse, that is,
J(—a)eRsuchthata+ (—a)=(—-a)+a=0,

Ib'eR\{0}suchthatb-b'=b"1-b=1,
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R6: + and - satisfy the following distributive law:
VY(a,b,c,) € [R?’, a-(b+c)y=a-b+a-c.

Since + and - are associative in R, we may write a sum a; + a2 +--- + a, or a product a; az - - - @, of real numbers without
risking ambiguity. We often use the following shortcut notation.

49 Definition For real numbers a; we define

n n
ataz+-+ap=Y ar and ayaz---ap= || ag.
k=1 k=1

|:| By convention Y ap=0and [] ar=1.
ke ke

50 THEOREM (Lagrange’s Identity) Let ay, by be real numbers. Then

n 2 n n
(,;1 akbk) = (’;l ai) (’;l bi) - Z (axbj — ajbk)z.

1sk<j<n

Proof: Forj=k, apbj— ajb; =0, so we may relax the inequality in the last sum. We have

Z (arbj —ajbk)z Z (aib?—Zakbkajbj +a?b§)

1sk<j<n l<sks<j<n
— 272 B, 272
= Z akbj—z Z aibiajbj+ Z ajbk
1<sks<j<n 1<sks<j<n 1<sks<j<n
n n 2.2 n 2
= Z Z akbj - Z akbk y
k=1j=1 k=1

proving the theorem. [
Recall that the factorial symbol ! is defined by
0l=1; k!'=k(k-1)! if k=1.

0

n| n!
k| Kn-K

n n
51 Definition (Binomial Coefficients) Let n € N We define ( ) =1= ( ) andforl<k<n,
n

If k > n we take (:) =0.

52 (Pascal's Identity) Form=1landl<k<n,
-0
k k k-1)
Proof: We have
(n—l)+(n—1) _ (m-D! @1
k k-1 kKi(n-1-k)! (k-1DYn-k)!
_ (n—-1)! (l+ 1 )
(k-D(n-1-k)\k n-k
B (n—1)! n
B (k—l)!(n—l—k)(k(n—k)
n! n

K-l k|
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Using Pascal’s Identity we obtain Pascal’s Triangle.

When the numerical values are substituted, the triangle then looks like this.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

We see from Pascal’s Triangle that binomial coefficients are symmetric. This symmetry is easily justified by the identity
n n
( k) = ( k)' We also notice that the binomial coefficients tend to increase until they reach the middle, and that then they
n—
decrease symmetrically.

53 THEOREM (Binomial Theorem) FormneN,

(x+y)n — Z (n)xkyn—k.
k=0 k

Proof: The theorem is obvious for n = 0 (defining (x+y)° =1), n=1 (as (x+y)' = x+y), and n = 2 (as
n
(x+y)? = x> + 2xy + y*). Assume n = 3. The induction hypothesis is that (x + y)" = Z " xky"_k. Then we

k=0 k
@©
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have
x+p"t = @+pE+"
= () kon—k
= x+y|> ey
k=0
— i (")xk+1yn—k+ i n)xkyn—kﬂ
k=o\k k=o\k
n-1 n n (n
— xn+1+ xk+1yn—k+ Z xkyn—k+l+yn+l
k=o\k =1 \k
n+1 < h k_ n—-k+1 = [ n k_ n—-k+1 n+1
= x"+ ) x“y + ) | |y +y
=1 \k-1 =1 \k
n
_ n+1 n n k_ n—k+1 n+1
= x +k§1 (k—l)+(k) x*y +y

proving the theorem. [

54 IfaeR, a#1andneN\{0}, then

l+a+a’+---a =

Proof: For,putS=1+a+a’+---+a" ‘. ThenaS=a+a*+---+a" ' +a". Thus

S—-aS=(1+a+a*+--+a" YHV-(a+a®+ --+a" '+am=1-a",

and from (1 - a)S =S —aS =1-a" we obtain the result. O

55 THEOREM Let n be a strictly positive integer. Then

yn —x" = (y_x)(yn—l +yn—2x+ +yxn—2 +xn—1)
Proof: By making the substitution a = ; in Lemma 54 we see that
n
x x)z (x)n—l 1-(%)
1+—+|—| + - = <
y \y y 1-3
we obtain
x x 2 x n-1 x\"
o33
y y \y y y
or equivalently,
x x2 xn—l x"
(1—— (1+—+—2+ + n—1)=1__n'
y y Uy y y
Multiplying by y™ both sides,
x _ 2 xn—l x"
y(l—;)y”l 1+;+—2+ +yn_l)=y"( _F)’

which is

yielding the result. [
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B nn+1)
T2

56 THEOREM 1+2+---+n

First Proof: Observe that
K- (k-1)2?=2k-1.

From this
12-0? = 2-1-1
2212 = 2.2-1
3222 = 2.3-1
n-n-1% = 2.n-1
Adding both columns,

n?-0°=2(1+2+3+---+n)—n.

Solving for the sum,
nn+1)
>

14243+ -+n=n?2+n/2=

g
Second Proof: We may utilise Gauss’ trick: If
Ap=1+2+43+---+n

then
n=n+m-1)+---+1.

Adding these two quantities,

Ap = 1 + 2 + .-+ n
Ay, = n + (n—-1) + + 1
2A, = (n+1) + (n+1) + + (n+1)
= n(n+1),
nn+1
since there are n summands. This gives A, = %, that is,
nn+1)
1+2+---+n=T.

Applying Gauss’s trick to the general arithmetic sum
(a)+(a+d)+(@+2d)+---+(a+(n-1)d)

we obtain

(a)+(a+d)+(a+2d)+---+(a+(n—l)d)=w (1.5)

O

2 nn+1)2n+1)
e

57 THEOREM 12422432 +...4

Proof: Observe that
k3 - (k-1)2=3k*>-3k+1.
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Hence
13-03 _
23_13 _
33 _23 _
n® - (n— 1)3 =
Adding both columns,

3-12-3-1+1
3.22-3.2+1
3.32-3.3+1

3-n2-3-n+1

n3-03=3012+22+3%+...+n?)-3(1+2+3+---+n)+n.

From the preceding example1 +2+3+---+n=-n%/2+n/2 =

nn+1)
——— 50
2

3
n3—03=3(12+22+32+~~+n2)—5-n(n+1)+n.

Solving for the sum,
124224324...4 12

After simplifying we obtain

12+22+3%+...+n

Homework

Problem 1.5.1 Provethatforn=1,

| ()

Problem 1.5.2 Given that 1002004008016032 has a prime factor
p > 250000, find it.

n

2"= )

k=0

n
k

n\ - k[P n-1
Joos Bl e x

0<k<n
k even

)3

1<ksn
k odd

|

Problem 1.5.3 Prove that (a+ b+ 0)2 =a®+b? +c? +2ab+2bc +
2ca.

Problem 1.5.4 Let a, b, c be real numbers. Prove that

a®+b3+c3-3abc= (a+b+ c)(a2 +b%+c? —ab-bc-ca).
Problem 1.5.5 Prove that

n
k .
Problem 1.5.6 Prove that

_n n-1 (n-2
Tk k-2

k-1

n-1
k-1

-(

n

k

n
k

|

n

o

n

1 n
—+=-n(n+1)——.
2 3

3

2 nn+1)2n+1)

6

Problem 1.5.7 Prove that
n n
R
k=1

Problem 1.5.8 Prove that

n
> k(k—n(Z)p"u—p)""“ =n(n-1)p>.
k=2

Problem 1.5.9 Demonstrate that

n
Y (k-np)?

(Z)pk(l -p)" K =npa-p).
k=0

Problem 1.5.10 Letx € R\ {1} and let n € N\ {0}. Prove that

n 2n+1

2k
icox?+1 x-1 2oy’

Problem 1.5.11 Consider the n* k-tuples (ay,ap,...,a;) which
can be formed by taking a; € {1,2,...,n}, repetitions allowed.
Demonstrate that

2

a;€{l,2,...,n}

min(ay, az,...,a;) = 1¥ +2K ... 4 pk,
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1.6 Order Axioms

[]

We assume R endowed with a relation > which satisfies the following axioms.

58 Axiom (Trichotomy Law)  V(x, ) € R? exactly one of the following holds:

x>y, X=y), Oor y>Jx.

59 Axiom (Transitivity of Order)  V(x,y,z) € R3,

if x>y and y>z then x>z

60 Axiom (Preservation of Inequalities by Addition) V(x,y,2) € R3,

if x>y then x+z>y+z.

61 Axiom (Preservation of Inequalities by Positive Factors ) V(x,y,2) € IR3,

if x>y and z>0 then xz>yz.

|:| X <y meansthaty>x. x <y means that eithery > x or y = x, etc.

62 THEOREM The square of any real number is positive, thatis, Va € R, a® > 0. In fact, if @ # 0 then a® > 0.

Proof: Ifa =0, then 0® = 0 and there is nothing to prove. Assume now that a # 0. By trichotomy, either a > 0 or
a < 0. Assume first that a > 0. Applying Axiom 61 with x = z = a and y = 0 we have

aa>a0 = a’>>0,

so the theorem is proved if a > 0.

Ifa <0 then —a > 0 and we apply the result just obtained:
—a>0 = (-a)’>0 = 1-a°>0 = a®>0,
so the result is true regardless the sign of a. []

Theorem 62 will prove to be extremely powerful and will be the basis for many of the classical inequalities that follow.

63 THEOREM If(x,y)eIRz,
x>y < x-y>0.

Proof: This is a direct consequence of Axiom 60 upon takingz = —y. [

64 THEOREM If (x,y,a,b) € R4,
x>y and a=b = x+a>y+bh.

Proof: We have
x>y = x+a>y+a, y+az=y+bh,

by Axiom 60 and so by Axiom59x+a>y+b. [
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65 THEOREM If (x,y,a,b) eR?Y,
x>y>0 and a=b>0 = xa>yb.

Proof: Indeed
x>y = xa>ya, ya=yb,

by Axiom 61 and so by Axiom 59 xa > yb. U

66 THEOREM 1>0.

Proof: By definition of R being a field 0 # 1. Assume that 1 < 0 then 12 > 0 by Theorem 62. But12 =1 and so
1 > 0, a contradiction to our original assumption. []

67 THEOREM x>0 = —-x<0 and x!>0.

Proof: Indeed, —1 < 0 since —1 # 0 and assuming —1 > 0 would give 0 = -1 + 1 > 1, which contradicts Theorem
66. Thus
-x=-1-x<0.

Similarly, assuming x_* < 0 would givel =x'x<0. 0

68 THEOREM x>1 = x 1 <1.
Proof: Sincex™' #1, assumingx™! > 1 would givel = xx™' >1-1 =1, a contradiction. [

1.6.1 Absolute Value

-1 if x<O,
69 Definition (The Signum (Sign) Function) Let x be a real number. We define signum (x) = 0 ifx=0,
+1 if x>0.

70 The signum function is multiplicative, that is, if (x, y) € R? then signum (x - y) = signum (x) signum (y).

Proof: Immediate from the definition of signum. U

71 Definition (Absolute Value)  Let x € R. The absolute value of x is defined and denoted by

|x| = signum (x) x.

72 THEOREM Let x € R. Then

-x ifx<o0,
L |x|= .
X ifx=0.

2. |x|=0,

3. |x| = max(x,—x),
4. |-x|= x|,

5. —|x|=x<|x|.
6. \/;=|x|

7. % = %% = x*

8. x =signum (x)|x|
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Proof: These are immediate from the definition of |x|. U

73 THEOREM (Y(%,y) € R?),
|xy| =1xl|y].

Proof: We have
|xy| = signum (xy) xy = (signum (x) x) (signum (y) y) = 1+ |y|,
where we have used Lemma 70. [

74 THEOREM Let £ =0. Then
x| <t <= —-t<x<t.

Proof: Either|x| = x or|x| = —x. If|x| = x,
x| <t <<= x<t < —-t<0=<x<Lt.

Iflx| = —x,
x| <t <= —x<t < —-t<x<0<t.

0
x+y+|x-y| x+y=|x-y|

75 THEOREM If (x,y) € R?, max(x,y) = 2

and min(x, y) =

Proof: Observe that max(x,y) + min(x,y) = x + y, since one of these quantities must be the maximum and the
other the minimum, or else, they are both equal.

Nouw, either |x—y| = x—y, and so x = y, meaning that max(x,y) -min(x,y) = x—y, or|[x—y| = - (x-y) = y—x,
which means that y = x and somax(x, y) —min(x, y) = y—x. In either case we get max(x, y) —min(x, y) = ‘x - y|.
Solving now the system of equations

max(x,y) +min(x,y) = x+y
max(x,y) -min(x,y) = |x-y|,
for max(x, y) and min(x, y) gives the result. []
Homework
Problem 1.6.1 Let x,y be real numbers. Then Problem 1.6.4 Let x,y,z be real numbers. Prove that
O=x<y < x2<y2.
max(x, y,z) = x+y+z—min(x, y)-min(y, z)-min(z, x) +min(x, y, z).
Problem 1.6.2 Let t = 0. Prove that
x|zt < (x=t) or (x=-1). Problem 1.6.5 Leta < b. Demonstrate that
2 _

Prol')lem 1.6.3 Ler (x,y) € R“. Prove that max(x,y) = IX—al<|x-b| = x< a+b
—-min(-x,-y).

1.7 Classical Inequalities

1.7.1 Triangle Inequality

76 THEOREM (Triangle Inequality)  Let (a, b) € R%. Then

la+b| <|al+|b|. (1.6)
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Proof: From 5 in Theorem 72, by addition,
—lal<a<|a|

to
—|b] < b < |b|

we obtain
—(lal+|bl) < a+b < (la| +|b)),

whence the theorem follows by applying Theorem 74. []

By induction, we obtain the following generalisation to » terms.

77 COROLLARY Let x1,X2,...,X, be real numbers. Then

[%1 + X2 + -+ X | < 21|+ [22] + - + | xp].

Proof: We apply Theorem 76 n—1 times

X1 +x2+--+xu] = |xX1]+[x2+ - Xp-1 + Xnl
< xal+ x| +Ix3 + - Xp-1 + Xpl
< xpl+ x|+ + 1 xXp-1 + Xpl
< xml+lxel+--+lxp-1]+ X5l
O
78 COROLLARY Let (a,b) € R2. Then
llal-|bll<la-Dbl| | 1.7
Proof: We have
la|=|a—b+b|<|a-b|+|b|,
giving
|a| —|b| <|a-b|.
Similarly,
|b|=|b—a+a|l<|b—al+|al=|a-Db|+|al,
gives
|b|-|al <|a—b| = —|a-Db|<|al-|b|.
Thus
—|la-b|<|al-1|b| <|a-bl|,
and we now apply Theorem 74. [
79 THEOREM Let b; >0for1<i<mn. Then
. (ul as a,,)<a1+a2+~~+a,,< (al as an)
min|—,—,...,—|<————— <max|—,—,...,— .
bl,bz, ,bn by +by+---+by bl’bg’ ’bn
Proof: Foreveryk, l<k<n,
. (A1 az an aj ay az an . [ a2 an ay az an
min|—,—,...,— | < — <max|—,—,...,— | = bmin|—,—,..., — | <ap<bymax|—,—,...,—|.
(bl’bz’ ’hn) by (bl’bz’ ’hn) , (bl’bz’ ’bn) =Tk (bl’bz’ ’bn)
Adding all these inequalities for1 < k < n,
ay az an ay az an
by+by+---+by)min| —,—,...,— |[<ay+az+---+a, < (b1 +b2+---+ by) max| ——, —,..., —
( 1 2 n) (bl,bz, ,bn) 1 2 n ( 1 2 n) (bl,bz, ,bn),

from where the result is obtained.l]
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1.7.2 Bernoulli’s Inequality

80 THEOREM If0<a<b, n=1€N

b" —a”

na"'<—— <np™ L.
b—a

Proof: By Theorem 55,

b"—a"

5 "1+ b" 2a+b"3a?+---+b*a" 3 +ba" 2 +a"!
—a

b lep" 4 !
n—-1
= nb",

A

from where the dextral inequality follows. The sinistral inequality can be established similarly. O

81 THEOREM (Bernoulli's Inequality) If x> —1,x # 0, and if n € N\ {0} then

1+x)">1+nx.

Proof: Setb=1+x,a =1 in Theorem 80 and use the sinistral inequality. [

|:| Ifx > 0 then Bernoulli’s Inequality is an easy consequence of the Binomial Theorem, as

n n n| o n
A+x)"=1+ 1 X+ 5 xX“+--->1+ 1 x=1+nx.

1.7.3 Rearrangement Inequality

82 Definition Given a set of real numbers {x;, x2,...,%x,} denote by
X1=X%=--=2%,

the decreasing rearrangement of the x; and denote by

>

IA

X <K<

the increasing rearrangement of the x;.

83 Definition Given two sequences of real numbers {x;, x2,...,Xx,} and {y1, y2,..., yu} of the same length n, we say that they
are similarly sorted if they are both increasing or both decreasing, and differently sorted if one is increasing and the other
decreasing..

1

_1
127 22

2...2l
22 n2

84 Example The sequences 1<2<---<nand 1% <22<... < n? are similarly sorted, and the sequences

and 13 < 23 < ... < n? are differently sorted.

85 THEOREM (Rearrangement Inequality)  Given sets of real numbers {a,, a,...,a,} and {by, bs,...,b,} we have

Z ﬁkBkS Z aiby < Z ﬁkﬁk.

1<k<n 1<k<n 1<k<n

Thus the sum Z ai by is minimised when the sequences are differently sorted, and maximised when the sequences are
1<k=n
similarly sorted.

@
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|:| Observe that

ilki;k= Z ﬁkbk and ﬁki;kz Z ﬁkiﬂk.
1<ksn 1<ksn

1<k<n 1<k<n

Proof: Let{o(1),0(2),...,0(n)} be a reordering of {1,2,...,n}. If there are two sub-indices i, j, such that the
sequences pull in opposite directions, say, a; > aj and bg i) < bg(j), then consider the sums

N
s = albg(l) + azbg-(z) +ee +aibg(j) +---+ajbg(,~) +"'+anbo'(n)

ulb,,(l) + azbg(z) + -+ a,-b,,(i) +---+ ajb,,(j) + -+ anb,,(n)

Then
S -S= (a; — aj)(bg(j) —bg(i)) > 0.

This last inequality shews that the closer the a’s and the b’s are to pulling in the same direction the larger the sum
becomes. This proves the result. [1

1.7.4 Arithmetic Mean-Geometric Mean Inequality

86 THEOREM (Arithmetic Mean-Geometric Mean Inequality) Let ay,...,a, be positive real numbers. Then their geometric
mean is at most their arithmetic mean, that is,

a+--+ay
ar-ayp<s ——,
n

with equality if and only if a; = --- = a,,.

We will provide multiple proofs of this important inequality. Some other proofs will be found in latter chapters.

First Proof: Our first proof uses the Rearrangement Inequality (Theorem 85) in a rather clever way. We may
assume that the ay, are strictly positive. Put

a a az ayaz---ap
vy

=
(maz---an)"™

1= 7 G5 =T
(alaz---an)”” (alaz...an)zm

and
1 1 1
yl—x—l, yg—x—z, cery yn—x—n—l.
Observethat for2<k<n,
. TS (map--ay) " @
(araz--- ay)kn a az---ag_y (araz--- a,)!'"

The x;. and yy. are differently sorted, so by virtue of the Rearrangement Inequality we gather

1+1+--+1 = x1y1+X)y2+--+Xp¥n
S X1YntX2Y1t+ -+ XnYn-1
ay az Qan

+...+ _
(maz---a))''™  (araz---a,)''" (amraz--- a,)V'"
or
ayt+azx+---+ay
ns= 1/n’
(araz---ay)

from where we obtain the result.

Second Proof: This second proofis a clever induction argument due to Cauchy. It proves the inequality first for
powers of 2 and then interpolates for numbers between consecutive powers of 2.

Since the square of a real number is always positive, we have, for positive real numbers a, b

Va-vbh?=0 = Vab< a;b,
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proving the inequality for k = 2. Observe that equality happens if and only if a = b. Assume now that the in-
equality is valid for k = 2"~! > 2. This means that for any positive real numbers Xy, Xz,... yXon-1 We have

1/2n-1 - X1+ X2+ -+ Xon-1
< o1 .

(x1%2 -+ Xpn-1) (1.8)

Let us prove the inequality for 2k = 2". Consider any any positive real numbers yy, ¥2,..., yan. Notice that there
are2" —2""1 = 2" V(2 _1) = 2" integers in the interval [2"‘1 +1 ;2"]. We have

n

n-1 n-1
N e T

n-1
(.VI.VZ"'J’zn—l)llz +(J’2"-1+1"'y2n)

(.VlJ’z e J’zn)”z
17271

2
ittt Y1 “Yaurgg ot yon
2n—l + zn—l

IA

_ it tyen

=
where the first inequality follows by the Case n = 2 and the second by the induction hypothesis (1.8). The theorem
is thus proved for powers of 2.

Assume now that 2! < k < 2", and consider the k positive real numbers ay, az,...,ay. The trick is to pad this
collection of real numbers up to the next highest power of 2, the added real numbers being the average of the
existing ones. Hence consider the 2" real numbers

A1y A2y eeey ALy Afc 15400y A2n

at+az+---+ag

With @4y = ... = @gn = . Since we have already proved the theorem for 2" we have
yp

k
ayt+az+---+a
a1+ ap+ -+ ag 2"k 1/2" a1+u2+---+ak+(2"—k)(—k k)
alag---ak(—) < )
k 2n
whence
ka1+u2+---+ak on_ i a+az+---+ag
Lzn (A1 + G2+ + ag 1-k/2" k +(2" - )( k )
(v - (O R . ,

which implies
a+az+---+ ak)l—kIZ"

(alaz'-'ak)llzn( P S(—a1+a2;---+ak),
Solving for T az ; T gives the desired inequality. [
Third Proof: As in the second proof, the Case k = 2 is easily established. Put
Ak:w Gk=(a1a2"'ak)l/k-

k ’
Observe that

apy1 = (k+1)Ag — kAg.
The inductive hypothesis is that Ay = Gy and we must shew that A1 = Gg+1. Put

_ap+(k-1)Apy

A ’
k

1/k
k-1
G= (akHAkH)

By the inductive hypothesis A = G. Now,

(k+1)Apy1 — kAg + (k—1)Agy N
A+ Ag _ k
2 2

A

= Ag+1-
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Hence
A+ Ay
Ay = 2
> (AAp)'?
> (GGp)'2.
1/2k
_ k+1 pk-1
- ((;k+111k+1)
We have established that ok
Aea = (G4 = Aca=Gea,

completing the induction. U
Fourth Proof: We will make a series of substitutions that preserve the sum
ayt+az+---+ay

while strictly increasing the product
ayaz---ap.

At the end, the a; will all be equal and the arithmetic mean A of the numbers will be equal to their geometric
ay+az+---+a, nA

mean G. If the a; where all > A then > — = A, impossible. Similarly, the a; cannot be all
n

n
< A. Hence there must exist two indices say i, j, such that a; < A < aj. Put a;- = A, a} = a; + aj — A. Observe
that a; + aj = a; + a;

the other hand,

, So replacing the original a’s with the primed a’s does not alter the arithmetic mean. On

;- ; :A(ai +aj—A) =a;a;j +(aj —A) (A-ai) > a;a;j

sinceaj— A>0and A-a; > 0.

This change has replaced one of the a’s by a quantity equal to the arithmetic mean, has not changed the arith-
metic mean, and made the geometric mean larger. Since there at most n a’s to be replaced, the procedure must
eventually terminate when all the a’s are equal (to their arithmetic mean). Strict inequality then holds when at
least two of the a’s are unequal. []

1.7.5 Cauchy-Bunyakovsky-Schwarz Inequality

87 THEOREM (Cauchy-Bunyakovsky-Schwarz Inequality) Let xg, yr be real numbers, 1 < k < n. Then

n vz, . 1/2
2 2
k=1 k=1

n
Y XKV
k=1

with equality if and only if
(a1, ay,...,ay) = t(by, b,...,by)

for some real constant £.

First Proof: The inequality follows at once from Lagrange’s Identity
- ’ = 2| 2 2
(Z xk.Vk) = (Z xk) (Z .Vk) - ) Y- xve)
k=1 k=1 k=1 1<sk<j<n

(Theorem 50), since Z (xkyj - x]-yk)2 >0.0

1sk<j<n

n n n
Second Proof: Puta= Y xi,b= ) xiyi andc= Y y:. Consider the quadratic polynomial
k=1 k=1 k=1

n n n n
at? +bt+c=12) xZ-2t) xpye+ ). yi= Y (txp—yr)* =0,
k=1 k=1 k=1 k=1
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where the inequality follows because a sum of squares of real numbers is being summed. Thus this quadratic
polynomial is positive for all real t, so it must have complex roots. Its discriminant b® — 4ac must be negative,
from where we gather

n 2 n 2 n 2
k=1 k=1 k=1
which gives the inequality U

For our third proof of the CBS Inequality we need the following lemma.

88 For (a, b, x,y) € R* with x > 0 and y > 0 the following inequality holds:

a? b (a+b)?
4+ >

x y x+y

b
Equality holds if and only if g = ;

Proof: Since the square of a real number is always positive, we have

(ay-bx)?=0 = a’y*-2abxy+b*x*=0
S azy(x+ y)+ bzx(x+y) > (a+ b)zxy
a? b* (a+b)?
= —+—= .
x y x+y

Equality holds if and only if the first inequality is 0.0

|:| Iterating the result on Lemma 88,

a%+ﬂ§+ +a$l (ay+az+-+an)?

by b2 by,  by+by+--+b, ’
. S a1 az an
with equality ifand only if — = — =--- = —.
by by bn

Third Proof: By the preceding remark, we have

2.2 .2 2 2.2
2, .2 2 _ N %), XuYn
Xo+ x5+ 4+x2 = + ot
1 2 n 2 2 2
N1 ) Yn

(X1)1 + X2y + -+ + XnYn)?
Vitya ot ya

’

and upon rearranging, CBS is once again obtained.]

1.7.6 Minkowski’s Inequality

89 THEOREM (Minkowski's Inequality)  Let x, yx be any real numbers. Then

n 1/2 n 1/2 n
( (xk+.)’k)2) = (Z xi) + (Z ylzc)
k k=1 k=1

=1

1/2

Proof: We have

1l
M=

=
N

+

N
™=
&
<

td

+
g
e

n
Z (o + i)
k=1

T
i

Il IA
toul It
M= T x
"‘H =N
=t +
N — N
Sl
+  iM=
e ~ &
Ms
N ————
'< :
N
=t
— =
S =
. o
N ——
—
Y]
+
1=
=<
=

where the inequality follows from the CBS Inequality.l]
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Homework

Problem 1.7.1 Let(a,b,c,d) € R*. Prove that

la—cl-|b-cll<la-b|l<|a-c|+|b-c|.

Problem 1.7.2 Let (x1,%2,...,%n) € R™ be such that

2, 2 2_.3. .3 3_.4,. 4 4
X+ Xy Fe Xy SH XS oo Xy = XY X o+ Xy

Prove that xj. €{0,1}.

Problem 1.7.3 Letn= 2 an integer. Let (X1,X2,...,Xn) € R”™ be such

that

2 2 2

Xy tXy +o-+t Xy =X1X2 +X2X3 + 0+ Xp_1Xp t+ XpX].

Prove thatxy = xg =+ = Xp.

Problem 1.7.4 Ifb >0 and B > 0 prove that

a+A A

a A
— < —.
b+B B

a
<— = —<
b B b

Further, if p and q are positive integers such that

7 11

10 g 15

what is the least value of q?

Problem 1.7.5 Provethatifr =s=t then
r2-s2+¢2> (r—s+t)2.

Problem 1.7.6 Assume that ay, by, ¢y, k=1,...
numbers. Shew that

, 1, are positive real
n 4 n 4 n 4 n 2 2

Y agbrer| <| ) ap || X bl X < -

k=1 k=1 k=1 k=1

Problem 1.7.7 Prove that for integer n> 1,

n+1)”
n<|——

Problem 1.7.8 Prove that for integer n> 2,

Problem 1.7.9 Prove that for all integers n = 0 the inequality n(n—
1) < 2" is verified.

Problem 1.7.10 Prove thatV(a,b,c) € [RB,

a®+b®+c=ab+bc+ca.

Problem 1.7.11 Prove thatV(a,b,c) € R3, witha=0,b>=0,c=0,
the following inequalities hold:

a+bd+c8 2max(a2b+bzc+cza,azc+b2a+czb),
A+ +cd = 3abc,

1
aA+p3+3> 2 [az(b+c)+b2(c+a)+cz(a+b)).

Problem 1.7.12 (Chebyshev’s Inequality) Given sets of real num-
bers{ay,ay,...,an} and {by,ba,..., by} prove that

1 ~ 1 1 1 Ao
-y akbks(— x> ak)(— )3 bk)s— Y agby
n N y<k=n y<k=n

1<k=n 1<k=n
Problem 1.7.13 Ifx >0, from

1
V1?+1‘—\/_—-:Z;i?fjjczg,

prove that

<Vx+1 \/_<—

2\/— 2yx

Use this to prove that if n > 1 is a positive integer, then

2vVvn+1-2<1+—

\/_ \/_ <2vn-1

1
\/ﬁ
Problem 1.7.14 If0< a < b, shew that

—a)? —m2
E.SE__EE_ < g;tk._\/alrs 1.(b a)
8 b 2 8 a

Problem 1.7.15 Shew that

13
21

5 9999 1
—...—<_
6

10000 100"

Problem 1.7.16 Prove that for all x > 0,

l 1
1 (x+ k)2 x

M:

Tx+n'

Problem 1.7.17 Let x; € R such that Y |x;| =1 and ) x; = 0.
i=1 i=1

Prove that

Problem 1.7.18 Let n be a strictly positive integer. Let x; = 0. Prove
that

n n
H A+x)=1+ Z Xc-
k=1 k=1
When does equality hold?

Problem 1.7.19 (Nesbitt’s Inequality) Let a, b, ¢ be strictly positive
real numbers. Then

a b c
+
b+c

3
+ > —,
c+a 2
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Problem 1.7.20 Let a > 0. Use mathematical induction to prove

that
1+v4a+1
a+ a+ a+"'+\/a<f,

where the left member contains an arbitrary number of radicals.

Problem 1.7.21 Let a, b, ¢ be positive real numbers. Prove that

(a+b)(b+c)(c +a)=8abc.

Problem 1.7.22 (IMO, 1978) Let a;, be a sequence of pairwise dis-
tinct positive integers. Prove that

NI»
[\
-
1=
a'I —

Problem 1.7.23 (Harmonic Mean-Geometric Mean Inequality)
Letx; >0 for1<i<n. Then

n

1/n
—_—— < (X1X2--- X
1 1 T = (xzxn) 70,
—_— t — 4+ —
X1 X2 Xn
with equality iffxy = xp = -+ = Xp.

Problem 1.7.24 (Arithmetic Mean-Quadratic Mean Inequality)
Letx; =0 for1<i<n. Then

Xp+x2+-

2 24\1/2
Axp  [XEAXE e+ xE
= ’
n

with equality iff x1 = xp = --- = xp.

Problem 1.7.25 Given a set of real numbers {ay, ag,...,
that there is an index m € {0,1,...,n} such that

> a— )

1<ks=m m<ks<n

an} prove

< max |ay|.

a
le 1<k<n

Ifm = 0 the first sum is to be taken as 0 and if m = n the second one
will be taken as 0.

Problem 1.7.26 Give a purely geometric proof of Minkowski’s In-
equality for n = 2. That is, prove that if (a, b), (c,d) € R, then

Va+o2+b+d)?2<VaZ+b?+Vc2+d2

1.8 Completeness Axiom

Equality occurs if and only if ad = bc.

Problem 1.7.27 Letxj € [0 ; 1] forl < k < n. Demonstrate that

n n
min( H X H (l—xk)) < —

k=1 k=1

Problem 1.7.28 Ifn > 0 is an integer and if aj. >0, 1 < k < n are
real numbers, demonstrate that

Problem 1.7.29 Let n be a strictly positive integer, let ap, 20, 1 <
k < n be real numbers such thatay = ag = --- = ap, and let by, 1 <
k < n be real numbers. Assume that for all indices k € {1,2,...,n},

Prove that

Problem 1.7.30 Let n = 2 an integer and let ay, 1 < k < n be real
numbers such that ay < ap < --- < ay. Prove that there is an index

ke{l,2,...,n} such that
12 2. 2 2
(a —a)zsi(a +as5+---a).
k+1 k nn2-1) 1 2 n
Problem 1.7.31 (AIME 1991) Let P = {ay,ap,...,ay} be a collec-
tion of points with
O<ay<azx<---<ap<li.

Consider
n
Sp= mgnkX_:l V @k-1)2+ a2,

where the minimum runs over all such partitions P. Shew that ex-
actly one 0f 82,83,...,Sn,... is an integer, and find which one it is.

Why bother?We saw that both @ and R are fields, and hence they both satisfy the same arithmetical axioms.
Why the need then for R? In this section we will study a property of R that is not shared with @, that of com-
pleteness. It essentially means that there are no ‘holes’ on the real line.

90 Definition A number u is an upper bound for a set of numbers A c R if for all @ € A we have a < u. The smallest such
upper bound is called the supremum or least upper bound of the set A, and is denoted by sup A. If sup A € A then we say
that A has a maximum and we denote it by max A(= sup A). Similarly, a number [ is a lower bound for a set of numbers
B cRiffor all b e Bwehave I <b. The largest such lower bound is called the infimum or greatest lower bound of the set B,
and is denoted by inf B. If sup B € B then we say that B has a minimum and we denote it by inf B(= inf B).
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|:| We define inf(R) = —oo, sup(R) = 400, inf(9) = +o0 and sup(2) = —co.

91 Definition A set of numbers A is said to be complete if every non-empty subset of A which is bounded above has a
supremum lying in A.

92 Axiom (Completeness of R) Any non-empty set of real numbers which is bounded above has a supremum. Any non-
empty set of real numbers which is bounded below has a infimum.

93 THEOREM (Approximation Property of the Supremum and Infimum) Let A # @ be aset ofreal numbers possessing a supre-
mum sup A. Then

Ve>0 dJac A suchthat supA—-e<a.
Let B # & be a set of real numbers possessing an infimum inf B. Then

Ve>0 3IbeB suchthat infA+e=bhb.

Proof: IfVaec A, supA-— &> athensupA— & would be an upper bound smaller than the least upper bound,
a contradiction to the definition of sup A. Hence there must be a rogue a € A such thatsupA—&€ < a.

IfVbe A, infB+¢€ < b theninfB + € would be a lower bound greater than the greatest lower bound, a contra-
diction to the definition of inf B. Hence there must be a rogue b € B such thatinfB +& = b.

O

|:| The above result should be intuitively clear. sup A sits on the fence, just to the right of A, so that going just a bit to the
left should put sup A — € within A, etc.

94 THEOREM (Monotonicity Property of the Supremum and Infimum) Let @ ¢ A< B C R and suppose that both A and B
have a supremum and an infimum. Then sup A < sup B and infB <inf A.

Proof: Assume B is bounded above with supremum sup B. Suppose x € A. Then x € B and so x < sup B. Thus
sup B is an upper bound for the elements of A, and so A and so by definition, sup A < sup B.

Assume B is bounded below with infimum infB. Suppose x € A. Then x € B and so x = infB. ThusinfB is a
lower bound for the elements of A and so by definition, inf A = infB. [
95 Let a, b be real numbers and assume that for all numbers € > 0 the following inequality holds:

a<b+e.

Then a < b.

.. a
Proof: Assume contrariwise that a > b. Hence

> 0. Since the inequality a < b + € holds for every e > 0 in

-b
particular it holds for € = aT' This implies that

a
a<b+ or a<bhb.

Thus starting with the assumption that a > b we reach the incompatible conclusion that a < b. The original
assumption must be wrong. We therefore conclude that a < b. [
96 THEOREM (Additive Property of the Supremum) Let @< AR, and B < R. Put
A+B={x+y:(x,y) € Ax B}
and suppose that both A and B have a supremum. Then A+ B has also a supremum and

sup(A+ B) =sup A +sup B.
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Proof: Iftc A+Bthent=x+y with(x,y)€ AxB. Thent=x+y<supA+supB, andsosupA+supB isan
upper bound for A+ B. By the Completeness Axiom, A+ B is bounded. Thus sup(A+ B) < sup A+ sup B.

We now prove that sup A+ sup B < sup(A + B). By the approximation property, Ve >03a € A and b € B such
€ €
thatsup A — 2 <aandsupB - > < b. Observethata+be A+ B and so a+ b <sup(A+ B). Then
supA+supB-e<a+b<sup(A+B),

and by Lemma 95 we must have
sup A+ sup B < sup(A + B).

This completes the proof.UJ

97 THEOREM (Archimedean Property of the Real Numbers) If (x,y) € R2 with x > 0, then there exists a natural number n
such that nx > y.

Proof: Consider the set
A={nx:neN}.

Sincel-x € A, A is non-empty. IfVneN we had nx < y, then A would be bounded above by y. By the Complete-
ness Axiom, A would have a supremum supA. ThusVneN, nx <supA. Since (n+1)x e A, we would also
have

(n+1)x<supA — nx<supA-x.

This means that sup A — x is an upper bound for A which is smaller than its supremum, a contradiction Thus
there must be an n for which nx > y. [

98 CoROLLARY Nis unbounded above.

Proof: This follows by taking x = 1 in Theorem 97. U

The Completeness Axioms tells us, essentially, that there are no “holes” in the real numbers. We will see that this prop-

erty distinguishes the reals from the rational numbers.

99

[Hipassos of Metapontum] v'2 is irrational.

m
Proof: Assume there is s € Q such that s*> = 2. We can find integers m,n # 0 such that s = — . The crucial part

of the argument is that we can choose m, n such that this fraction be in least terms, and henc';, m, n must not be
both even. Now, m?s® = n?, that is 2m? = n®. This means that n® is even. But then n itself must be even, since
the product of two odd numbers is odd. Thus n = 2a for some non-zero integer a (since n # 0). This means that
2m? = (2a)2 = 4a® = m? = 2a>. This means once again that m is even. But then we have a contradiction,

since m and n were not both even. [

100 THEOREM Q@ is not complete.

Proof: We must shew that there is a non-empty set of rational numbers which is bounded above but that does
not have a supremum in Q. Consider the set A= {r € Q: r* < 2} of rational numbers. This set is bounded above
by u = 2. For assume that there were a rogue element of A, say ro such that ro > 2. Then rg >4 and so ro would
not belong to A, a contradiction. Thus r < 2 for everyr € A and so A is bounded above. Suppose that A had a
supremum s, which must satisfy s < 2. Now, by Lemma 99 we cannot have s* = 2 and thus s*> < 2. By Theorem

97 there is an integer n such that2 — s > Ton" Putt=s+ a rational number and observe that since s < 2

1071 ’
one has 2 1 2 1 1
s s
=5+ + <s*+ + <+ —— <+ — <2
lon—l 102n—2 lon—l lon—l lon—l 107

Thuste Aandt > s, that is t is an element of A larger than its least upper bound, a contradiction. Hence A does
not have a least upper bound. 1]
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1.8.1 Greatest Integer Function

101 THEOREM Given y € R there exists a unique integer n such that

ns<y<n+l.

Proof: By Theorem 97, the set{n € Z: n < y} is non-empty and bounded above. We put

|ly]|=supineZ:n<yi.

g
|:| VxeR, [x]sx<][x]+1.
102 Definition The unique integer in Theorem 101 is called the floor of x and is denoted by || x]|.

The greatest integer function enjoys the following properties:

103 THEOREM Leta,fcR,a€ Z,neN. Then
1. [@+al=|al+a

2 1 %= 18d)

3. e+l =<lla+pll<|ea]+]Bl+1

Proof:

1. Letm=|a+al. Thenm<a+a<m+1.Hencem—-a<a<m-—a+1. This means thatm—a = || ||,
which is what we wanted.

2. Writealn asaln=| a/n|+6,0 <0 < 1. Since n|| a/n|| is an integer, we deduce by (1) that

lall =||n||a/n|+nb| =n|a/n| +||nd].

Now,0< | nB||<nb <n,andso0< | nb|/n<l.Ifwelet® =| nb|/n, we obtain

lle]]

[14
=||—1]+0, 0=<0<1.
n |anJ

This yields the required result.

3. Fromtheinequalitiesa-1< ||a| < a,f-1< | B]| < pwegeta+p-2<|a|+|B] < a+B. Since| al+| B]
is an integer less than or equal to e+ B, it must be less than or equal to the integral partof a + B, i.e. | a+p||.
We obtain thus ||| + || B]| < | @+ B]|. Also, @ + B is less than the integer | @ || + || B]| + 2, so its integer part

|le+ B must be less than |||+ || B]| + 2, but || @+ B < || ||+ || ]| +2 yields ||« + B] < || ]|+ || B] + 1. This
proves the inequalities.

O

104 Definition  The ceiling of a real number x is the unique integer [[x] satisfying the inequalities

[x]-1<x<[x].

105 Definition The fractional part of a real number x is defined and denoted by
xt=x—|x]|.

Observe that 0 < {x} < 1.

Homework
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Problem 1.8.1 Let A and B be non-empty sets of real numbers. Put

-A={-x:x€A}, A-B={a-b:(a,b) e AxB}.
Prove that
1. IfAis bounded above, then — A is bounded below andsup A =
—inf(-A).

2. If A and B are bounded above then AU B is also bounded
above and sup(A U B) = max(sup A, sup B).

3. If A is bounded above and B is bounded below, then A— B is
bounded above and sup(A — B) = sup A —infB.

Problem 1.8.2 Assume that A is a subset of the strictly positive real

numbers. Prove that if A is bounded above, then the set Al= {—:
X
1

x € A} is bounded below and thatsupA = —————.
infA~1

Problem 1.8.3 Let n =2 be an integer. Prove that

max Y
0<x;<x2<--<xp<1 1=i<j<n

2
n
(xj —xn) =151

Problem 1.8.4 Find a non-zero polynomial P(x,y) such that
P(||2¢]],||3t]) =0

forallreal t.

Problem 1.8.5 Prove that the integers
n
u(l + \/E) 1

with n a positive integer, are alternately even or odd.

Problem 1.8.6 Letx € R and let n be a strictly positive integer. Prove
that

n-1 I
|[nx] = kgl[[x+ ;Jj

Problem 1.8.7 (Putnam 1948) If n is a positive integer, demon-
strate that

|vr+vVn+1]=|van+2].
Problem 1.8.8 Find a formula for the n-th non-square.

Problem 1.8.9 Prove that if a, b are strictly positive integers then

a? (a+2b)?

< —_—
27 a+p?

Prove, moreover, that

(a+2h)2 a?
_—— -2<2-—.
(a+ b)2 b2

( b)2 2

a+
This means that

a
is closer to 2 than —; is.
(a+b)? b2

2x+5

Problem 1.8.10 Shew thatVx > 0, x is farther from V/5 than
is.

Problem 1.8.11 (Existence of n-th Roots) Leta > 0 and let n € R,
n = 2. Prove that there is a unique b € R such that b" = a.
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Topology of R

2.1 Intervals

Why bother? In this section we give a more precise definition of what an interval is, and establish the interesting
property that between any two real numbers there is always a rational number.

106 Definition An interval I is a subset of the real numbers with the following property: if se Iand te I, andif s<x < ¢,
then x € I. In other words, intervals are those subsets of real numbers with the property that every number between two
elements is also contained in the set. Since there are infinitely many decimals between two different real numbers, intervals
with distinct endpoints contain infinitely many members.

|:| The empty set @ is trivially an interval.

We will now establish that there are nine types of intervals.

Interval Notation Set Notation Graphical Representation
[a; b] {xeR:a<x<b}! ® °
a b
la; bl {(xeR:a<x<b} o °
a b
[a; bl xeR:a<x<b} o °
a b
la; b) {xeR:a<x<bhl o °
a b
la; +ool {xeR:x>a} o
a +00
[a; +o00] {xeR:x=a} ®
a +00
] —oo; bl {xeR:x< b} °
—00 b
] —oo; bl {xeR:x< b} °
—o b
] — 003 +o0l R
—00 +00

Table 2.1: Types of Intervals. Observe that we indicate that the endpoints are included by means of shad-
ing the dots at the endpoints and that the endpoints are excluded by not shading the dots at
the endpoints.

|:| IfxeR, then {x} = [x ;x].

34
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107 THEOREM The only kinds of intervals are those sets shewn in Table 2.1, and conversely, all sets shewn in this table are
intervals.

Proof: The converse is easily established, so assume that I C R possesses the property thatV (a, b) € IZ, [a ; b] -
1. Since @ is an interval one may assume that I # &. Let a € I be a fixed element of I and put My ={xe€l:x<
al = ] —oo;a] NIandNg={xel:x>=a}= [a;+oo[r11.

If N, is not bounded above, then Vb € [a ;+oo[, dc € N, such that b < ¢. Since a < b < c, this entails that

be N,. Thus N, = [a;+oo[.

If N, is bounded above, then it has supremum s = sup(N,) and N, € [a ;s] . By Theorem 93, Vb € [a ;s[, ce
N, such that b < ¢, and since a < b < c, this entails that b € N,. Thus

[a;S[gNaE[a;s],

and so Ng =

a;s[ orNg = [a;s].

Thus N, is one among three possible forms: [a ;+00 [, [a ;s] , or [a ;S [ Applying a similar reasoning, one obtains
gathers that M is of one of the forms ] —00 ;a] s ] l ;a] , OF [l ;a] , wherel =inf(M,). Since I = M, U Ng, there are
3 choices for M, and 3 for Ng, hence there are3-3 =9 choices for I. The result is established. U

.0 X 1 1
108 Example Determine [ ) [1 -—;1+ —].
k=1 2k k

Solution: Observe that the intervals are, in sequence,

2 (33l [55)

2 4’2 18’3
. x 1 1
We claim thatﬂ [1——;1+—] = 1. For we see that
k=1 2k k
k> 1< 1 1<
Vk=1, 5_1—§<1<1+E_2,

1
so 1 is in every interval. Could this intersection contain a number smaller than 1?2 No, for if > <a<\1, then we
can take k large enough so that
1
a<l- z—k,
for example

1
a<l—§ = k> -log,(1-a),

so taking k = || —log,(1 — @) || + 1 will work. Could the intersection contain a number b larger than 1? No, for if
1 < b < 2, then we can take k large enough so that

1
1+—<b,
k

for example

1 1
l1+—<b = k>——,
k b-1

1
so taking k = uﬁﬂ + 1 will work. Hence the only number in the intersection is 1.




Dense Sets

2.2 Dense Sets

109 Definition A set BC Ris densein ACRifV(ay,az) € A2, a) < ap, 3be Bsuchthat a; <b < ay, that is, between any
two different elements of A one can always find an element of B.

110 THEOREM Q@ is dense in R.

Proof: Let x,y be real numbers with x < y. Since there are infinitely many positive integers, there must be a
m

positive integer n such that n > —— by the Archimedean Property of R. Consider the rational number r = —,
y-x n

where m is the least natural number with m > nx. This means that
m>nx=m-—1.

m m
We claim that x < — < y. The first inequality is clear, since by choice x < —. For the second inequality observe
n n
that, again
1 m 1 1 m 1 1 m
nxzm-landy-x>— = x> —-—andy>x+— = y>——-——+—=—.
n n n n n n n n

m
Thus — is a rational number between x and y. U
n

111 THEOREM R\ Qis densein R.

a b
Proof: Let a < b be two real numbers. By Theorem 110, there is a rational number r with —2 <r< E But

then a < V2r < b, and the number V/2r is an irrational number.J

112 THEOREM (Dirichlet) For any real number 8 and any integer Q = 1, there exist integers @ and ¢, 1 < g < Q, such that

‘H—E'Si.
ql” qQ

Proof: Forl<n<Q, let
n—l' n
Q'Q

Thus these Q intervals partition the interval [0;1[. The Q + 1 numbers

I =

{06},{16},{26},...,{Q6}

lie in [0;1[. Hence by the pigeonhole principle there is an n such that I,, contains at least two of these numbers,
say

{0tely, {q20tel,, 0=q1<q2=Q.
Putq=q2—q1, a=1q201—[q10]. Since {q:10} € I,,,{q20} € I, we must have

1
l{g20} - (g1 0}] < 3

But
{g20} — {q10} = 420 — [q20] — 410 + [q:10] = q0 — a,

whence the result. O

a
113 CoroLLARY If @ is irrational prove that there exist infinitely many rational numbers ;, gcd(a, q) =1, such that 0 lies

1 a 1

. . a
in the open intervals | — - —;—+—|.
q9° 9 q
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a 1 a
Proof: Suppose that |0 — — | < — for1=r < R. Since the differences 0 — — are non-zero, we may choose Q so
r qr qr
a 1
large in Theorem 112 that none of these rational numbers is a solution of |0 — — | < —. Since this latter inequal-
q
a 1
ity does have a solution, the R given rational approximations do not exhaust the set of solutions of |0 — —| < —.
1 q
d
Homework
Problem 2.2.1 Determine ﬂ [k ;1001 — k] . Problem 2.2.8 Let

1<k<500
Q+V2Q={a+V2b:(a,b) € 0%}

& 1
Problem 2.2.2 Determine | J [1 s1+ —].
k=1 k

and define addition on this set as

o0 _ —
Problem 2.2.3 Determine | J [ -k ;k] . (@+V2b)+(c+V2d) = (a+0)+V2(b+d),
k=1

and multiplication as

. X 1
Problem 2.2.4 Determine ,Ql 151+ E] : (a+V2b)(c+2d) = (ac +2bd) + v2(ad + bo).
e Then (Q + \/EQ, »+) isafield.
Problem 2.2.5 Determine [ ) [k ;+oo[.

k=1
Problem 2.2.9 PutD ={x:x = qz or x= —qz, q € Q}. Prove
00 1 that D is dense in R.
Problem 2.2.6 Determine [ ) ] 1;1+ E]
k=1

Problem 2.2.10 A dyadic rational is a rational number of the form
Problem 2.2.7 LetI = [a ;b] ,and I’ = [al ;h’] be closed intervals on’ where m € Z, n € N. Prove that the set of dyadic rationals is
inR. Provethat I C I' ifand only ifa’ <a andb<b'. dense inR.

2.3 Open and Closed Sets

Why bother? Many of the properties that we will study in these notes generalise to sets other than R. To better
understand what is it from the features of R that is essential for a generalisation, the language of topology is
used.

114 Definition  The open ball By, (r) centred at x = xy and radius € > 0 is the set

By (€) = |x0—€3%0 +£|.

sufficiently small open ball containing xy completely contained in .44, .

115 Definition A set 4%, & R is an open neighbourhood of a point xg if 3 > 0 such that By, (r) & A%, that is, there is a

116 Definition A set U € R is said to be open inR if ¥V x € U there is an open neighbourhood 4%, such that 4%, € U. A set
F cRis said to be closed in R if its complement U = R\ F is open in R.

117 THEOREM Every open ball is open.

Proof: Let By, (r) withr >0 be an open ball and let x € By, (r). We must shew that there is a sufficiently small
neighbourhood of x completely within By, (r) . That is, we search for € > 0 such that'y € By (€) = y € By, ().
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Now,
VEBr(€) = YRy (r) <= |ly—xl<e = |y—xl<r.

By the Triangle Inequality
|y — %ol <[y —x|+|x— x| <&+[x—xol.

So, as long as
E+|x—x9|<T,

we will be within By, (r). One can take
r—|x—Xp
E=————.
2
O

118 Example The open intervals ]a ;b[, ]a ;+oo[, ] —oo;b[, ] —oo;+oo[, are open in R.

The closed intervals {a}, [a ;b], [a;+oo[, ] —00 ;b], ] —00 ;+oo[ =R, are closed in R.
The sets @ and R are simultaneously open and closed in R.

The intervals ] a ;b] and [a ;b[ are neither open nor closed in R.

119 THeorReM The union of any (finite or infinite) number of open sets in R is open in R. The union of a finite number of
closed in R sets is closed in R.

The intersection of a finite number of open sets in R is open in R. The intersection of any (finite or infinite) number of
closed sets in R is closed in R.

(o)
Proof: Let Uy, Us,..., be a sequence of open sets in R (some may be empty) and consider x € |_] Uy. There is an
n=1

index N such that x € Uy. Since Uy is open in R, there is an open neighbourhood of x ]x —€3x+ e[ € Uy, for
€ >0 small enough. But then

(o0}
]x—s;x+£[gUNg U Un
n=1

and so given an arbitrary point of the union, there is a small enough open neighbourhood enclosing the point
and within the union, meaning that the union is open.

oo
If () Fn is an arbitrary intersection of closed sets, then there are open sets U, = R\ Fy. By the De Morgan Laws,

n=1
oo [o0] (o0}
() Fr=[)R\U,) =R\ | Uy,
n=1 n=1 n=1
[o0] [o.0]
and since | ) Uy, is open by the above paragraph, (| Fy is the complement of an open set, that is, it is closed.
n=1 n=1
L
Let Uy, Us,..., Uy, be a sequence of open sets in R and consider x € ﬂ U,. Then x belongs to each of the Uy, and
n=1
so there are €} > 0 such that x € ]x —Ep X+ ek[ C Uy. Lete= lmkinLek be the smallest one of such. But then for
all k, o

L
]x—s;x+£[c]x—£k;x+£k[gUk, = ]x—s;x+£[g () Un,
n=1

and so given an arbitrary point of the intersection, there is a small enough open neighbourhood enclosing the
point and within the intersection, meaning that the intersection is open.

Using the De Morgan Laws and the preceding paragraph, the remaining statement can be proved. []
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120 Example The intersection of an infinite number of open sets may not be open. For example

ﬁl]l—ﬁﬂ—ﬁ = [1;2[,

which is neither open nor closed.

121 THEOREM (Characterisation of the Open Sets of R) A set A € R is open if an only if it is the countable union of open
sets of R.

2.4 Interior, Boundary, and Closure of a Set

122 Definition Let A C R. The interior of A is defined and denoted by

that is, the largest open set inside A. The points of A are called the interior points of A.

123 Definition Let A S R. The closure of A is defined and denoted by
A= U 9
Q24
Q closed

that is, the smallest closed set containing A. The points of A are called the adherence points of A.

|:| One always has AC AC A. AsetU is open ifand only ifU = U. A set F is closed if and only if F = F.

124 Definition Let A S R. The boundary of A is defined and denoted by
Bdy(4) = A- A.

The elements of Bdy (A) are called the boundary points of A.
125 Example We have
1. ]/();T] = ]0;1[, m: [0;1], de(]o;l]) ={0,1)
2. 0,}=2, 0,1]=10,1, Bdy(i0,1}) = (0,1}
3. )=, Q=R, Bdy(Q)=R

126 THEOREM Let A S R. Then

o

R\A=R\A, R\A=R\A.

Proof: The theorem follows from the De Morgan Laws, as

R\VA=R\ |J @= | ®R\@= [ ®R\Q= [\ F=R\A4,

A A R\ACR\Q R\ACF
Q open Q open Q open F closed
and
R\A=R\ [ F= J ®R\hH= U R\H= [\ Q=R\A
F2A F2A R\A2R\F R\A20
F closed F closed F closed Q open
d
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127 THEOREM X € A < V.#;, A#yNA# @. Thatis, x is an adherent point if and only if every neighbourhood of x has a
nonempty intersection with A.

Proof: Assumex € A andletr > 0. If]x—r ;x+r[r1A= g, then]x—r;x+r[ CR\A. Since]x—r ;x+r[ is open,

we have—in particular— ] X—r;x+r [ C R\ A =R\ A by Theorem 126. This means that x ¢ A, a contradiction.

Conversely, assume that for all neighbourhoods Ny of x we hal/e NeNA#D. Ifxd Athenx e R\A=R\ A \ A.

Slnce[R\Alsopentherelsanr >0suchthat]x r'sx+r' C[R\AC[R\A Butthen |x—r';x+r'|nA=02,a
contradiction. []

128 THEOREM Let @ g A C R be bounded above. Then sup A € ‘A. If, moreover, A is closed then sup(A) € A.

Proof: Letr > 0. By Theorem 93, there exists a € A such that sup(A) — r < a, which gives |sup(A) - a| <r.
This shews that] supA—r;sup A+ r| N A# @ regardless of how small r > 0 might be and, hence, sup(A) € A by
Theorem 127. If A is closed, then A= A. 0

129 Definition Let A S R. A point x € A is called an isolated point of A if there exists an r > 0 such that &y (r)n A = {x}. The
set of isolated points of A is denoted by A*.

A point y € Ris called an accumulation point of A in R if
VA (N \{xDNAZ£D,

that is, if any neighbourhood of x meets A at a point different than x. The set of accumulation points of A is called the
derived set of A and is denoted by Acc (A).

130 Example We have

1. Ois an isolated point of the set A= {0} U [1 ;2] .

11
2. Every point of the set A = {1, 2> 5,} is isolated. This is because we may take r = in the definition of isolated

1 1 1
2n+2 ; n —t oz on+2

2n+2

1 1 1 1 1 1 1
NA= {— } Observe that — — = and -——= and
n n n+l nn+1) n-1 n nn-1)

1
point, and then ] —-—
n

that 2”2 > max(n(n+ 1), n(n - 1)).

1
3. 0is an accumulation point of A = {l, 2> §’}

131 THEOREM x is an accumulation point of A if and only if every neighbourhood of x in R has an infinite number of points
of A.

Proof: Supposex € A'. Suppose a neighbourhood of x had only finitely many elements of A, say {y1,¥2y+++,¥n}-
Take2r = ln}cin |yk - x|. Then (] X—r;x+r [ \ {x}) N A = & contradicting the fact that every neighbourhood of x
=Kk=n

meets A at a point different from x.

Conversely if every neighbourhood of x in R has an infinite number of points of A, then a fortiori, any intersection
of such a neighbourhood with A will contain a point different from x, and so x € Acc (A). [

132 THEOREM A set is closed if and only if it contains all its accumulation points.
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Proof: If A is closed then R\ A is open. If c € R\ A then there exists r > 0 such that ] c-ric+r|SR\A a
neighbourhood that clearly does not contain any points of A, which means ¢ ¢ Acc (A).

Conversely, suppose a set Acc(A) S A. We will prove that R\ A is open. If x € R\ A, then a fortiori, x ¢ Acc(A).
This means that there is an r > 0 such that |x—r ;x + r[mA: <. Hence |x—r ;x+ r[ CR\A andsoR\ A is
open. [

|:| One has

A*C A, A-ACAcc(4), A*NAcc(d)=@, A*UAcc(A)=
2.5 Connected Sets
133 Definition A set X € R is connected if, given open sets U,V of Rwith UUuV = X, UNV = &, either U= @ or V = &.
134 THEOREM If X € Ris connected, and if (a, c) € Xz, beR, are such that a< b < cthen be X.

135 CoroLLARY The only connected sets of R are the intervals. In particular, R is connected.

2.6 Compact Sets

o0
136 Definition A sequence of open sets Uy, Ua,... is said to be an open coverfor AS Rif AC U U,,. Uy, U>,... has a subcover
n=1

(e )
Ui, Uk,,... of Aif AC | ] Uy,.

n=1
137 Definition A set of real numbers is said to be compact in R if every open cover of the set has a finite subcover.?

138 Example SinceR= ] n—1;n+1|, the sequence of intervals ]n 1;n+1 [ ne Zis acover for R.
nez

139 THEOREM Let a, b be real numbers with a < b. The closed interval [a ;b] is compact in R.

Proof: Let Uy, Us,,... be an open cover for [a ;b] . Let E be the collection of all x € [a ;h] such that [a ;x] has a
finite subcover from the U;. We will shew thatb € E.

Since a € U U;, there exists U, such that a € U,. Thus {a} = [a a] C U, and so E # &. Clearly, b is an upper

bound forE By the Completeness Axiom, sup E exists. We will shew that b =supE.

(o0}

By Theorem 128, sup E € [a ;b] c U U;, hence there exists Us such that sup E € Us. Since Uy is open, there exists
i=1

€ > 0 such that ] supE —¢;supE + e[ C Us. By Theorem 93 there is x € E such that supE — € < x <supE. Thus

n
there is a finite subcover from the U;, say, Up, Uy,, ..., Up, such that [a ;x] € YU,
i=1

We thus have

[assuns] € [ass] U] supz-esspi e[ < s o,

2This definition is appropriate for R but it is not valid in general. However, it very handy for one-variable calculus, hence we will retain it.
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a finite subcover. This means thatsupE € E.

1
Suppose now thatsup E < b, and consider y = sup E + > min(b —-sup E, ). Then

supE <y, [a;y]:[a;supE]u[supE;y]g(LnJ Uki)uUs,
i=1

whence y € E, contradicting the definition of sup E. This proves that sup E = b and finishes the proof of the
theorem. [J

140 THEOREM (Heine-Borel) A set A of Ris closed and bounded if and only if it is compact.

Proof: Let A be closed and bounded inR, and let Uy, Us, ..., be an open cover for A. There exist (a,b) € R% a<b,
such that AC [a ;b]. Since

[a;b] C (u;e\A)u::1 u;,

by Theorem 139 there is a finite subcover of the U;, say, Uy, such that
(o9}

|asb| S ®\ AU UL,
i=1

Therefore
A=An|a;b| C |a;b| C U v,
i=1

and so A admits an open subcover.

Conversely, suppose that every open cover of A admits a finite subcover. The open cover] -n;n [, neR of A must

admit a finite subcover by our assumption, hence there is N € N such that A S ] -N ;N[, meaning that A is
bounded. Let us shew now thatR\ A is open.

Letx e R\ A. We have

=R\ [x—%;x+%]=R\{x}2A,

n=1

U (R\ [x—% ;x+%]

n=1

since x ¢ A. By hypothesis thereis N e N and ny, ny,...,ny such that

N 1 1 1 1
AC (R\[x——;x+— )glR\[x——;x+— ,
k=1 nj ng Ny Ry

1 1

where m = max(ny, ny,...,ny). This gives [x -—x+ —] C R\ A, meaning that R\ A is open, whence A is
Ry Ry

closed.

O

141 CoROLLARY (Cantor’s Intersection Theorem)  Let
[al ;bl] 2 [az ;bz] 2 [as ;bs] 2...

be a sequence of non-empty, bounded, nested closed intervals. Then

ﬁ [uj ;bj] # .
j=1
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(o]
Proof: Assume that [al ;bl] nN [aj ;bj] =&. Then
j=2

[al ;bl] CR\]@[&” ;bj] :]-f:jz(lR\ [aj ;bj]).
TheR\ [aj ;bj] for an open cover for [al ;bl], which is closed and bounded. By Theorem 7 we have
[aj ;aj] c [a,- ;bi] = R\ [ai ;bi] CR\ [aj ;bj].
By the Heine-Borel Theorem 140 there is a finite subcover, say

[al ;bl] C]CJI (R\ [anj ;bnj]) CR\ [anN ;bnN]-

But then [anN ;bnN] CR\ [al ;bl], which contradicts [anN ;bnN] - [al ;bl], and the proofis complete.[]
142 THEOREM (Bolzano-Weierstrass)  Ever bounded infinite set of R has at least one accumulation point.

Proof: Let A be a bounded set of R with Acc(A) = @. Then A* = A= A. Notice that then every element of A is an
isolated point of A, and hence,

VYae A, 3Tr, >0, such that ]a—ru;a+ru NnA={a}.

Observe that

’

AC U ]a—ru;a+ru

acA

andsothe |a—rq;a+71, [ form an open cover for A. Since A= A, A is closed. By the Heine-Borel Theorem 140 A

has a finite subcover from among the ] a—rg;a+rg [ and so there exists an integer N > 0 and a; such that

A

N

N

U ]ai—rai 3ai +Tg; [

i=1

Since
N N

A=4an{J ]ai ~Ta;58i +Tq [ = Jlas,

i=1 i=1

A has only N elements and thus it is finite. []

143 THEOREM Let X € R. Then the following are equivalent.
1. X is compact.
2. X is closed and bounded.
3. every infinite set of X has an accumulation point.

4. every infinite sequence of X has a converging subsequence in X.

Homework

Problem 2.6.1 Give an example shewing that the union of an infi- | Problem 2.6.2 Prove that a set A C R is dense if and only if A = R.
nite number of closed sets is not necessarily closed.

Problem 2.6.3 For any set A S R prove that Bdy (A) = Bdy (R\ A).




=l

Problem 2.6.4 Let A # & be a subset of R. Assume that A is bounded

above. Prove that sup(A) = sup(ﬁ).

Problem 2.6.5 Demonstrate that the only subsets of R which are si-
multaneously open and closed in R are & andR. One codifies this by

saying thatR is connected.

Problem 2.6.6 Prove that the closed additive subgroups of the real
numbers are (i) just zero; or (ii) all integral multiples of a fixed non-

2.7 R
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= 3|

N
c
-]
[
|
C
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zero number (which may be assumed positive); or (iii) or all reals.

Problem 2.6.7 Let A € R. Prove the following

6. ANBCAnB
7. AUBCAUB
8. AnB=AnB

quent chapters.

Why bother? The algebraic rules introduced here will simplify some computations and statements in subse-

Geometrically, each real number can be viewed as a point on a straight line. We make the convention that we orient the real
line with 0 as the origin, the positive numbers increasing towards the right from 0 and the negative numbers decreasing

towards the left of 0, as in figure 2.1.

Figure 2.1: The Real Line.

We append the object +oco, which is larger than any real number, and the object —oo, which is smaller than any real
number. Letting x € R, we make the following conventions.

Observe that we leave the following undefined:

(4+00) + (+00) = +00

(—00) + (—o0) = —oco

X+ (+00) = +oo

X+ (—o00) = —0c0

X(+o00) = +oo ifx>0

x(+o0) = —oc0 ifx<0

xX(—oc0) =—oc0 ifx>0

x(—o0) = +oo ifx<0

=0

g

+00

[e,@]
—, (4+00) +(-00), 0(£oc0).

(2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9
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144 Definition We denote by R= [ - 00 ;+oo] the set of real numbers such with the two symbols —oco and +oco appended,

obeying the algebraic rules above. Observe that then every set in R has a supremum (it may as well be +oo if the set is
unbounded by finite numbers) and an infimum (which may be —o0).

2.8 Lebesgue Measure

145 Definition  Let (a, b) € R%. The measure of the open interval ]a ;b[ is b— a. We denote this by p(] a ;b[) =b-a. If

o0 (o]
G= U ] ay ; by [ is a union of disjoint, bounded, open intervals, then u (G) = Z (by. — ay).
k=1 k=1

146 Definition Let E € R be a bounded set. The outer measure of E is defined and denoted by

p(E)= inf p(0).
ECO

065m1

147 Definition A set E € R is said to be Lebesgue measurable if Ve > 0, 3G 2 E open such that £ (G\ E) < €. In this case
p(E) = u(E).

2.9 The Cantor Set

148 Definition (The Cantor Set) The Cantor set C is the canonical example of an uncountable set of measure zero. We
construct C as follows.

1 2
Begin with the unit interval Cp = [0 ;1 ], and remove the middle third open segment R := ] 3 H 3 [ Define C; as

C1:=C0\R1=[0;%]U[§;1] (2.10)

Iterate this process on each remaining segment, removing the open set

R2==]%;§[U]g;g[ 2.11)
to form the four-interval set 1 s 1 5 7 8
C2:=C1\R2=[0;§]U[§;§]U[§;§]U[§;l] (2.12)

Continue the process, forming Cs, Cy,... Note that Cy has 2k pieces.
At each step, the endpoints of each closed segment will remain in the set. See figure 2.2.
The Cantor set is defined as

C:=()Ck=Co\ | JRn (2.13)
k=1 n=1

149 THEOREM (Cardinality of the Cantor Set) The Cantor Set is uncountable.

Proof: Starting with the two pieces of C1, we mark the sinistral segment “0” and the dextral segment “1”. We then
continue to Cz, and consider only the leftmost pair. Again, mark the segments “0” and “1’, and do the same for
the rightmost pair. Successively then, mark the 2k-1 leftmost segments of Cy, “0” and the 2k-1 rightmost segments
“1.” The elements of the Cantor Set are those with infinite binary expansions. Since there uncountable many such
expansions, the Cantor Set in uncountable.l]

150 THEOREM (Measure of the Cantor Set) The Cantor Set has (Lebesgue) measure 0.
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Co [ |
0 1
C f | I J
0 1 2 1
3 3
C: — — — —
0 1 2 1 2 z 8 1
9 9 3 3 9 9
Figure 2.2: Construction of the Cantor Set.
Proof: Using the notation of Definition 148, observe that
(R1) = 2 1.1 (2.14)
BR=37373 '
o= (2 1) (1) 219
B2 =1979) 97 9) " 9 '
(2.16)
k 2"—1
1(Ry) = Z 3 (2.17)
n=1

o] 00 2n—l
y(U R,,) =) Za =L (2.18)
n=1 n=1
Since clearly p(Co) = 1, we then have
(e ) (e ) l
p(C) = u(co\ U Rn) =p(Co)- ) gu = 1-1=0. (2.19)
n=1 n=1

O

151 THEOREM The Cantor set is closed and its interior is empty.

Proof: Each of Cy, Ci1,Cy,..., is closed, being the union of a finite number of closed intervals. Thus the Cantor Set
is closed, as it is the intersection of closed sets.

m
Nouw, let I be an open interval. Since the numbers of the form — 3’ (m,n) € Z are dense in the reals, there is exists

m

a rational number an € I. Expressed in ternary, this rational number has a finite expansion. If this expansion

contains the digit “1”, then this number does not belong to Cantor Set, and we are done. If not, since I is open,
. m 1 . .. .

there must exist a number k > n such that 3n + — € I. By construction, the last digit of the ternary expansion of

this number is also “1’, and hence this number does not belong to the Cantor Set either.[]
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Sequences

3.1 Limit of a Sequence

Why bother? The limit concept is at the centre of calculus. We deal with discrete quantities first, that is, with
limits of sequences.

152 Definition A (numerical) sequenceis a function a :N — R. We usually denote a(n) by ay,.!

|:| We will use the notation {”"}fzzk to denote the sequence ay, Q.1 ..., ay. For example
10 _
{an}n:O ={ag, ay, az,...,aro}
{bn}2=4 = {b4v b5v bﬁ}v

[l
n n:l_ 14’27

elc.

153 Example The Harmonic sequenceis

1
ora,=—forn=1.
n

154 Definition A sequence {an};‘f’l is bounded if there exists a constant K > 0 such that Vn,|a,| < K. It is increasing if for
alln>0, a, < a,.1 and decreasingifforalln=0, a,, = a,.

3.2 Convergence of Sequences

155 Definition A sequence {an};‘:’l is said to convergeif
JLeR,Ve>0, AN >0 suchthat VmneN, n>=N — |a,-L|<e.
In other words, eventually2 the differences
lan— Ll,|ay+1 — LI, |@pi2— Li,...

remain smaller that an arbitrarily prescribed small quantity. We denote the fact that the sequence {a,},> converges to L
as n — +oo by

lim a,=L, orby a,—L as n— +oo.
n—+oo

tis customary to start at n = 1 rather than n = 0. We won'’t be too fuzzy about such complications, but we will be careful to write sense.
2A good word to use in informal speech “eventually” will mean “for large enough values” or in the case at hand Vr = N for some strictly positive integer
N.

47
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A sequence that does not converge is said to diverge. Thus a sequence diverges if

VLeR,3e>0,YNeN,dneN suchthat n>N and |a,—L|=¢.

|:| Given a sequence sequence {an};’lzol and LeR,

anp—L as n— +oo ifandonlyif liminfa, =limsupa, =lima, = L.

156 Definition A sequence {by} ;> diverges to plus infinity ift VM >0, 3N > 0 such that Vr > N, b, > M. A sequence
{cn} 2 diverges to minus infinity if YM >0, 3N >0 such that Vn > N, ¢, < —M. A sequence that diverges to plus or
minus infinity is said to properly diverge. Otherwise it is said to oscillate.

157 Definition ~ Given a sequence {a,},>}, we say that lirp a, exists it is either convergent or properly divergent.
n—+oo

158 Example The constant sequence
1,1,1,1,...

converges to 1. Similarly, if a sequence is eventually stationary, that is, constant, it converges to that constant.

159 Example Consider the sequence

11 1
1, E, 5,...,;,...,

. 1 1
We claim that — — 0 as n — +00. Suppose we wanted terms that get closer to 0 by at least .00001 = 105" We only need
n

1
= —. Since the terms of the sequence get smaller and smaller, any
100000 10°

term after this one will be within .00001 of 0. We had to wait a long time—till after the 100000-th term—but the sequence
eventually did get closer than .00001 to 0. The same argument works for any distance, no matter how small, so we can
eventually get arbitrarily close to 0. A rigorous proof is as follows. If € > 0 is no matter how small, we need only to look at

to look at the 100000-term of the sequence:

1
the terms after N = || — + 1] to see that, indeed, if n > N, then
€

Here we have used the inequality
t-1<|t]|<t VteR.

160 Example The sequence

0,1,4,9,16,...,n>,...

diverges to +o0, as the sequence gets arbitrarily large. A rigorous proof is as follows. If M > 0 is no matter how large, then
the terms after N = || VM| + 1 satisfy (n> N)

ty=n*>N?= (VM| +1)?> M.

161 Example The sequence
1,-1,1,-1,1,-1,...,(-1)",...

has no limit (diverges), as it bounces back and forth from —1 to +1 infinitely many times.
162 Example The sequence
0,-1,2,-3,4,-5,...,(-1)"n,...,

has no limit (diverges), as it is unbounded and alternates back and forth positive and negative values..

We will now see some properties of limits of sequences.
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163 THEOREM (Uniqueness of Limits) Ifa, — Land a, — L' asn — +oothen L= L.

L
Proof: The statement only makes sense if both L and L' are finite, so assume so. If L# L', take € = |
the definition of convergence. Now

>0in
lim a,=L — 3iIN; >0, Vn=Njla,—L|<g,
n—+oo
lim a,=L' = 3IN,>0, VYn=N|a,-L|<e.
n—-+oo
If n > max(Ny, N2) then by the Triangle Inequality (Theorem 76) then
|L-L'|<|L-anl+|an—L'|<2e=|L-L|,

a contradiction,soL=L'. [
164 THEOREM Every convergent sequence is bounded.
Proof: Let{ay,} ;> converge to L. Using € = 1 in the definition of convergence, AN > 0 such that

n>=N = |la,-Ll<1 = L-1<a,<L+1,

hence, eventually, a,, does not exceed L+ 1. []

Figure 3.1: Theorem 22.

When is it guaranteed that a sequence of real numbers has a limit? We have the following result.

165 THEOREM Every bounded increasing sequence {a,},> of real numbers converges to its supremum. Similarly, every
bounded decreasing sequence of real numbers converges to its infimum.

Proof: The idea of the proof is sketched in figure 3.1. By virtue of Axiom 92, the sequence has a supremum s.
Every term of the sequence satisfies a, < s. We claim that eventually all the terms of the sequence are closer to s
than a preassigned small distance € > 0. Since s — € is not an upper bound for the sequence, there must be a term

of the sequence, say ay, with s — & < ay, by virtue of the Approximation Property Theorem 93. Since the sequence
is increasing, we then have

S§—E=< ano < an0+1 < an0+2 < an0+2 S e = S,

which means that after the ng-th term, we get to within € of's.

To obtain the second half of the theorem, we simply apply the first half to the sequence {—a,};, 5. U

166 THEOREM (Order Properties of Sequences)  Let {a,};,> be a sequence of real numbers converging to the real number
L. Then

1. If a < L then eventually a < a,.
2. If L < b then eventually a, < b.
3. If a < L < b then eventually a < a,, < b.

4. Ifeventually a, = athen L= a.
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5. Ifeventually a,, < bthen L < b.

6. Ifeventuallya<a,<bthena<L<bhb.

Proof: We apply the definition of convergence repeatedly.
1. Taking € = L — a in the definition of convergence, ANy > 0 such that
Vn=N;, l|lay—-L<L-a— Vn=N;,, a-L<a,-L<L-a— Vn=N;, a<a,,

that is, eventually a < ay.

2. Taking & = b— L in the definition of convergence, AN> > 0 such that
Vn=Ns, |a,-L<b-L—>Vn=N,, L-b<a,—-L<b-L— Vn=N,, a,<bhb,

that is, eventually a, < b.
3. It suffices to take N = max(Ny, N2) above.
4. If, to the contrary, L > a, then by part (1) we will eventually have a, > a, a contradiction.
5. 1If, to the contrary, L < b, then by part (2) we will eventually have a,, < b, a contradiction.
6

. Ifeither L < a or b < L we would obtain a contradiction to parts (4) or (5).

O

167 THEOREM (Sandwich Theorem)  Let {a@,} 2], {tn} >y, (Vn} oy be sequences of real numbers such that eventually
Uy < Gy < Uy

Iffor LeR, u;, — L and v,, — L then a;,, — L.

Proof: Forall € > 0 there are Ny > 0, N2 > 0 such that
Vn=max(Ny,N»2), |u,-Ll <& |vy—Ll<e—= —-€e<u,—L<e, —-e<v,—L<e.
Thus for such n,
—&e<up,—-L<a,-L<v,-L<ée — —-€e<ay,-L<e = |la,-L|<eg,

from where {an};‘f’l convergesto L. [

168 THEOREM Let {an};‘”l be a sequence of real numbers such that a,, — L. Then |a,| — |L|.

Proof: From Corollary 77, we have the inequality ||a,| — |L|| < |ay, — L| from where the result follows. U

169 THEOREM Let {a,,};;‘fl be a sequence of real numbers such that a,, — 0, and let {b,,};;iol be a bounded sequence. Then
a,b, — 0.

Proof: Eventually|a,| < €. Assume that eventually |b,| < U. Then
lapby| < Ulay| < Us,
from where the result follows. [

1 1
170 THEOREM If b, — I # 0 then b,, is eventually different from 0 and b — T
n
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l
Proof: By Theorem 169, |b,| — |l|. Usinge = % > 0 in the definition of convergence, we have that eventually

I I I I
||bn|_|l||<? = |l|_?<|bn|<|l|+? = ?<|an,

; L L. 1 1 2 .
That is, eventually |by,| is strictly positive and so — makes sense. Also, eventually, bal < I Nouw, for sufficiently
largen, " "

1 l‘_ 1-b, _|b,,—l|< 2¢
b, 1| [Iballll]  1bullll (1N

from where the result follows.[]

171 THEOREM (Algebraic Properties of Sequences)

lim (ka,+b,)=kL+L,
n—+o00

Moreover, if L' # 0 then

li ap | _
Jim (2=

Proof:

Let k € R. If {@,} ;2] converges to L and {b,},> converges to L' then

lim (a,b,)=LL.
n—+oo

The trick in all these proofs is the following observation: If one multiplies a bounded quantity by an

arbitrarily small quantity, one gets an arbitrarily small quantity. Hence once considers the absolute value of the

desired terms of the sequence from the expected limit.

Given € > 0 there are Ny > 0 and Nz > 0 such that|a, — L| < € and |b, — L'| < €. Then

|(kan+by) — (kL+L")| = |(kan— kL) + (by — L')| < |k||an — L| + |bp — L'| < €(k + 1),

and so the sinistral side is arbitrarily close to 0, establishing the first assertion.

For the product, observe that by Theorem 164 there exists a constant K > 0 such that |b,| < K. Hence

|anby, — LL'| = |(an— L)bp + L(by — L')| < |ay, — Ll |bu| + |L| |b, - L'| < €K + |Ll € = (K +|L)),

and again, the sinistral side is made arbitrarily close t0 0.

1
Finally, if L' # 0 then by Theorem 170, by, is eventually # 0 and o

obtained for products, giving

a,b, — L(—) =

O

Homework

Problem 3.2.1 IfVn>0, a,>0 and{an};‘:’l converges to L must
it be the case that L > 0?2

Problem 3.2.2 Prove that if an — +oo and if{bn};‘:’l is bounded,
then an + by, — +oo.

Problem 3.2.3 Prove that if ap — +oo and by — +oo is bounded,
then ay + by, — +oo.

1
, T We now simply apply the result we

1 L

L) L’

Problem 3.2.4 Prove that if an — +oo and if there exists K > 0 such
that eventually by, = K, then ay by — +oo.

Problem 3.2.5 Prove that if a, — +oo and by — +oo is bounded,
then apby — +oo.

Problem 3.2.6 Prove that if an — +oo and if{bn};’lzol is bounded,
then ay + by, — +oo.

€D



Convergence of Sequences

1
Problem 3.2.7 Prove that if ap — +oo then — — 0.
an

Problem 3.2.8 Prove that if a;, — 0 and if eventually ay > 0, then
1

— — +o00.

an

n
n
Problem 3.2.9 Provethat ) —— —1asn— +oo.
= nZ+i
i=1
Problem 3.2.10 Prove that ———— — 0
(n!)lln

2"
Problem 3.2.11 Prove that — = 0.
n!

Problem 3.2.12 Let x1,x32,... be abounded sequence of real num-

Sp2
bers, and put sp = X1 + X2 + -+ + Xp. Suppose that —5 — 0. Prove
n

S
thar 22 — 0.
n

Problem 3.2.13 Prove rigorously that the sequence {sin n};’lz% is di-
vergent.

Problem 3.2.14 Prove that(n!)”" — +00 as n — +0o.

Problem 3.2.15 A sequence of real numbers ay, az, ... satisfies, for
all m, n, the inequality

lam + an — am+nl < .
m+n

Prove that this sequence is an arithmetic progression.

Problem 3.2.16 Prove rigorously that vVn+1—-+v/n— 0 as n — +oo.

1 1 1
Problem 3.2.17 Prove that the sequence Hp = 1 + 2 + 3 +o =
n

diverges to +oo.

Problem 3.2.18 Find

lim i Vin-D!
K—+00,4=1 (1+ VDA +vV2)(1+V3) - (1+yn)

Problem 3.2.19 What reasonable meaning can be given to

1+\/1+

1+ 2
Problem 3.2.20 Prove that

1+2+-+n

1
— — as n — +oo.
n? 2’

Problem 3.2.21 Calculate the following limits:
12 22 (n-1)?
" n—+oo|p2  p2 n2

’

1 1 1
2. lim (—+—+'-'+7 ,
n—+oo\1-2 2-3 n(n+1)
. 1 1 1
3. lim + +et ’
n—+co\1-2-3 2-3-4 n(n+1)(n+2)

Problem 3.2.23 Let K € N\ {0}, and let ay,...,ag,A1,...,Ag be
strictly positive real numbers. Prove that

K 1/n K -1/n
Y Akap| = max ay, > Ara” =
k=1 k=1

lim lim min_ay.
n—+oo 1<k<K n—+o0o 1<k<K
ap | +®
Problem 3.2.24 Prove that if { b_} is a monotonic sequence,
nJ)n=1

then the { is also monotonic in the same

sense.

a1+a2+---+an}+°°

by +ba+-+by) =1

Problem 3.2.25 Let a, b, c be real numbers such that b? —4ac<0.
Let {Xn} 12, (¥}, be sequences of real numbers such that

aX,2,+bXnYn+cY,% —0, asn— +oo.

Prove that X;; — 0 and Yy, — 0 as n — +oo.

Problem 3.2.26 (Gram’s Product) Prove that
noE3-1 2

lim [] =,

n—+oop -, k3+1 3

1
Problem 3.2.27 Prove that the sequence {xn};‘:’l withxy =1+ 2—2 +

1 1 1
2 ot — satisfies xp <2— — for n = 1. Hence deduce that it con-
n n
verges.

Problem 3.2.28 Prove the convergence of the sequence xp =
LU |

——,n=1.
mntk

Problem 3.2.29 Prove the convergence of the sequence, x| = @, X2 =

Xn +Xp—
"7"1, n =2 and (a,b) € IRZ, a #b. Also, find its

b, xp+1 = 2

limit.

Problem 3.2.30 Prove the convergence of the sequence, x1 = a,

,n=1and(a,b) € [Rz, a>0,b>0. Also, find its

1 b
xn+1:E xn+x—
n

limit.
Problem 3.2.31 Prove the convergence of the sequence, x1 = a,
1 b
Xp+1=— (xn + —), n=1and(a,b) € R?, a< 0,b > 0. Also, find its
X

limit.

©
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Problem 3.2.32 Let (a,b) e R%, a > b > 0. Set aj = a;h, b = 1. {an};,2] is monotonically decreasing,

Vab. Ifforn>1, 2. {bn};;‘iol is monotonically inreasing,
Apil = n ; bn . bp=Vanbp, 3. both sequences converge,

Prove that 4. their limits are equal.

3.3 Classical Limits of Sequences

Why bother? In this section we will obtain various classical limits. In particular, we define the constant e and
obtain a few interesting results about it.

172 THEOREM Let r € R be fixed. If |r| < 1 then r™ — 0 as n — +oo. If |[r| > 1 then r" — +00 as n — +o0.

1
Proof: Takingx= ‘ p ‘ —1 in Bernoulli’s Inequality (Theorem 81), we find

n

Therefore

. 1
asn— +oo, since — — 0 asn — +oo.
n

If|r| > 1, again by Bernoulli’s Inequality
Ir"=@+Ir|-D">1+n(rl-1),

and the dextral side can be made arbitrarily large.[]

173 THEOREM Let |r| < 1. Then

2 n 1
1+r+r°+---+r —>1—, as n— +oo.

Proof: IfSn=1+,.+,.2+...+rn thenrSy=r+r2+r3++-+r"and

Sp—-rSp=1-r""'' = §, =
Then apply Theorem 172. U

|:| An estimating trick that we will use often is the following. If0 < r < 1 then the truncated sum is smaller than the infinite
sum and so, for all positive integers k:

1
Tor+r?+srfctorer?+o = —,

174 THEOREM Let a € R, a > 0, be fixed. Then a'’" - 1lasn— +oo.

Proof: Ifa>1 then a''">1 and by Bernoulli’s Inequality,

a—1
a=010+@"-1)">1+n@""-1) = 0<a'-1<——
n

’

whence a'’™ —1 — 0 asn — +oo.
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1
If0 < a <1 then b= — > 1 and so by what we just proved,
a

1
1= —— —1 = a'”

1/n
b al/n

-1,
proving the theorem.[]

n

a
175 THEOREM Leta€eR, a > 1, k€ N\ {0}, be fixed. Then — — tooasn— +oo.
n

Proof: Observe that a''* > 1. We have, using the Binomial Theorem,
n n n(n .
i=o\!
Since each term of the above expansion is = 0, we gather that
n npnr-1 a
(allk) - ( )

Uk
a n—1
> (@'% _1)2 (a') (n-D (alk _1y2 + +o0,
2 n 2 n nk

(al/k n n

as desired. [J

. 2"
In particular — — +00 as n — +oo.
n

an
176 THEOREM Let a € R, , be fixed. Then — 0 as n — +oo.
n!

Proof: Put N =|||al|]|+1 and letn= N. Then

a"|_(lal lal lal\( lal lal |lal lalv lal
— | == . =... = — o — | = —][11--1-—| >0,
n! 1 2 NJ)\N+1 N+2 n N! n
asn— +oo. U
177 THeOREM The sequence
1 n
e, = (l +—| ,n=1,2,...
n
is a bounded increasing sequence, and hence it converges to a limit, which we call e. Also, for all strictly positive integers n,
l n
1+ —) <e.
n

Proof: By Theorem 80

bn+1 _ an+l
b <m+1)b" = b*[(n+1)a-nbl<a™.
-a

1 1
Puttinga=1+ ——, b=1+ — we obtain
n+1 n

n

1 n+1
() e

n+1

( 1
e,=|1+—
n
. . . 1 .
whence the sequence ey, n = 1,2,... increases. Again, by puttinga=1,b=1+ 2 we obtain
n

1 n 2n
(1+—) <2=>(1+—) <4 = ey, <4.
2n 2n

Since e, < ez, < 4 for all n, the sequence is bounded above. In view of Theorem 165 the sequence converges to

a limit. We call this limit e. It follows also from this proof and from Theorem 166 that for all strictly positive
n

<e. U

1
1+=
n

integers n,
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1\" n+l
1+ —) < (1 + —) is as follows. Using the AM-GM Inequality with xy =1,xp = -+ =
n

|:| Another way of obtaining 1
n

1
Xp+1 =1+ - we have

1+—
n

1 n/(n+1)
( ) n+1

1
<1+n(1+;) :(l+l)n/(n+l)< n+2 _(1 1 )
n+1 n n+l

from where the desired inequality is obtained.

1 n+l}+°°

n+l1
178 THEOREM The sequence {(1 +— is strictly decreasing and (1 + —) — e. Also, for all strictly positive inte-
n n

n=1

n+1
gers n, 1+—) > e.
n

Proof: By Theorem 80

bn+1_ n+l
>(n+1)a”.
b—a ( )
. 1 1 .
Puttinga=1+ ——, b=1+ — we obtain
n+1 n
( n+l ( 1 ”+2(n3+4n2+4n+1
1+— > 11+
n n+1 n(n+2)2
3 2
n°+4n“+4n+1
The result will follow as long as (— > 1. But
n(n+2)2

n®+4n®+4n+1

n(n+2)2=n(n2+4n+4)=n3+4n2+4n<n3+4n2+4n+1 =
n(n+2)2

1
Thus the sequence is a sequence of strictly decreasing sequence of real numbers. Puttinga =1, b=1+— in
n

bn+1 _ an+l
> (n+1)a" weget
o= (n+Da" weg
1 n+1
(1+; >1+nn+1)>2,

so the sequence is bounded below. In view of Theorem 165 the sequence converges to a limit L. To see that L = e
observe that

1 n+l 1\" 1

(1+— = 1+—) 1+—)—>e'1=e.
n n n

n+l
It follows also from this proof and from Theorem 166 that for all strictly positive integersn, |1 + —) >e.
n

n+2 n+l1
|:| The inequality |1+ Tl) <1+ —) can be obtained by the Harmonic Mean-Geometric Mean Inequality by
n n
puttingxy =1, x2 =Xxp =+ =Xpt2 =1+ —
n
n+2 n+2 1)\ (+1)/(n+2)
1T 71 = XX VO — 7% 1+ ;)
ETRE TR e 1+(n+1)(n+1)

179 THEOREM 2<e<3.

Proof: By the Binomial Theorem

( 1
1+—
n

-2

k=0
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180 THEOREM e = lim

181

Now, for2<k <n,

— = -—.m-1-=1-% < < )
k| nk k! nk k! ) n n n 2.3k 2k-1

(n) 1 1 n(n-D(n-2)-(n-k+1) 1 ( 1)( 2)'(1_k—1) 1 1

Thus

+---<1+2=3,

1V & (n) 1 1 1 1 1 1
1+—| =), RSt oo g <l Loy

n) ~ o\k] nk” 2 4 2n- 2n-1

1
by Theorem 173 (withr = > ), and so the dextral inequality is proved. The sinistral inequality follows from Theo-
rem 177. [

|:| e =2.718281828459045235360287471352....

1 1 1 1)
l+—+—=+—+-+—|.
2t 3! n!

n—+oo

1 1 1
Proof: Putyp=1+—+—+—
1! 2! 3! 1
prove that it is bounded above with supremum e. By the Binomial Theorem

ln_in 1_1+n1+ +n 1+ +nl>l+n1+ +n1
S\ i 1|n k| nk njn" "~ 1|n k| nk’

1
+ 4 "k Clearly yx+1 > yx so that { yk}zzol is an increasing sequence. We will

(145
n

for0 <k <n. Now let j be fixed, 0 < j < n. Taking limits as n — +oo,

2 j-1 . n
1-—|-|1-—] = lim ==
n n n—'+<>o] nl ]!

ni j! nJ

j it "

Hence, taking limits as n — +oo,

1\” n|1 n| 1 1 1 1 1
1+—| =1+ T —:>ezl+—+—+—+---+E=yk,

n n k| n* 1 2t 3
or renaming,
>1 1 1 1 1 3.1
e= +ﬁ+5+§+m+ﬁ_y"' (3.1
M . n| 1 1 ) (1 1)(1 2 (1 k—l)< 1 <1 n
oreover, since —==-1)|1-= -—— | |[1-— | —— < —, we have
k| n* Kk n n n 2-3---k k!
( 1\" n|1 n|1 n|1
1+— = 1+ — 4t — 4t —
n 1|n k| nk n|n®
1 1
< 1l+—++—++—
! ! n!
= Yn- (3.2)

In conclusion, from 3.1 and 3.2 we get
n

<yn<e,

1+—
n

and by taking limits and using the Sandwich Theorem, we get that y,, — e as n — +oo. [1

L be strictl itive i dlet1 1 1.1 1_ Th
et n, m be strictly positive integers and let Tt tg Tt gy = e Then Ymen —yn < ——.
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Proof: We have

1 1 1 1
— = + + +"'+—
Ym+n —Yn n+1)! (n+2)! (n+3) (n+m)!
1 1 1 1 )
< 1+ + et
(n+1)! n+2 (n+2)? (n+2)ym-1
1 1 1 )
< 1+ + +...+...
(n+1)! n+2 (n+2)2
(D, 1
n+2

1 n+2

(n+1)! n+1’

Here the second inequality follows by using the estimating trick deduced from Theorem 173. Observe that this
bound is independent of m. U

1 1 1 1
182 Letl+ —+—+—+:-+—=y,. Then0<e-y, < —.
! ! n! n'n

Proof: From Lemma 181,
o< < 1 n+2
Ymin=Yn n+1)! n+1’
Taking the limit as m — +oo we deduce

1 n+2

n+1! n+1’

O<e-y,=

(The first inequality is strict by Theorem 180.) We only need to shew that for integer n = 1

1 n+2 1

—_— < .
(n+1)! n+1 nln

But working backwards (which we are allowed to do, as all quantities are strictly positive),

1 n+2 1
— ——<— < nnn+2)<n+Di(n+1)
(n+1)! n+1 n'n

< nn+2)<mn+1)(n+1)
< n*+2n<n®*+2n+1
< 0<1,

and the theorem is proved. U

183 THEOREM e is irrational.

Proof: Assume e is rational, with e = B, where p and q are positive integers and the fraction is in lowest terms.
q

Since qe = p, an integer, qle must also be an integer. Also q'yq must be an integer, since

1 1

1 1
ly, = q! b4y
q.y,,—q.1+1!+2!+3!+ +q!.

But by Lemma 182,

1 1
O<e-y;<— = 0<qlle-y;)<—=1.
" qq 7 q

That is, the integer q)(e —yq) is strictly between 0 and 1, a contradiction. [
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+00

184 THEOREM The sequence {n”"} .
n=

Proof: Consider the ratio
(n+1)" (1

nnt+l

Thus forn = 3,

(n+1)"
nn+1

Hence we have

31/3 > 41/4 >

is decreasing for n = 3. Also, n

Un _, 1 asn— +oo.

l)" 1 e
+—] <=
n

n

<1 = (n+ VD cplin,

5U5 5 ...

Clearly, if n > 1 then nV" > 1" = 1. Also, by the Binomial Theorem, again, ifn > 1,

GRS
tenincrn 2,

We then conclude that

and that n''"

|:| 2l/2 _ 41/4
Homework
Problem 3.3.1 What's wrong with the following? Since the product

of the limits is the limit of the product,

lim 1+ —

. " . 1 . 1 . 1
e= lim (1+—| =| lim 1+—|-| lim 1+ —|---
n—+oo n n—+oo n) \n=ioco n n—+oo n

n times

Problem 3.3.2 Demonstrate that for all strictly positive integers n:

T 1
cos—:—\/2+\/2+\/2+---+\/§,
on+l 2

n radicands

. 1 / /
suli;:r_-i\/z_ 2+ 2+'“+‘V§.

n radicands

Hence deduce Viete’s Formula for 7:

lim 2"¢2—\/2+\/2+---+\/§.
n—+00

n radicands

T =

2n +00

1

Problem 3.3.3 Prove that the sequence { Z % } converges to
k=n n=1

log2.

— 1 follows from the Sandwich Theorem. [

1 1 1 1 1
Problem 3.3.4 Prove that the sequence { 1- 2 + 371 +

+00
e 4 _—

4 2n-1 2n }nzl

converges tolog2.

=1-1---1=1.
Prgh 3.3.5 Let n be a strictly positive integer and let x, denote
the unique real solution of the equation x™ + x+1. Prove that x, — 1
asn — +oo.

Problem 3.3.6 Let

a,,:Jn+\/(n—1)+\/(n—2)+~-~+\/2+\/f,

1
forn=1. Prove that a, — /n — >

Problem 3.3.7 Prove that e is not a quadratic irrational.

n k
Problem 3.3.8 Find lim H (1+—).
n~+a%:1 n

Problem 3.3.9 Aquadratic integer is any number x that satisfies an
equation

x2+mx+n=0, (m,n)eZz.

Prove that the real quadratic integers are dense in the reals.
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3.4 Averages of Sequences

Why bother? In this section we will examine some classical results that allow us to compute more complicated
limits. Had we the language of matrices, most results here could be deduced from a classical result of Toeplitz.
Since we don’t, we will develop ad hoc methods which are interesting by themselves.

We start with the following discrete analogues of LHépital’s Rule.

185 THEOREM Let {xn};’ffl, { yn};:)l, be two sequences of real numbers such that x, — 0, y,, — 0. Suppose, moreover, that
the x, are eventually strictly decreasing. Then

provided the sinistral limit exists (be it finite or +o0).

Xn-1—Xn  Xp—Xp-1

Yn-1—Yn - Yn—Yn-1

Proof: Assume first that — L, a finite real number. Then, given € > 0 we can find N >0

such that forn> N,
L—5<M<L+e Yn <Yn-1
yn_l—yn ’ n n

Thus (L — €)(¥n-1— Yn) < Xp—1 — Xn < (L+ &) (Yn-1 — Yn), and repeating this inequality forn+1,n+2,...,n+ m,

(L-&)(Yn—Yn+1) < Xn—Xnp+1 < (L+&)(yYn—Yn+1)

(L-&)(Yn+1— Yn+2) < Xp+l— Xn+2 < (L+&)(Yn+1—Yn+2),

(L-8)Ym+n-1—Ym+n) < Xmin-1—Xm+n < L+E)(Ym+n-1—Ym+n)-

Adding columnuwise,
(L= &)(Yn— Ym+n) < Xn— Xm+n < (L+€)(Yn — Ym+n)-
Letting m — +oo, and since the y, are strictly positive,

Xn Xn
(L-8&)ypn<xp<(L+€y, = L-e<—<L+e = ——1L
Yn Yn

as n — +oo.

Xp-1—X
Ifu diverges to +oo then for all M > 0 we can find N’ > 0 such that foralln = N,
Yn-1—Yn

Xn-1—Xn
Yn-1—"Yn

Reasoning as above, for positive integers m =0,

>M = Xp-1—%Xp> M(Yn-1—Yn):

Xn—Xm+n > M(Yn — Ym+n)-

Taking the limit as m — +oo,

Xn Xn
anMyn:>—2M:>——>+oo.
Yn Yn
0

186 THEOREM (Stolz’s Theorem)  Let {@n} X}, {ba};,2;, be two sequences of real numbers. Suppose that {by} ;%] is strictly
increasing for sufficiently large » and that b,, — +o0 as n — +co. Then

. an — ap-1 . an
lim —— = 1i

- 7.0
n—+co b, —b,_; n—+oo by,

provided the sinistral side exists (be it finite or infinite).




Averages of Sequences

an— ay-
Proof: Assume first that bnibnl — L, finite. Then for every € > 0 there is N > 0 such that (V)n= N,
n n-1

Ap+1— an
L-e<—<L+g, bui1 > by.
bn+1_bn

This means that
(L—¢&)(bp+1—bp) < api1—an < (L+€)(bps1 — by)

By iterating the above relation for N+1,N +2,...,m+ N we obtain

(L—-¢€)(bn+1—bn) < an:1—an < (L+¢€)(bn+1—bn),

(L—-¢€)(bn+2—bni1) < ani2-—an+1 < (L+¢€)(by+2—bni1),

(L-&)(bms+N—bmsin-1) < amin—Amin-1 < (L+EDBm+N—bmin-1).

Adding columnuwise,
Am+N — AN
(L-&)(bu+N—bn) < amin—an < (L+&)(byyn—by) = | ————L|<e.
bm+n — by
Now,
-Lb b -

AmsN _ AN N+(1_ N )(am+N aN_L)’

bniN bniN buiN )\ bmin — by
so by the Triangle Inequality

AN —L‘ < aN_LbN‘+‘ _ by ||@min—an —L‘.

bniN bun buinN || bmsn—bn

. . ay - Lby o o .
Since N is fixed, ———  — 0 and — 0 as m — +oo Thus the dextral side is arbitrarily small, proving
a bm+N m+N
that = — L as m — +oo.
m
an— ay_
Assume now that b"inl — +oo0. For sufficiently large n thus a,—ay—1 > by —by,_1. Thus the a, are eventually
n— Yn-1
b
increasing and a, — +oco as n — +oo. Applying the results above to the — we obtain
an
b by, — by,
lim 2= lim 2 —"1-9

n—+co @, R—+00 @, — Ap_1

. an
andso lim — = +oo too. U
n—+oo n

187 THEOREM (Césaro) If a sequence of real numbers converges to a number, then its sequence of arithmetic means con-
L. X1+X2+--+ X,
verges to the same number, that is, if x,, — a then ———— —a
n

First Proof: Leta, = x1 + X2 + -+ + X, and by, = n in Stolz’s Theorem. [

Second Proof: It is instructive to give an ad hoc proof of this result. Given € > 0 there exists N > 0 such that if
n= N then|x, — al|. Then

(x1—-a)+(x2—a)+---+(x,—a) - [(x1 — @)l +|(x2 — @)+ + |(x, — )|
n - n ’

X1 t+X2+:-+Xp
——a‘:

n
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Now we run into a slight problem. We can control the differences |x) — a| after a certain point, but the early
differences need to be taken care of. To this end we consider the differences x — a with k < ||vn|| or k> || n||
where n is so large that || v/n|| = N. We have

|61 — @) + (X2 — @)+ + | (6 — @) 1 = @)+ = @)+ + |G~ )|
n n
|(xu\/ﬁJJ+1 —a)| +(z - @)+ +(xp — a)

n
Lvn] max; x| x| 1%k — al N (n—|vn|)e
” .

n

These two last quantities tend to 0 as n — +oo, from where the result follows. []

1+21/2+3ll3+“'+n11n

188 Example Since n'/" — 1, —1.
n
1 1 1

1 1+E+§+"'+—
189 Example Since — — 0, n_o.

n n

1\ 1\2 1\3 n
n (I+I + 1+E) +(1+§ + +(1+—
190 Example Since (1+— — e, n — e.
n n

191 Example The converse of Césaro’s Theorem is false. For, the sequence a, = (—1)" oscillates and does not converge. But

) . 1-1+1-1+4---+(-D" ) L.
its sequence of averages is by, = — 0 as n — +oo since the numerator is either 0 or —1.
n

192 THEOREM If a sequence of positive real numbers converges to a number, then its sequence of geometric means con-
verges to the same number, that is, if YV >0, x,=0and x, — athen (x;x; - -x,,)”" - a.

Proof: The proof mimics Cesaro’s Theorem 187. Since x, — a, for all € > 0 there is N > 0 such that foralln = N,
|xp—al<e = a-e<x,<a+e.

Then

Lvlim n
) SR

1n [lvr]/n
xU_\/ﬁJJ“mx") S(xlxzmxﬂ_\/ﬁﬂxﬂ_\/ﬁﬂﬂ"'xn)lln5( max xk)

( min  xj
1<k<| vn]

1<k<| vn|

This gives, for || v/n| = N,

Il vnl/n
) (a+£)("_u‘/ﬁﬂ)ln.

)U\/EJJ/"

(a—e)("_u‘/ﬁﬂ)/" < (xlxg-'-xuﬁﬂxuﬁﬂﬂ-'-x,,)”” < ( max xj

( min  xp
1<k<| vn|

1<k<| vn|

converge to 1 as n — +oo by virtue of Theorem 174,

NI
) 1<k<| vn|

)M\/EJJ/"

Nouw, both( min xp and( max Xj

1<k<| vn|
and again by the same theorem,

(a—e)("_u‘/ﬁﬂ)’" =(a-ég) (a—e))u‘/ﬁﬂ/” —a-g, (a+e)("_u‘/ﬁﬂ)’" =(a+e) (a+£))LL‘/Eﬂ/” —a+e

as n — +oo. This gives the result. ]
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n+1\"
—) — e, then by the Theorem 192
n

L n n n+1
This gives = . —1l-e=e.
(mHlVn  p+1 (n)l/n

193 Example Since e, =

n+1)")”" (n+l)")”"
- = — —e
n n!

Homework

. . .. 1/n
Problem 3.4.1 If{a,}'2 isa sequence of strictly positive real num- 2n
[lan) =y 1 f yp Problem 3.4.3 Prove thatnliT =4.
—+00

a
bers such that —2— — a > 0. Prove that n
anp-1
1
. an . s 1/n _
1 =1 g Problem 3.4.4 Provethat lim — (n(n+1)---(n+n)) =4e.
n—too an-1 e VO n—+oon
o1 2
Problem3.4.2 Let x, — a and y, — b. Prove that | Problem3.4.5 Prove [hmnETOO W 1-3:5--2n-1) /" = .
X1Yn+tX2Yn-1+"+Xn)1
— ab.
n

Problem 3.4.6 Provethat lim —;
n—+oo nz

1 ((3n)!)1/" 2

n! e

3.5 Orders of Infinity

Why bother? Itis clear that the sequences {},% and {n?},; both tend to +oo as 7 — +oco. We would like now
to refine this statement and compare one with the other. In other words, we will examine their speed towards
+00.

194 Definition We write a, = O(by) if 3C > 0, 3N > 0 such that Vr = N we have |a,| < C|b,|. We then say that a, is Big Oh

of by, or that a, is of order at most b, as n — +oo. Observe that this means that

%‘ is bounded for sufficiently large n.
The notation a, << by, due to Vinogradov, is often used as a synonym of a,, = O(b,,)fl

|:| A sequence {an};’lzol is bounded if and only if an << 1.

An easy criterion to identify Big Oh relations is the following.

a
195 THEOREM If lim b—":ceR,thenan<< by.

n—+oo n

+00o
a
Proof: By Theorem 164, a convergent sequence is bounded, hence the sequence {—"} is bounded: so for

nJ)n=+1
. a .
sufficiently large n, |—| < C for some constant C > 0. This proves the theorem. []
n
[] "
The= in therelation an = O(by) is not a true equal sign. For example n? = O[ng) since nliT —5=0 andson?® << n®
—+00

3
n
by Theorem 195. On the other hand, nlil_"[_l —5 = +00 50 that for sufficiently large n, and for all M > 0, n3 > Mn?, meaning
—toon

that n3 # O(nz). Thus the Big Oh relation is notsymmetric.3

30ne should more properly write a;, € O(by), as O(by) is the set of sequences growing to infinity no faster than by, but one keeps the = sign for

historical reasons.
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+o0o
196 THEOREM (Lexicographic Order of Powers)  Let (&, ) € R and consider the sequences {n“}:lzol and {nﬁ} . Then

n=1
n®<<nf = a<§p.

a
Proof: Ifa < then nliIP n_ﬁ is either 1 (when a = f) or 0 (when a < p), hence n* << nf by Theorem 195.
—+oo 71

Ifn® << nf then for sufficiently large n, n® < cnf for some constant C > 0. If & > p then this would mean that

for all large n we would have n® P < C, which is absurd, since for a strictly positive exponent a — p, n*f - 100
asn — +oo.[]

197 Example As n— +oo,

10 << nB << n<< n'®® << n?,

for example.

198 THEOREM If ¢ € R\ {0} then O(cay) = O(ay), that is, the set of sequences of order at most ca,, is the same set at those
of order at most a,,.

Proof: We prove thatb, = O(ca,) <= b, = O(ay). Ifb, = O(cay) the there are constants C > 0 and N > 0 such
that |b,| < Clcay,| whenever n = N. Therefore, |by| < C'|a,| whenever n = N, where C' = C|c|, meaning that
b, = O(ay). Similarly, if b, = O(ay) the there are constants Cy > 0 and Ny > 0 such that |b,| < C; |a,| whenever

C C

n = Ny. Sincec # 0 this is equivalent to | by,| < L (clay)) = C" (c|ay,|) whenevern = Ny, whereC" = =%, meaning
c c

that by, = O(cay). Therefore, O(ay) = O(cay). U

199 Example As n— +o0,
3

o(n?) =o(%) _ o(4n?).

200 THEOREM (Sum Rule) Let a,, = O(xy) and by, = O(yy,). Then ay, + b, = O(max(|xp|, |yx|)).

Proof: There exist strictly positive constants Cy, N1, C2, N2 such that
n=N;, = |a,| < Ci|xyl and n= Ny, — Ib,,ISC2|y,,|.
Let N' = max(Ny, Np). Then for n = N, by the Triangle inequality

|an + byl < |ay| + byl < Cylxyl +C2|.Vn|-

Let C' = max(Cy, Cz). Then
|@n + byl < C'(Ixp] + | yn|) < 2C" max(Ix,, |yn|),

whence the theorem follows. [

201 COROLLARY Let @y, = kon™ + kyn™ ! + kon™ 2 + .- + ky_1n + ky, be a polynomial of degree m in n with real number
coefficients. The a,, = O(nm), that is, ay is of order at most its leading term.

Proof: By the Sum Rule Theorem 200 the leading term dominates.l]
202 THEOREM (Transitivity Rule)  If a,, = O(by,) and by, = O(cy), then a,, = O(cy).

Proof: There are strictly positive constants Cy, Cz, N1, N such that
n= Ny, = |ay| < Cy byl and n= Ny, = |b,| < Calcyl.

Ifn=max(Ny, No), then |ay,| < Cy |by| < C1Cz eyl = Cleyl , with C = Cy Cy. This gives a, = O(cy). O




Orders of Infinity

203 Example By Corollary 201, 5n* — 21 + 1001 — 8 = O(5n*). By Theorem 198, O(5n*) = O(n*). Hence

5n* -2n* +100n-8=0(n*).
204 THEOREM (Multiplication Rule)  If @, = O(x,) and by, = O(yy), then a,by, = O(xnyn).

Proof: There are strictly positive constants Cy, Cz, N1, No such that
n=N;, = |ay| < C|x,] and  n=Np, = |by| < Ca|yn|.

Ifn=max(Ny, No), then |anyby| < C;Cy |xnyn| = C|x,,yn|, with C = Cy Cy. This gives ayby, = O(xpyn). O

205 THEOREM (Lexicographic Order of Exponentials) Let (a,b) eR, a>1, b > 1, and consider the sequences {a"};‘:’l and
{b"};‘:’l Then a” << b" < a<b.

a
Proof: Putr= B’ and use Theorems 172 and 195. [J

]' n n n

206 Example on <<l<<2"<<e " <<3".

207 LetacR, a>1, keN\{0}. Then n* << a™.

k
n
Proof: By Theorem 175, lim — =0. Now apply Theorem 195. [
n—+oo g

208 THEOREM (“Exponentials are faster than powers”) LetacR, a>1, a €R. Then n* << a”.

k

Proof: Put k = max(1,| a||+1). Then by Theorem 196, n* << n". By Lemma 207, n* << a", and by the

Transitivity of Big Oh (Theorem 202), n* << nk<<a™. O

209 Example

n'% << e,

210 THEOREM (“Logarithms are slower than powers”) Let (e, B) € R2, @ > 0. Then (logn)ﬁ << n”.

Proof: Iff <0, then (log n)P << 1 and the assertion is evident, so assume p>0. Forx >0, thenlogx < x. Putting
x=n%? we get
na/ﬁ p n®

logn®? < n*? = logn < = (logn)? < b 5
a

whence (logn)ﬁ <<n®. 0

By the Multiplication Rule (Theorem 204) and Theorems 196, 208, 210, in order to compare two expressions of the type
a™n?(log)® and u"n”(log)" we simply look at the lexicographic order of the exponents, keeping in mind that logarithms
are slower than powers, which are slower than exponentials.

211 Example Inincreasing order of growth we have

1 1 1 1 10 n n
— << — << — =——<<1<<(loglogn) " << \/logn << —— << n<<nlogn <<e".
e 2n n? logn logn

logn

212 Example Decide which one grows faster as n — +oo: 1 or (logn)™.
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2
logn _ e(log n) enloglogn

Solution: Sincen , and since (logn)? << nloglogn, we conclude that

nlog” << (logn)™.

and (logn)" =

We now define two more fairly common symbols in asymptotic analysis.

a
213 Definition 'We write a;,, = o(by,) if b—" — 0 as n — +oo0, and say that a,, is small oh of by, or that a,, grows slower than b,

n
as n — +oo.

214 Definition A sequence {an};ﬁol is said to be infinitesimal if a,, = 0(1), that is, if a,, — 0 as n — +o0.
a

|:| fr im a n . (logmP
We know from above that fora >1 lim — =0, and so n™ = o(a ) Also, fory >0, lim
n—+oo g n—

+oo
dogn)P = o(n").

=0, and so

215 Definition 'We write a,, ~ by, if b — 1 as n— +oo, and say that a,, is asymptoticto by,.
n

Asymptotic sequences are thus those that grow at the same rate as the index increases.

Figure 3.2: Diagram of O relations.

216 Example The sequences {n® — nsin n};:, {n*+n- 1}:;201 are asymptotic since
sinn
n-nsinn T,
n2+n-1 o1 1 —b
n n?

as n — +oo.
217 THEOREM Let {an};‘fl and {bn};‘f’l be two properly diverging sequences. Then a, ~ b, < a, = b, (1 +0(1)).

Proof: Since the limitis 1 > 0, either both diverge to +oo or both to —oco. Assume the former, and so, eventually,
by, will be strictly positive. Now,

. an an
lim —=1 < Ve>0,IN>0,1-e<—<l1+¢
n—H—oobn bn
<~ by,—-bye<a,<b,+bye
<~ |a,-byl<bye
— ay—by=o0(by).
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The relationship between the three symbols is displayed in figure 3.2.

Homework

Problem 3.5.1 Prove thate™ << n!. that an = O[nz) and ay = o(nz). Which of the two statements con-
veys more information?

Problem 3.5.2 Prove that O(O(ay)) = O(ay).
Problem 3.5.6 True or false: ap, = O(n) = an = o(n).
Problem 3.5.3 Let k € R be a constant. Prove that k + O(ay) =
O(k + an) = O(an). Problem 3.5.7 True or false: ap = 0(n) = an = O(n).

Problem 3.5.4 Let k € R, k > 0, be a constant. Prove that (a, +

bk)k < “lr: . bz. Problem 3.5.8 True or false: ap = o(nz) = ayn = 0(n).

Problem 3.5.5 For a sequence of real numbers {an};‘f’l it is known | Problem 3.5.9 True or false: ap = 0(n) = an = O[nz).

3.6 Cauchy Sequences
218 Definition A sequence of real numbers {an};‘f’l is called a Cauchy Sequence if

Ve>0, IN>0, suchthat Vn,m=N |a,—a;,l<e.
219 THEOREM Cauchy sequences are bounded.

Proof: Lez‘{a,,};;‘:’o1 be Cauchy. Take N > 0 such that foralln= N, |a, — an| <1 . Then a, is bounded by

max (|a;|,|azl,...,lan|) + 1.

220 If a Cauchy sequence of real numbers has a convergent subsequence, then the parent sequence converges, and
it does so to the same limit as the subsequence.

Proof: Let {a,},>) be a Cauchy sequence of real numbers, and suppose that its subsequence {ank}zg converges
to the real number a. Given € > 0, take N > 0 sufficiently large such that

Vm,n,n =N, la,—apml<e, and |an, —al<e.

By the Triangle Inequality,
la, —al < ‘an—ank‘ + ‘ank—a| <e+&E=2¢,

whence a,, — a.l]

221 THEOREM (General Principle of Convergence) A sequence of real numbers converges if and only if it is Cauchy.

Proof:

(=) Ifa, — a, given € >0, choose N > 0 such that |a, —a|l < € foralln= N.
Then ifm,n= N,
lay— am| <\la,—al+\a,—al<e+e=2¢.

Since 2€ > 0 can be made arbitrarily small, a,, is Cauchy.
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(<) Suppose a,, is Cauchy. By virtue of Theorem 219 it is bounded, say that for alln >0, a, € [a ;ﬁ] . Put
S =1{s: ayp = s for infinitely many n}.

Asae.”, .S #3..7 isbounded above by B. By the Completeness Axiom, . has a supremum, a =sup.? .
Givene >0, a—¢e < a and so there is s € . such that a— € < s. By definition of 5/, there are infinitely many
nwitha,=s>a—¢. a+&> a, sothat a+e ¢ . and so there are only finitely many n for which a, = a+¢.
Thus there are infinitely many n with a, € (a—¢€,a+€).

Choose N > 0 such that |a, — a,,| < € for all m,n = N. We can find m = N with a,, € (a—¢€,a+¢€) ie
lay, —al<e. Thenifn=N,

la,—al<|a,—ay|+\a,—al<e+e=2¢
As 2& can be made arbitrarily small this shews a, — a.

O

Homework

3.7 Topology of sequences. Limit Superior and Limit Inferior

222 THEOREM A set X S R is dense in R is and only if for every x € R there is a sequence {xn};‘:’l of elements of X \ {x} that
converges to x.

Proof:

= For each positive integer n, since X is dense in R, there exists x, € X \ {x} such that |x, — x| < on But then
Xp — X asn — +oo.

< Letx €R and let {xn};’liol of elements of X \ {x} that converges to x. Then Ve >0, AN € N such thatVn = N,

|x, — x| < €. But then we have found elements of X \ {x} which are arbitrarily close to x, meaning that X is
denseinR.

O

223 THEOREM Let X € R. A point x € R is an accumulation point of X if and only if there exists a sequence of elements of
X \ {x} converging to x.

Proof:

= Ifxisanaccumulation point of X, every closed interval I, := [x—1/n;x+1/n], n € N, satisfies I,N (X \{x}) #

1
g, thusVneN, Ix, € I, n (X \ {x}). Since |x, — x| < —, we conclude thatlimx,, = x.
n

< Suppose now that {x,};°° is an infinite sequence of points of X \ {x} converging to x. If x ¢ Acc(X), then
X ¢ Acc(xy,Xp,...). Thus there is a neighbourhood of x, Ny such that Ny N {x1,Xg,...}. Thus thereisae>0
such that1x — €;x + €[S Ny. For this € and for none of the x,, it is true then that |x, — x| < €, contradicting
the fact that nl_iglooxn =Xx.

O
224 Definition  Given a sequence {an}f"o, the new sequence
by = il'>l£an = inf{ag, a1, ak+2,}y k=1,
n=

satisfies by < by, that s, it is increasing, and hence it converges to its supremum. We then put

lim inf =sup infay.
n—+oo n>1k=n
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Similarly, the new sequence

C = sup a, = sup{ay, a1, ak+2,}y k=1,
nzk

satisfies cx = cg41, that is, it is decreasing, and hence it converges to its infimum. We then put

lim sup = infsup ay.
n—+oo N=1jpsp

We now prove the following theorem for future reference.

225 THEOREM For any sequence {an};‘;‘a of strictly positive real numbers

. . . . An+1
< lim inf {/a, < lim sup ¥/a, < lim sup .
n—+oo n—-+oo n—+oo a,

. . ¢ n+1
lim inf
n—+oo a,

Proof: We will prove the last inequality. The first is quite similar, and the two middle ones are obvious.

a . , ;
Putr = lirp sup nl Ifr = +oo then there is nothing to prove. For r < +oo chooser’ > r. There is N € N such
n—+oo n
that a
Vn= N, nil .
an
Hence,

! ! ! !/
aN+1=r ayn, AanN+2=T AN+1, AN+3=T ANi2y... QAN+t=T ANt(-1,
and so, upon multiplication and cancelling,
< nt
anic<an(r)’,
and puttingn =N + ¢,

n

ap<anyr) Ve = Va,<r'Vayar) N = lilP sup Ya, <r,
n—+oo

since an(r') ™V is a fixed real number (does not depend on n), and so, \/ an(r')~N — 1 by Theorem 174.
O

The following theorem is an easy exercise left to the reader.

226 THEOREM Let {an}i’oo be a sequence of real numbers. Then

1. iflimsup a, = +oo, then {a,};° has a subsequence converging to +oo.
n—+oo
2. iflimsup a, = —oo, then lim a, = —cc.
n—+o0o n—+oo
3. iflimsup a, = a € R, then
n—+oo
Y € >0, Ing such that a,, < a + € whenever n = ng
and also, there are infinitely many a, such that a—e€ < a,.
4. if limjnf a, = —oco, then {a,,}f"O has a subsequence converging to —co.
n—+oo
5. ifliminfa, = +oo, then lim a, = +oo.
n—+oo n—+oo
6. ifliminfa, = a € R, then
n—+oo
Ve >0, 3Ing such that a— € < a, whenever n = ny
and there are infinitely many a, such that a, < a +e€.
7. liminfa, < limsup a, is always verified, and furthermore, liminfa,, = limsup a, if and only if lim a, exists, in
n—+oo n—+00 n—+oo n—+00 n—+oo
which case liminfa,, = lim a, =limsup a,.
n—-+co n—+00 N 400
Homework
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Problem 3.7.1 Identify the set of accumulation points of the set
{vVa-vb:(a,b) eN?}.

Problem 3.7.2 Consider the following enumeration of the proper
fractions
010120123

1’1’2’2’2’3’3’3’3"""

Clearly, the fraction % in this enumeration occupies the a +
b(b+1)
2

by an interval of length 27k centred ar f. Shew that the point

-th place. For each integer k = 1, cover the k-th fraction

)

ST

does not belong to any interval in the cover.
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Series

4.1 Convergence and Divergence of Series

227 Definition  Let {an} ;> be a sequence of real numbers. A series is the sum of a sequence. We write

n
Sp=ayt+az+---+ap= Zak.
k=1

Here s, is the n-th partial sum. Observe in particular that

a, =Sy— Sp—1-

228 Definition  If the sequence {sn};’l‘fl has a finite limit S, we say that the series converges to S and write

+00
) ap= lim s,=8.
k=1 n—+oo

Otherwise we say that the series diverges.

+00
Observe that Z a, converges to S if Ve > 0, AN such that Vn = N,
n=1

=|s,—S|<e.

£ -

k<n

Now, since

o o) )2

k<n k<n k=1 k>n

we see that a series converges if and only if its “tail” can be made arbitrarily small. Hence, the reader should notice that
adding or deleting a finite amount of terms to a series does not affect its convergence or divergence. Furthermore, since
the sequence of partial sums of a convergent series must be a Cauchy sequence we deduce that a series is convergent if and

onlyif Ve >0,3N >0suchthat Vm=N,n=N, m<n,

|$p—Sml = <E.

n
Y ak
k=m

(e
229 THEOREM (n-th Term Test for Divergence) If Z a, converges, then a, — 0 as n — +oo.
n=1

n
Proof: Puts,=)_ aj. Then
k=1

lim s,=S —= a,=s,-S,-1—S—-S=0.
n—+oo

70
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In general, the problem of determining whether a series converges or diverges requires some work and it will be dealt
with in the subsequent sections. We continue here with some other examples.

2 n
230 Example The series Z (1 + —| diverges, since its n-th term

n=1

2 n
1+—) — 2.
n

+00
1
231 Example We will prove that the harmonic series Z — diverges, even though — — 0 as n — +co. Thus the condition in
n=11 n
Theorem 229 though necessary for convergence is not sufficient. The divergence of the harmonic series was first demon-
strated by Nicole d’'Oresme (ca. 1323-1382), but his proof was mislaid for several centuries. The result was proved again
by Pietro Mengoli in 1647, by Johann Bernoulli in 1687, and by Jakob Bernoulli shortly thereafter. Write the partial sums in

dyadic blocks,

1 % 1
n=1M  m=1p-pm-1, 1
As1/n=1/N when n < N, we deduce that
2m 1 2m 1
—> Y 2m=m-2mh™
p=2m-141 M popm-1,y

Hence,

M
1
Z;

M
~n_ 2

S

so the series diverges in the limit M — +oo.

The following theorem says that linear combinations of convergent series converge.

232 THEOREM Let Z a, = Aand Z b, = B be convergent series and let y € Rbe areal number. Then the series Z (an+7vyby)
=1 n=1 n=1
converges to A+ yB

Proof: Forall € > 0 there exist N, N’ such that for all n = max(N, N"),

Zak A

k<n

<_

Z b.-B

k<n

&
< —-
2(lyl+1)

ly
lyl+1

Hence, by the triangle inequality and by the obvious inequality <1, we have

&
—+lyl

& & &
~(A+YB)|< B|< __£ _E.f
2 T2(yl+) 2 2

Z ak—A

k<n

> bi-

k<n

+ |yl =E.

(Z aj. +vyby

k<n

O

233 Definition A geometric series with common ratio r and first term a is one of the form

at+ar+ar’+ar®+---= Z ar”™.

By Theorem 173, if |[r| < 1 then the series converges and we have

atar+ar*+ar’+.-=) ar"=—
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234 Example A fly starts at the origin and goes 1 unit up, 1/2 unit right, 1/4 unit down, 1/8 unit left, 1/16 unit up, etc., ad
infinitum. In what coordinates does it end up?

Solution: Its x coordinate is

111 5 2
2 32 1-31 5
Its y coordinate is
1 1 1 4
1—-— 4 ——eo = =_.
4 16 1-=1 5

Therefore, the fly ends up in

Here we have used the fact the sum of an infinite geometric progression with common ratio r, with |r| <1 and
firstterma is

a
a+ar+ar®+ard®+... = .
1-r
N
235 Definition A telescoping sum is a sum where adjacent terms cancel out. That is, Z a, is a telescoping sum if we can
n=0
write a,, = b,,+1 — b, and then
N
Y an=ao+ay+---+ay=(by—bo) + (b2 —by) +--- + (by+1 — bn) = by+1 — bo.
n=0
236 Example We have
L&) o) (i)W
n(n+1) —i\n n+1 1 2 2 3 N N+1 N+1
Thus
+00 1 N
Y ——— = lim —— = lim (l— =
ssinmr+1) N-+ooimin(n+1) N—+oo N+1

237 Example We have

- _i( 1 1((L_L)+(L_L)+...+( 1 1 ))
1 rn+1)(n+2) 2, n(n+1) (n+1)(n+2) 2\\1-2 2-3 2-3 3-4 N(N+1) (N+1)(N+2)
1
- E( (N+1)(N+2))
Thus v
+00
Z;= lim Z%: im 1(1_;)=1
i rmr+1)(n+2) N-topmynmr+1)(n+2) N-+02 2 (N+1)(N+2) 4
Homework

(o) 2” +00

Problem 4.1.1 Find the sum o arctan ——.
f,; n;o n2+n+1

en+1l’

Problem 4.1.4 Find the exact numerical value of the infinite sum

+00 1
Problem 4.1.2 Find the sum of the series nX::2 o1 Jia N e
n=1 (1+V1) - (1+v/n)

Problem 4.1.3 Find the exact numerical value of the sum

@
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Problem 4.1.5 Shew that Problem 4.1.8 The Fibonacci Numbers f;, are defined recursively

n k 1 n2+in as follows:

Z —

Sk k241 2 n2inel’

fo=1, fi=1, fur2=fu+fu+1, n=20.

n
and thus prove that )

——— —_ converges.
s kK2 +1 &

+00
3
Provethat fn ==
n=1 3" 5

Problem 4.1.6 Let b(n) denote the number of ones in the binary
expansion of the positive integer n, for example b(3) = b(112) = 2. | problem 4.1.9 Let )" an be a convergent series and let ) by bea

b(n) n=0 n=0
P that ) ———— =log4 = =
rove tha n;l nn+1) divergent series. Prove that Z (an + by) diverges.
n=0
Problem 4.1.7 Find
1 1 1 1 1 1 Problem 4.1.10 Prove that if Z ay, is a series of positive terms and
1+ —+—+— _ — — — — 4, n=1

2 3 6 8 9 12 16 18 that its partial sums are bounded, then Yy a, converges. Shew that

which is the sum of the reciprocals of all positive integers of the form n=1
f P fallp gers of the f this is not necessarily true if Z ay, is not a series of positive terms.

Rom .
2"3"™ forintegersn=0,m = 0. =

4.2 Convergence and Divergence of Series of Positive Terms

We have several tools to establish convergence and divergence of series of positive terms. We will start with some simple
comparison tests.

238 THEOREM (Direct Comparison Test) Let {an};‘:{), {bn};‘i‘(’,, {cn};‘f{’,, be sequences of positive real numbers. Suppose that
eventually a,, < by, that is, that 3N = 0 such that Vn = N there holds a, < b,. If Z by, converges, then Z a, converges.
n=0 n=0
If eventually a, = c,, and Z ¢, diverges, then Z a, also must diverge.
n=0 n=0

Proof: The theorem is clear from the inequalities

ZunSan, ZanEch.

n=N n=N n=N n=N

If Z by, converges, then its tail can be made as small as we please, and so the tail of Z a, can be made as small

n=0 n=0
as we please. Similarly if Z ¢, diverges, because it is a series of positive terms, its tail grows without bound and
n=0
so the tail of Z ay grows without bound. U
n=0

|:| Call a divergent series of positive terms a “giant” and a converging series of positive terms a “midget.” The comparison
tests say that if a series is bigger than a giant it must be a giant, and if a series is smaller than a midget, it must be a midget.

239 Example From example 236, Z

——— converges. Since forn > 1,
1 nn+1)

1

2
nn+l)<(n+1)° = (n+1)2 < nn+1)’

we deduce that the series 1 1
rgl (n+1)? EZ n?
. . . . 1 1
converges. Since adding a finite amount of terms to a series does not affect convergence, we deduce that 1+ Z — = Z —
n=2 M1 n=1 1
converges.1

a2

) +oo
We will prove later on that Z e
n=1"M1

@
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+00 1 1 +00
240 Example Z —- converges. For n =2 we have — =< —; and the series converges by direct comparison with Z —.
= n nn n2 = n2

1 1
241 Example From example 230, Z — diverges. Since for n = 1, logn < n, we deduce that Z —— diverges. Notice that
nz1 n=2 n
here we start the sum at n = 2 since the logarithm vanishes at n = 1.

1 1
242 Example The series Z ——— converges. If n > 9 then logn > 2 and so ———— < —. Thus upon comparison to the
n=2 (logm)™ (logn)" ~ 2n

. 1 . . . .
series Z on (a convergent geometric series), the given series converges.
n>9

243 Example Forn =2,
n n n-1 n-2 21 2

. . 2 . n! . . .
Hence, upon comparison to the series Z —, we deduce that the series Z —, converges. This, of course, implies that the
n=2 1 n=2
series Z —, converges, since adding a finite number of terms to a series does not affect convergence or divergence.
nx=1

244 Example Forn =3,

2n(n-1)"
4 n

. . . . e . e
Hence, upon comparison to the converging telescoping series — Z ———, we deduce that the series Z — converges.
2 yzn(n-1) Zon!
n
. . . . e . . . .
This, of course, implies that the series Z — converges, since adding a finite number of terms to a series does not affect
n=0 "**
convergence or divergence.2

245 Example Forn=1,
1

- 1
_z—n,
+00

. . . . . . 1
whence the series E ——_ converges, upon comparison with the converging geometrlc series E on’
S+ ymn n=12

246 Example Prove that

@
T =

P
p prim
diverges.

Solution:  We will prove this by contradiction. Let py = 2, p2 =3, p3 = 5, ... be the sequence of primes in
ascending order and assume that the series converges. Then there exists an integer K such that
1 1
— <.
m=K+1 Pm 2

LetP = p1 p2 - px and consider the numbers1+nP forn=1,2,3,.... None of these numbers has a prime divisor
in the set {p1, p2,..., px} and hence all the prime divisors of the 1 + nP belong to the set {Px+1, PK+2y.--}. This

means that foreach t = 1,
t S
1 1 1
I RPN ID I D S
n=1 1+nP s>1 \m=K+1 Pm s=1 2

n
e
2We will see later on that Y —=e
n=0 n!
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! 1
that is, Z T+nP’ a series of positive terms, has bounded partial sums and so it converges. But sincel+nP ~ nP
n=1 n

1 1 . . .y
asn — +oo and — Z — diverges, we obtain a contradiction.
nx=1

Since the convergent behaviour of a series depends of its tail, the following asymptotic comparison tests should be clear,
and its proof follows the same line of reasoning as Theorem 238.

247 THEOREM (Asymptotic Comparison Test)  Let {an}n e (b}t a0’ {c,,}n 20> be sequences of real numbers which are even-
tually positive. Suppose that a, << by, and that ¢, << a,. Then both Z a, and Z b, converge together, and both Z a,

n=0 n=0 n=0
and Z ¢, diverge together. Moreover, if {bn};‘:{’, is eventually a strictly positive sequence and a, ~ by, then Z a, and
n=0 n=0
Z b, converge or diverge together.
n=0

In order to effectively use the comparison tests we must have a ready catalogue of series whose convergence or diver-
gence we know. In the subsequent lines we will develop such a catalogue. We start with the following consequence of the
comparison tests.

248 THEOREM (Cauchy Condensation Test)  Let {@n} ;% be a sequence of positive real numbers which is monotonically de-
[e.0]
creasing. Then Z a, converges if and only if the sum Z 2" apn converges.

n=0 n=0

Proof: Since the sequence {an} ;% is monotonically decreasing and positive,

2n+1_1 2n+1_1 2n+1_1 2n+1_1
Y ayn_ = ) ags Y. ap = 2"aga_ < ) ap=2"apn.
k=2" k=2" k=2" k=2"

The second inequality yields

2N+1_y N 2n+tl_y oN+1_4
Z a, = Z Z ay < Z 2" apn — hm Z a, < llm Z 2" agn.
n=0 n=0 f=2" n=0 =

+00 +00
Thus zfz 2" ayn converges so does Z ay.
n=0 n=0

The first inequality yields

on+l_j ont+l_y
Z"azml_l < Z aj. - (2n+1 - 1)a2n+1_1 <2 Z aj — Ayn+1_
k=2" k=2"
N 2n+l 1 2N+l 1
- Z (2n+1 l)a2n+l 1 <2 Z Z aj — Z Aon+1_y = =2 Z a, — Z Aon+l_j.
n=0 f=2"

d
As an application of Cauchy’s Test, we obtain the following important result.

+00
1

249 THEOREM (p-series Test) If p>1then {(p) = Z —, converges, but diverges when p < 1.

n

n=1

Proof: Ifp <0, divergence follows from Theorem 229. If p > 0, then using the fact that x — xP is monotonically
increasing, we may use Theorem 248. Since

=y (2(1 p))

k>02p k=0

@
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is a geometric series with ratio 2' 7P, it converges by Theorem 173 when
2'"7<1 = (1-p)log,2<log,1 = 1-p<0 = p>1,

and diverges for p > 1. The case p = 1 has been shewn to diverge in example 230. []

+00
250 Example Since V2> 1, the series Z —— converges.

n=1 n‘/z
3 +00 3
. B+l V2 _ nd+1
251 Example From arccosx ~ \/E\/ 1-x as x — 0, we obtain arcc053—2 ~ 3 hence the series Z arccos con-
n° + n

n=1
verges.

252 Example Since
n‘/§+(loglogn)2007 nv? 1

n3 + n(logn)® + 1 n3 3V

V2 | (logl 2007
and 3— V2> 1, the series ) n' "+ (loglogn)

converges.
=1 nd+n(ogn)®+1

. t®sin?n
253 Example Demonstrate that the series Z diverges.
n=1 I

Proof: Claim: Among three consecutive natural numbers there is one k € {n,n+1,n+ 2}, there is one for which

1
sink > % This is so because

1 T T
{nel\l:sinzns—}g U [——+k7r;—+k7r ,
2 k=0 4 4

and each interval is not wide enough to contain three consecutive integers. Thus

sin?3n . sin?(3n+1) . sin?(3n +2) N 1
3n 3n+1 3n+2  23n+2)
c . 1 1
Hence the series diverges by comparison to — Z 3ns2’
n

n=0

254 COROLLARY (De Morgan’s Logarithmic Scale)  If p > 1 then all of

+00 1 +00 1 +00 1 +00 1

Y= X > )y

s P ise n(logn)P ’ neee N(logn)(loglogn)? ’ noot®

n(logn)(loglogn)(logloglog n)? i

converge, but diverge when p < 1.

Proof: The theorem is proved inductively by successive applications of Cauchy’s Condensation Test. We will

+00o +00o
prove how the case for Z ———— follows from the case Z — and leave the rest to the reader. We see that
n=e n(logn)?P =1 1P
2k 1 1

gl 2F(log2)?  (log2)P ,; ©P’
and so this case follows from Theorem 249. U

+00

255 Example Determine whether _
P ,;4 n32loglogn

(lOg n) 100

converges.
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logn)'%° logn)'%° logn)'%° 1
Solution: Since (logn)wo << n'4 eventually (logr) << 1. We have (logn) (logr) .
nl/4 n32loglogn nl/*  ndloglogn

+00 1 +00 (logn)l()()
and since Z i < +oo, we have Z =1 < +oo, thatis, the series converges.

n—a °'*loglogn n—a °'<loglogn

1 1
log 1+—) log(1+—) 1
256 Example The series Z ———— converges, since ——— ~ — = —
o n n n n

The reader should be aware that the value of the exponent in Theorems 249 and 254 is fixed. The following examples should
dissuade him that “having an exponent higher than 1” implies convergence.

for convergence by comparing it to a suitable p-series. Use the direct comparison test.

257 E le T 3 1
xample est Z W
n=1

1+1/n

1 1
Solution: By induction n < 2" = n'"™ <2 and son <2n = on < ———. So the series diverges by
n

nl+/ln
(e 0]

direct comparison to Z —.
n=1 2n

o0
258 Example Test )

n=2

i illogn for convergence by comparing it to a suitable p-series. Use the direct comparison test
n

logn 1+1/logn

1
Solution: We haven =e = nlsr =eandson =en, n > 1.. So the series diverges by direct

X1
comparisonto ) —.
n=2€n

[e®)
259 Example Test Z for convergence by comparing it to a suitable p-series. Use the direct comparison test.
n=2

nl+1l/loglogn

2
X
Solution: By considering the monotonicity of f (x) = e* — > (see Theorem 399) or otherwise, we can prove that
x2
e* > > for x> 0. Now,
ogn 2
nl/loglogn — elognl/loglogn _ elolglign S (logn) '
2(loglogn)?
This gives
2(loglogn)? . 1
n(logn)? nHW :
Now,

*io 2(loglog n)?

= n(logn)?

can be shewn to converge by comparing to a series in the De Morgan logarithmic scale.

diverges.

+0o0o
260 Example Prove that the series n;l LBrsinn

4 5 3
Solution: For k € Z, the interval I, = [(2k+ §)” s 2k + §)” has length % >landxe I, = sinx < —%.

571
The gap between I, and Iy is < 3 < 6. Hence, among any seven consecutive integers, at least one must fall

@
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3
into Iy, and for this value of n we must have1.8+sinn <1 — % < 1. This means that

+Z°° . ic n=7zm+7 . ic !
— >
1.8+sinn 1.8+sinn — ’
n=11 m=0 n=7m+1 1 m=0 m+7

and since the rightmost series diverges, the original series diverges by the direct comparison test.

The following result puts the harmonic series at the “frontier” of convergence and divergence for series with monotonically
decreasing positive terms.

261 THEOREM (Pringsheim’s Theorem) Let Z a, be a converging series of positive terms of monotonically decreasing
nz1

1
terms. Then a,, = 0(—).
n

Problem 4.2.1 Since the series converges, its sequence of partial sums is a Cauchy sequence and by 4.1, given € >0, 3m > 0,
such thatVn=m,

n
Y ap<e.
k=m+1
Because the series decreases monotonically, each of @1, Am+2,..., @y s at least a,, and thus
n
(n-m)a, < Z ap <E.
k=m+1

.. . € .
Again, since the series converges, a, — 0 as n — +oo we may choose n large enough so that a,, < —. In this case
m

2¢e
(n-m)a,<e = naz,<e+ma,<2e = ap,<—,
n

which proves the theorem.

The disadvantage of the comparison tests is that in order test for convergence, we must appeal to the behaviour of an
auxiliary series. The next few tests provide a way of testing the series against its own terms.

+00

262 THEOREM (Root Test) Let Z a; be a series of positive terms. Put r = limsup(an)” " Then the series convergesif r <1
n=1

and diverges if r > 1. The test is inconclusive if r = 1.

Proof: Ifr <1 chooser' withr <r'<1. Then there exists N € N such that

Vn=N, Va,<r = a,<@")".

+0o0o +00o
But then Z a, converges by direct comparison to the converging geometric series Z "
n=0 n=0

Ifr > 1 then there is a sequence {ny} .2y of positive integers such that

/A, — T-

This means that a,, will be > 1 for infinitely many values of n, and so, the condition a, — 0 necessary for conver-
gence, does not hold.

+00o +00o
By considering Z - which diverges, and Z 2 which converges, one sees that r = 1 may appear in series of

n=1 n=1
different conditions. [

+00
263 THEOREM (Ratio Test) Let Z a, be a series of strictly positive terms. Put r = limsup
n=1 an
if r <1 and diverges if r > 1. The test is inconclusive if r = 1.

an+1

. Then the series converges
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Proof: Ifr <1, then there exists N € N such that
aN+1 =Tran, aN+2=Tan,

Multiplying all these inequalities together,

AN+3 =TAN12)...

AN+t =TAN+¢-1.

an+ < ayrt.

Putting N + t = n we deduce that

N_.n

ap<anr r".

Since aNr_N

+00 +00
ayr N Z r", concluding that Z a, converges.
n=1 n=1

+00

is a constant, we may use direct comparison between Z a, and the converging geometric series

n=1

Ifr >1 then a1 = a, = ay foralln = N. This means that the condition a, — 0, necessary for convergence, does

not hold.

+00o +00o

By considering Z —, which diverges, and Z —» Which converges, one sees that r =1 may appear in series of
n n

n=1 n=1

different conditions. [

|:| The root test is more general than the ratio test, as can be seen from Theorem 225.

264 Example Since

(n+1)!
()T 1 1
1 = 7w~ - <1
n 1 e
n" (]_ + —
n
+00 !
the series ) | — converges.
n=1 n"

265 Example Since

2 -0
n" n"
+00 ! n
the series ) | —- converges.
n=1 I
Homework
+00 +00
Problem 4.2.2 True or False: If the infinite series Z ay of strictly | Problem 4.2.5 True or False: If the infinite series Z an converges,
n=1 n=1
+00 +00
positive terms, converges, then Z af, must necessarily converge. then Z cos(ay) must necessarily converge.
n=1 n=1
+oo Problem 4.2.6 Use the comparison tests to shew that if an >0 and
X . . . . (e8] ® g
Problem 4.2.3 True or False: If the infinite series Zl ay of strictly Z ay converges, then Z -n converges.
n=
+00 n=1 n=1
positive terms converges, then Z sin(ay) must necessarily con-
n=1
verge. Problem 4.2.7 Give an example of a series converging to 1 with n-
1
th term ay > 0 satisfying an << —- (That is, the n-th term goes to
n
o | too . zero faster than the reciprocal of a square.)
Problem 4.2.4 True or False: If the infinite series Z ay of strictly
n=1
+00 . . . .
positive terms converges, then Z tan(ay,) must necessarily con- Problem 4.2.8 +§}Owe an examp lfoff a converging series of strictly
n=1 I 1/n
verge. positive terms Zl ay such that Zl(an) also converges.
n= n=
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Problem 4.2.9 Give an example of a converging series of strictly

+00 +00
positive terms Z ay such that Z (an)l/ ™ diverges.
n=1 n=1

Problem 4.2.10 Give an example of a converging series of strictly
positive terms ay, such that liT (an)l/ ™ does not exist.
n—+00

n

(e
Problem 4.2.11 Test Z —55; using both direct comparison and
n

n=1
the root test.

Problem 4.2.12 Let.¥ be the set of positive integers none of whose
digits in its decimal representation is a 0:

7 =11,2,3,4,5,6,7,8,9,11,12,13,14,15,16,17,18,19,21,--- }.

1
Prove that the series Z — converges.
ne.

Problem 4.2.13 Determine whether Z

1 1
arccos — — arccos —2)
n=1 n n

converges.

Problem 4.2.14 True or false: a divergent series of positive terms
contains a monotonic divergent sub-series.

Problem 4.2.15 Let d(n) be the number of strictly positive divisors

4.3 Summation by Parts

of the integer n. Prove that d(n) < 2y/n. Use this to prove that

>

n=1

d(n)
n2

converges.

Problem 4.2.16 Let py, be the n-th prime. Thus p1 =2, p2 =3,
p3 =5, etc. Putay = py and ap+1 = p1p2--pn+1 forn=1. Find

Problem 4.2.17 Determine whether Z ay converges, when ay is

n=2
given as below.
l)n 2.4-6---(2n)
1. [1+—]| —e. 7 —
n n"
2. cosh® n—sinh® n. 1+21+---+n!
3 n®+1)2 (n+2)!
. log ————.
g(n2+1)3 -2+ +n!
4. Vn+1- ¥n. (n+1)!
3 n
nd+1 (logn)
10. ————.
5. arccos(n3+2). Jlogn
a” 1
6. Tra2n’ (logn)l(’g".

Problem 4.2.18 Let Z an be a convergent series of positive terms.
Prove that multipliers my, tending to infinity exist such that
)" mpay is convergent too.

In this section we consider series whose terms have arbitrary signs. We first need the following result.

266 THEOREM (Summation by Parts)
O<k=<n

2: akbk:=

p<k=q p<k=q-1

Proof: Changing a subindex,

2: akbk

p<k=q p<k=q

p<k=q

p<k=q-1

giving the result. U

Y. Axbr-—

LetA,= Y ag A-1=0.Thenforp=<g,

Y. Ag(bg—bgi1) + Agbg — Ap_1bp.

Y, (Ag— A )by

Y Agbg— Y. Ag_1bg
p<k=q

Y. Agbgi1+Agbg— Ap_1bp.
p<k=q-1

|:| An alternative and more symmetric formulation will be given once we introduce Riemann-Stieltjes integration.

We now obtain a convergence test.
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267 THEOREM (Dirichlet's Test) The series Z aj. by converges if
k=0

n
e the partial sums A, = Z ay. are bounded,
k=0

e VYn,b,=0and b, = b, 1, and
e b,—0asn— +oo.

€
Proof: Choose B > 0 such thatVn,|A,| < M. Thereis N > 0 such thatVn = N b, < M Then for N < p < q we

have,
Z aib,| = Z Ag (b — b)) + Agbg — Ap_1bp
p<k=q p<k=q-1
< M| ) br—bg1+bg+by
psk=q
< 2Mb,
< 2Mby
< €
0
10 sinn
268 Example Consider the series Z at
n=1

1
¢ Prove that regardless of the value of n, [sin1 +sin2 +--- +sinn| < csc >

sinn

+00
e Prove that )

n=1

converges.3

Solution: We will prove by induction that whenever the denominators do not vanish we have

sin"T“x . nx
——=—-sin—.

2

sinx +sin2x+---+sinnx =

This will readily give

. . . 1
|sinl +sin2+--- +sinn| scsci.

The formula clearly holds for n = 1. Assume that

sinfx | (n-1)x

—— -sin
sin 5 2

sinx+sin2x+---+sin(n—1)x =

+00
3In fact, it can be proved that Z
n=1

sinn m-1

2




Summation by Parts

Then
sinx+sin2x+---+sinnx = sinx+sin2x+---+sin(n—1)x+sinnx
sin%x . (m-Dx
= —— -sin +sinnx
sin 5 2
s n
sm3x  (n—-1)x nx nx

= — -sin +2sin— cos —
sin3 2 2 2

(sm (n- 1)"+2cos L sin §

2 | s X
)(smz)

Sin 2
_ (smTcosE —sin 3 cos 73* +2cos 5 sin 3 ) (sinﬂ)
sin § 2
« _ NX X O nx
_ (sinTFcosj +singcos G | px
= — (sin—)
sin 3 2
sin "T“x . nx
= ————-sin—,
sin 5 2
where we have used the sum identity
sin(a + b) =sinacosb t+ sinbcos a.
+00 of
sinn . . ... ,
The convergence of Z now follows by taking a,, = sinn and b,, = — in Dirichlet’s Test.
n=1 n
+00
269 Definition A series of the form Z cp where Vn, ¢, cp+1 < 01is called an alternating series. Thus in an alternating series,
n=1
the terms alternate in sign.
+00
270 THEOREM (Leibniz’s Alternating Series Test)  The alternating series Z (-1)" ¢y, converges if all the following conditions
n=1

are met
e the ¢, eventually decrease, thatis, ¢,+1 < ¢, forallm = N.

n—0

Proof: This follows at once from Dirichlet’s Test, by taking a, = (-1)", from where the partial sums Z a, are
0<k=<n

bounded by 2 and taking by, = ¢,. U

+00
1
271 Example The series Z (—1)"+1 — converges by Leibniz’s Test. 4
n

n=1

+oo (_plvrl
272 Example Prove that the series Z ———— converges.
n=1 n

Solution: ~ We consider blocks between consecutive squares. Notice that the square following a® is (a+1)® =
a® +2a+1, and that the integer just before (a +1)? is a® + 2a. We deduce that

oo (— 1)|_|_\/—ﬂ +00 (- I)H_\/_ﬂ +00 1 1

)y =) =L

R + v + 27
n=1 a= 1a2<k<(a+1)2 + 1 ac+2a

Now we estimate the blocks 1 1 1

-+ 4ot .
a2 a’+1 a’+2a

+00
1

4In fact, we will prove later that Z (—l)'Hl — =log2.
n=1 n
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273 THEOREM Let ay = 0, ay, = ay.1, and let the alternating series Z -1

Observe that this block has a®> +2a— a® + 1 = 2a+ 1 terms. Each term is between the first and the last, and hence,

2a+1 1 1 1 2a+1
— < —+ +o 4 <
a’+2a a’2 a’+1 a’+2a a?

’ (4.2)

meaning that each block tends to 0 as a — +oco. We claim if

! + ! ot !
u, = — [ -
“T a2 a?+1 a’+2a

then ug+1 < ug and so the series Z (-1)*u, will converge by Leibniz’s test. Now, using the estimate (4.2) with a
a=1
anda+1,

! + ! 4ot 1
a2 a’?+1 a’+2a
2a+1 2(a+1)+1

Ug — Ug+1 =

1 1 1
_( + +...+7
(a+1)?2 (a+1)2+1 a’?+4a+3

> —
T a’+2a (a+1)2
_ 2a®+4a+3

T aa+1)2(a+2)

> 0,

from where the result follows.

+00

"+1 g, converge to S. Then any partial sum with

k=1

an even number of terms subestimates S and any partial sum with an odd number of terms overestimates S. That is,

ai—-az+taz—agt-—Mp=S<ar—az+az—ag+---+az_;

for arbitrary strictly positive integers k, .

Homework

Problem 4.3.6 Determine whether the series Z

+0 |cos2™ i i
Problem 4.3.1 Determine whether Z | converges. Problem 4.3.7 Determine whether ';2 ay converges, when ay is
n=1 given as below. -
' +00 |sin(n +logn)| ; (-nn -n"
Problem 4.3.2 Determine whether nZl — converges. : \/m " logn+sin@nn/3)’

2 E° 51 S0
+00 |sinn?| " logn’ : N

Problem 4.3.3 Determine whether Z ———— converges. n
n=1 " 5 1rCD"yn 6 DT
on S VRt (Dt
+w . . . PR
Problem 4.3.4 Determine whether the series Z converges. | Problem4.3.8 Prove: Ifz ay is a divergent series of positive terms,
n=1 1 with partial sums sy, then
an
1 cos(logn .
Problem 4.3.5 Determine whether the series Z cos(logn) con- Sn
= n
n=1 is also divergent.

+ cos(loglogn) | Problem4.3.9 Suppose that Y an is a divergent series with terms

] n tending monotonically to 0. Shew that there is a divergent subseries
n=

.. R .
converges. Z ap,, with Tk — +00, a so called sparse subseries.
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4.4 Absolute Convergence

+00 +00
274 Definition A series Z a, is said to be absolutely convergent if Z |ay| converges .
n=1 n=1

+00 +00

275 THEOREM Ifthe series Z |a,| converges then the series Z a; also converges. That is, absolute convergence of a series
n=1 n=1

implies convergence.

Proof: By the triangle inequality

Y a

m<k<n

< > lagl.

ms<k<n

+0o0o +00
Hence, ifz lag| is Cauchy, that is, if it satisfies (4.1), then so does Z ag. [
k=1 k=1

sinn| 1 = sinn
= 2

i
276 Example Since ‘ ==, Z | ‘ converges by the comparison test. Thus Z
L

converges absolutely and so

n? n = n?
it converges.
+o0 +00 +0o0
277 Definition A series Z a,, is said to be conditionally convergentif Z a, converges but Z |a,| diverges.
n=1 n=1 n=1
+0o0
278 THEOREM (Riemann’s Rearrangement of Conditionally Convergent Ser  ies) If Z a, is a conditionally convergent se-
n=1
+o00
ries and a € R is an arbitrary real number then there is a rearrangement of Z a, equalling to a.
n=1

Proof:
O
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Real Functions of One Real Variable

5.1 Limits of Functions

279 DEFINITION-PROPOSITION (Cauchy-Heine, Sinistral Limit)  Let f :]a;b[ — Randletxp € ]a;b[. The following are equiv-
alent.

1. Ve >0, 36 > 0 such that
X-0<x<x = |f(x)-L|<e.

2. For each sequence {xn};‘:’l of points in the interval ]a ;b[ with x, < xp, X, — X0 = f(x,) — L.
If either condition is fulfilled we say that f has a sinistral limit f(xo—) as x increases towards xo and we write

fx-)= lim f(x)=lim f(x).
X—X0 x,/ X

Proof:

1= 2 Suppose that Ve > 0,36 > 0 such that
X-0<x<x = |f(x)-L|<e.

Let x, < x9, X5, — Xo. Then
[Xp— X0l <0 = x0—-0<x,<x9+0

for sufficiently large n. But we are assuming that x, < xg, so in fact we have xy — 6 < x, < x9. By our
assumption then | f (x,) — L| <&, and so 1 = 2.

2= 1 Suppose that for each sequence {xn};;‘fl of points in the interval ] a ;b[ with x, < X9, Xp — X0 = f(x,) —

L. If it were not true that f(x) — L as x — xy, then there exists some €9 > 0 such that for all § > 0 we can
find x such that
0<|x—x0| <6 = |f(x)-L|=¢o.

In particular, for each strictly positive integer n we can find x,, satisfying
1
0<|x,— x| < — = | f(xn) - L| = &0,

a contradiction to the fact that f (x,) — L.

O

In an analogous manner, we have the following.

280 DEFINITION-PROPOSITION (Cauchy-Heine, Dextral Limit)  Let f: ] a ;b[ — Randlet xp € ]a ;b[. The following are equiv-
alent.

85
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1. For each sequence {xn};‘fl of points in the interval ]a ;b[ with x,, > xp, x, — x0 = f(x,) — L.

2. Ve > 0,36 > 0 such that
X <x<x+8 = |f(x)-L|<e.

If either condition is fulfilled we say that f has a dextral limit f (xo+) as x decreases towards xp and we write

= li =i .
f(xo+) = lim f(x) Jim fx)
Upon combining Propositions 279 and 280 we obtain the following.

281 DEFINITION-PROPOSITION (Cauchy-Heine) Let f: ] a ;b[ — Randlet xp € ] a ;b[. The following are equivalent.
L. f(xo—) = f(x0+)
2. For each sequence {x,,};;:’l of points in the interval ]a ;b[ different from x9, x, — X0 = f(x,) — L.

3. V&> 0,36 >0 such that
0<|x-xl<d = |f(x)-L|<e.

If either condition is fulfilled we say that f has a (two-sided) limit L as x decreases towards xy and we write
L= xllgclo f(x).
We now prove analogues of the theorems that the proved for limits of sequences.

282 THEOREM (Uniqueness of Limits) Let X SR, a€R,and f: X —R. If}lcinzllf(x) =Land }:in}zf(x) =L'thenL=1L"

Proof: IfL # L' then take2e = |L— L'| in the definition of limit. There is & > 0 such that

|[L-L'| |[L-L'|

0<|x—a|<6:|f(x)—L|<T, |f(x)—L’|<T.
By the Triangle Inequality

L-L|<|L- f@®|+|fx)-L <|I‘;L|+|L_L| =|L-L|,

|L-L|<|L-f@)|+|f |

2 2

but |L - L’| < |L - L’| is a contradiction. O

283 THEOREM (Local Boundedness) Let XCER, a€R,and f: X — R. If chin;f(x) = L exists and is finite, then f is bounded
in a neighbourhood of a.
Proof: Takee =1 in the definition of limit. Then there is a 6 > 0 such that
0<|x-al<éd = |f(x)-L| <1 = |f(x)|<1+]Ll,

and so f is bounded on this neighbourhood. U]

284 THEOREM (Order Properties of Limits) Let X SR, a€R, and f: X — R. Let }:in}zf(x) = L exist and be finite. Then

1. If s < L then there exists a neighbourhood .4, of a contained in X such that Vx € .4;, s < f(x).
2. If L < t then there exists a neighbourhood .4 of a contained in X such that Vx € 4, f(x) <t.
3. If s < L < t then there exists a neighbourhood .4, of a contained in X such that Vxe 4,, s< f(x) < t.

4. If there exists a neighbourhood .#; € X such that Vx € .44, s < f(x), then s < L.
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5. If there exists a neighbourhood .#; € X such that Vx € 4, f(x) < t, then L<t.

6. If there exists a neighbourhood .#; € X such that Vxe .4, s< f(x) <t,thens<L<t.

Proof: We have
1. Take e = L— s> 0 in the definition of limit. There is 6 > 0 such that
0<|x-al<é = |f(x)—L|<L-s = s—-L+L< f(x) <2L-s = s< f(x),

as claimed.

2. Take e = t— L > 0 in the definition of limit. There is é > 0 such that
0<|x-al<d = |f(x)-L|<t-L = L-t+L<f(x)<t-L+L = f(x)<t,

as claimed.
3. This follows by (1) and (2).

4. Ifonthesaid neighbourhood 44 we had, on the contrary, L > s then (1) asserts that there is a neighbourhood
of%’ C A, such that f(x) > s, a contradiction to the assumption thatVx € Ag, s < f(x).

5. Ifon the said neighbourhood ¥, we had, on the contrary, L < t then (2) asserts that there is a neighbourhood
ole/,l' C g such that f(x) < t, a contradiction to the assumption thatVx € Ng, t = f(x).

6. This follows by (4) and (5).
O

Analogous to the Sandwich Theorem for sequences we have

285 THEOREM (Sandwich Theorem) Assume that a, b, ¢ are functions defined on a neighbourhood .44, of a point x¢ except
possibly at xp itself. Assume moreover that in .44, they satisfy the inequalities a(x) < b(x) < c¢(x). Then

lim a(x) = L= lim ¢(x) = lim b(x) = L.
xX—Xo xX—Xo X=X

Proof: Forall € >0 there is § > 0 such that
0<|x—xp|<d = |la(x)—Ll<e and |c(x)-Ll<e = L-e<a(x)<L+e and L-e<c(x)<L+e.
If we now consider x € Nz, N{x:0 < |x — xo| < 6} then
L-e<ax)<bx)<c(x)<L+e = L-e<bx)<L+e&e = |b(x)-L|<eg,

whence lim b(x) = L.

x—Xg
286 THEOREM Let X CR, a€R, and f,g: X — R. Let (L,L’,A) € R®. Then

L lim f(x) =L = lim [f(x)| = L.

2. lim f(x) =0 < lim [f(x)| =0.

3. lim f(x) =L, lim g(x) = I = Lim (f(x) + Ag(x)) =L+ AL.

4. lim f(x) =L, lim g(x) = L' = lim (f(x)g(x)) = LL"

5. If;gr}lf(x) =0 and if g is bounded on a neighbourhood .4; of a, then }i_rgf(x)g(x) =0.

. . ; . f(x)) L
6. 1 =L1 =L'#0 = lim |Z——=|==.
lim f(x) = L, lim g(x) = L' # ;f:,(g(x) %
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Proof:

1. This follows from the inequality | |f(x)| - |L|| < |f(x) - L|.

2. This follows from the inequalities — | f (x)| < f (x) < | f(x)| andmin(- f (x), f (x)) < | f(x)| = max(- f (x), f (x))
and the Sandwich Theorem.

3. Foralle >0 therearedy >0 and 62 > 0 such that
0<|x-al<dé; = |f(x)-L|<¢ and O0<|x-al<d, = |gx)-L'|<e.
Take 6 = min(61,02). Then
0<|x-al<éd = |f(x)+Ag(x)— (L+AL)| < |f(x)-L|+|Al|gx) -L'| <@ +|A]e.

Since the dextral side can be made arbitrarily small, the assertion follows.

4. Foralle >0 therearedy >0 and b2 > 0 such that
0<|x-al<é; = |f(x)-L|<¢ and 0<|x-al<d, = |gx)-L|<e.
Also, by Theorem 283, g is locally bounded and so there exists B > 0, and 3 > 0 such that
0<|x—al<dé; = |gx)|<B.
Take 6 = min(61,62,03). Then
|fx)gx)-LL'| = |(f(x)-L)g(x) + L(g(x) - L) | = |f(x) - L| |g(x)| + |LI |g(x) - L'| < (B+ |L'e.

As the dextral side can be made arbitrarily small, the result follows.

5. Foralle >0 therearedy >0, B> 0, and 62 > 0 such that
0<|x-al<dé, = |f(x)|<e and 0<|x-al<b, = |g(x)|<B.

Take 6 = min(61,02). Then
|F(x)g(x)| <|B||f(x)| < Be.

As the dextral side can be made arbitrarily small, the result follows.
!/
> 0 there is a sufficiently small 8 > 0 such that

6. First|g(x)| — |L’| as x — a by part (1). Hence, for € =

L]

2

i _ Izl 3|L

|L’| —$—<| (x)‘<—
2 & ’

lg@| - |l < 5= = |L]-

> <|g®)|<|L'|+

!/
2 2
that is, ‘ g(x)| is bounded away from 0 x sufficiently close to a. Now, for all € > 0 there ared; >0 and 62 >0
such that
0<|x-al<d; = |f(x)—L|<e, and 0<|x-al<d, = |gx)-L|<e.

For & =min(81,62,6"),

0<|x—al<é = L-e< f(x)<L+e, ‘L2|<|g(x)|<%”, and L'-e<gx)<L +e.
Hence
f@ L|_ 'L’f(x)—Lg(x) _|[PU®-D-LEg@®-L)|_|L||f®)-L|+IL|gx) - L 3 2(|L'| +ILhe
glx) L gL gL - lg@)]|IL| Ly’

which gives the result.
d

In the manner of proof of Proposition 279, we may prove the following two propositions.
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287 DEFINITION-PROPOSITION (Cauchy-Heine, Limitat +oco) Let f: ] a ;+oo[ — R The following are equivalent.
1. For each sequence {x,,};;:’l of points in the interval ] a;+oo [,
X — +o0 = f(x,) — L.

2. Ve >0,3M, M > max(0, a), such that
x=2M = |f(x)-L|<e.

If either condition is fulfilled we say that f has a limit L as x tends towards +oo and we write

L= Jim 72

288 DEFINITION-PROPOSITION (Cauchy-Heine, Limitat —oo) Letf:] — 00 ;a[ — R The following are equivalent.

1. For each sequence {xn};‘fl of points in the interval ] — 00 ;a[,
Xp — —00 = f(x,) — L.

2. Ve>0,3IM, M <min(0, a), such that
x<M = |f(x)-L|<e.

If either condition is fulfilled we say that f has a limit L as x tends towards —oo and we write
L= lim f(x).
X——00
289 Definition We write xlir;1+f(x) = +o00 Or li{n f(x) = +o0if YM >0, 36 > 0 such that
- x\a

xe]a;u+6[ = f(x)> M.

Similarly, we write xlil}ll f(x) =+oco0or li}n f(x) =+o0if YM >0, 36 > 0 such that
—a— xX/a

xe]a—b‘;a[ = f(x)> M.

Finally, we write chmtll fx) =+00if VM >0, 36 > 0 such that
xe]a—b‘;a+6[ = f(x)> M.
290 Definition We write xlir;1+f(x) = —oo or li\I‘n f(x) = —0c0if YM <0, 36 > 0 such that
- x\a

xe]a;a+6[ = f(x) <M.

Similarly, we write xlir'rll f(x)=—-ocoor li/rvn fx) =—00if YM < 0,36 > 0 such that
—a— x/a

xe]a—b‘;a[ = f(x) <M.

Finally, we write lln‘ll fx) =—-00if YM < 0,36 > 0 such that

xe]a—6;a+6[ = f(x) <M.

291 THEOREM Let X, Y be subsets of R, ae X and be Y, f: X — R, g: Y — Rsuch that f(X) C Y, and let L€ R. Then

l@}lf(x)za and igt}ag(x):L 5 l%(gof)(x)zL.

Proof:
O

Homework




Continuity

1
Problem 5.1.1 Prove that lil’[(l) sin — does not exist.
X—

Problem 5.1.2 Let m,n be strictly positive integers. Prove that

x"-1 n

x—1xm-1 m’

Problem5.1.3 Let X C R, a€R, and f,g: X — R. If f(x) — +oc0
and there exists a neighbourhood Ng S X of a where f(x) < g(x),
prove that g(x) — +oo.

Problem5.1.4 Let X SR, a € R, and f,g : X — R. Suppose that

5.2 Continuity

}i_r}}l [ (x) = +00. Demonstrate that
1. If)%l_l}}lg(x) = 400, then }gl}l(f(x) + g(x)) = +oo.
2. If}il‘}l g(x) =LeR, then }i_l)l}#f(x) + g(x)) = +oo.
3. If}gl}lg(x) = 400, then }gr:l(f(x)g(x)) = +00.

4. If;%g(x) =L>0, then ;%(f(x)g(x)) = +00.

Problem 5.1.5 (Cauchy Criterion for Functional Limits) Ler X C
R,ac X, and f : X — R. Prove that f has a limit at a (finite or infi-
nite) if and only if for all € > 0 there is a 6 > 0 such that |x' - x"| <é
implies | f(x') - f(x")| < e.

292 Definition A function f : ]a ;b[ — R is said to be continuous at the point xo € ]a ;b[, if we can exchange limiting

operations, as in

pro0-s{pms) o

In other words, a function is continuous at the point xg if

Ve>0,36 >0, suchthat |x—

xl<d = |f(x)- fx)| <e.

293 Definition A function f: [a ;b] — R is said to be right continuous at a, if

f(a) = f(a+).

It is said to be left continuous at b, if

fb) = f(b-).

In view of the above definitions and Proposition 281, we have the following

294 THeoREM The following are equivalent.

1. The function f: ] a ;b[ — Ris continuous at the point xp € ] a ;b[.

2. f(x0-) = f(x0) = f(x0+).

3. If{xn};;‘f’l,andforall n, xne]a;b[,thenxn—»xo = f(xn) — f(x0).

295 Example What are the points of discontinuity of the function

oo -

1
g —
x = J pta

ifxe@Qn [0 ;+oo[,x= B, in lowest terms
q

R

?

0 ifxe[o;+oo[\@

Solution:

Let a € Q. Since [0 ;+oo[ \ Q is dense in [0 ;+oo[, there exists a sequence {a,,};;‘fl of points in

[0 ;+oo[ \ Q such that a, — a as n — +oo. Observe that f(ay) = 0 but f(a) # 0. Hence a,, — a does not imply

f(ay) — f(a) and f is not continuous at a. On the other hand, let n € [0;+oo[ \Q. Then f(b) =0. Let{b,,};‘fl be

a sequence in [0 ;+oo[ N Q convergingtob, b,, = Pn in lowest terms. By Dirichlet’s Approximation Theorem we

qn




Chapter 5

must have p,, — +oo and q,, — +o0o. Hence — 0. So f is continuous at b. In conclusion, f is continuous

Pntqn

at every irrational in [0 ;+oo[ and discontinuous at every rational in [0 ;+00 [

296 DEFINITION-PROPOSITION (Oscillation of a function at a point) Let f be bounded. The function w : Dom (f) — [0;+00],
called the oscillation of f at x and given by

o(f,x) :(slir(r)l+sup{|f(u) —f(h)| tla—x| <0,|b— x| <}
is well-defined. Moreover, f is continuous at x if and only if w(f, x) = 0.
Proof: Observe that in fact
w(f,x) =6li151+sup{|f(a)—f(b)| :la—x|<6,|b—x| <8} =§1>1£sup{|f(a)—f(b)| la—x|<6,lb—x| <6} < |f(a)—f(b)| 52|f| < +0

This says that w(f, x) is well-defined.
d

297 Definition We say that a function f is continuous on the closed interval [a ;b] ifitis continuous everywhere on ] a;b [,
continuous on the right at @ and continuous on the left at b. If X C R, then f: X — R is said to be continuous on X (or
continuous) if it is continuous at every element of X.

298 THEOREM Let X € R. A function f: X — R is continuous if and only if the the inverse image of an open set is open in X.

Proof:

= Let AC R be an open set. We must shew thatf_l (A) isopeninX. Letae f_l(A). Since f(a) € Aand A is
open inR, there exists an r > 0 such that]f(a) -r;f(a)+ r[ C A. Since f is continuous at a, there exists a
8 > 0 such that

lx—al<é = |f(x)-f(a)|<r, thatis, xe]a+6;a—6 =>f(x)€]f(u)—r;f(a)+r[»
that is, xe]a+6;a—6[=>x€f_l(]f(u)—r;f(a)+r[),
that is, ]a+6;a—6[§f‘l(]f(a)—r;f(a)+TD

Sincef_1 (]f(a) -r;f(a)+r D - f_l(A), we have shewn that] a+o ;a—6[ - f_l(A), which means that
for any a, a neighbourhood of a lies entirely in f 1 (A), that is, f 1 (A) is open.

< Givene >0, wemustfindad >0 such that forallae X,
Ix—al<é = |fx) - f(a)| <e.

Now

|[f@) - fl@)|<e = f(x)e]f(a)—e;f(a)+s[ = xef‘l(]f(a)—e;f(a)+£[).

Now, ]f(a) -€;f(a) +£[ C R is open in R, and so, by assumption, so is f_1 (]f(a)—s;f(a)+sD. This
means that if t € f‘1 (]f(a) -&;f(a)+ sD then there is ar > 0 such that

]t—r;t+r[ gf_l(]f(a)—s;f(a)+eD.
Butclearlyaef_l (]f(a) -&;f(a) +£D, and hence there is a 6 > 0 such that

]a—6;a+6[gf_l(]f(a)—s;f(a)+s[).
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Thus
XE€E a—6;a+6[ = xef‘l(]f(a)—e;f(aHED;
or equivalently,
lx—al<d :f(x)e]f(a)—s;f(a)+€[»
that is,

Ix—al<é = |fx) - f(a)| <¢,
as we needed to shew.

O

299 THEOREM Let X S R. A function f : X — R is continuous if and only if the the inverse image of a closed set is closed in
X.

Proof: LetF C R bea closed set. Then R\ F is open. By Theorem 298 f 1R\ F) is open in X, and so X\ f "1 (R\ F)
isclosedin X. But X \ f_1 (R\F) = f_1 (F), proving the theorem. []

300 THEOREM Iftwo continuous functions agree on a dense set of the reals, then they are identical. That is, if X € Ris dense
inRandif f:R— Rand g:R — Rsatisfy f(x) = g(x) for all x € X, then f(x) = g(x) for all x e R.

Proof: LetacR\X. Since X is dense in R, there is a sequence {xn};‘fl C X such that x,, — a as n — +oo. Notice
that since x, € X, we have f(x,) = g(xy). By continuity

f@ =1 Jim o) = Jim foen) = Jim ge) =g lim x)=g(@,
proving the theorem. [

301 THEOREM (Cauchy’s Functional Equation)  Let f be a continuous function defined over the real numbers that satisfies
the Cauchy functional equation:
V(x,y) eR?, fx+y)=f@x)+f).

Then f is linear, that is, there is a constant ¢ such that f(x) = cx.

Proof: Our method of proofis as follows. We first prove the assertion for positive integers n using induction. We
then extend our result to negative integers. Thence we extend the result to reciprocals of integers and after that to
rational numbers. Finally we extend the result to all real numbers by means of Theorem 300.

We prove by induction that for integer n = 0, f(nx) = nf (x). Using the functional equation,
JO-x)=f0-x+0-x)=f(0-x)+ f(0-x) = f(0-x) =0f(x),
and the assertion follows for n = 0. Assume n = 1 is an integer and that f (n - 1)x) = (n— 1) f(x). Then
fnx) = f((n-Dx+x) = f((n-Dx) + f(x) = (n—- 1D f(x) + f(x) = nf(x),

proving the assertion for all strictly positive integers.

Let m < 0 be an integer. Then —m > 0 is a strictly positive integer, for which the result proved in the above
paragraph holds, and thus and by the above paragraph, f(—mx) = —mf(x). Now,

0=f(0) = 0= f(mx+ (—mx)) = f(mx) + f(—mx) = f(mx) =—f(—mx) = —-(—mf(x)) = mf(x),

and the assertion follows for negative integers. We have thus proved the theorem for all integers.




Chapter 5

a

Assume now that x = %, withaeZ andbe Z\{0}. Then f(a) = f(a-1) = af(1) and f(a) =f(b%) = bf(—) by

the result we proved for integers and hence

b

afm=bf(3) ==f(3)=rm(3)-

We have established that for all rational numbersx € Q, f(x) = xf(1).

We have not used the fact that the function is continuous so far. Since the rationals are dense in the reals the

extension of the result now follows from Theorem 300.L1

Homework

Problem 5.2.1 Find all functions f : R — R, continuous at x = 0
such thatVx eR, f(x) = f(3x).

Problem 5.2.2 Find all functions f : R — R, continuous at x = 0

x
h thatVx e R, = .
such thatVx eR, f(x) f(1+x2)

Problem 5.2.3 Determine the set of points of discontinuity of the

function f:R—R, f:x— [[x] +/x—|x].

Problem 5.2.4 What are the points of discontinuity of the function
R — R
E x ifxe@ ?
X —
0 ifxeR\Q

Problem 5.2.5 What are the points of discontinuity of the function

R — R
E 0 ifxeQ ?
X —
x ifxeR\Q

Problem 5.2.6 What are the points of discontinuity of the function

R — R
E 0 ifxeQ ?
x —
1 ifxeR\Q

Problem 5.2.7 What are the points of discontinuity of the function

R — R
f: cosx ifxe@ ?
X —
sinx ifxeR\Q

Problem 5.2.8 Find all functions f : R — R, continuous at x = 1
such thatVx eR, f(x) = —f(xz).

Problem 5.2.9 Leta € R be fixed. Find all functions f : R — R, con-
tinuous everywhere such that ¥ (x,y) € R, fx-=f@X-fy+
axy.

Problem5.2.10 Let f [0 ;+oo[ - [0 ;+oo[, x -

\/ x+\/x+Vx+---. Is f right-continuous at0?

5.3 Algebraic Operations with Continuous Functions

302 THEOREM (Algebra of Continuous Functions)

1. f+ gis continuous at xp.

2. fgiscontinuous at xp.

3. if g(xp) #0, i is continuous at xp.
g

Proof: This follows directly from Theorem 286. 1]

Letf,g:]a;b[ — R be continuous a the point xp € ]a;b[. Then

303 THEOREM Let X, Y be subsets of R, aec X and be Y, f: X — R, g: Y — Rsuch that f(X) C Y. If f is continuous at a

and g is continuous at f(a), then go f is continuous at a.




Monotonicity and Inverse Image

Proof: This follows at once from Theorem 291. [1

304 THEOREM Let f: I — Rbe a monotone function, where I € R is a non-empty interval. Then the set of points of discon-
tinuity of f is either finite or countable.

With Theorems 302 and 303 we can now demonstrate the

5.4 Monotonicity and Inverse Image

305 Definition Let X and Y be subsets of R. Let f : X — ¥, and assume that X has at least two elements. Then f is said to
be

e increasingif V(a,b) € Xz, a<b = f(a) < f(b). Equivalently, if the ratio

fb) - f(a) 0.
b

-a
f(b)—f(a)>
b—a

b) —
e decreasingif V(a,b) € X2 a<b = f(a) = f(b). Equivalently, if the ratio w <0.
-a
fb)-f(a) -
b-a
f is said to be monotonic if it is either increasing or decreasing, and strictly monotonic if it is either strictly increasing or
strictly decreasing.

e strictly increasingif V(a, b) € Xz, a<b = f(a) < f(b). Equivalently, if the ratio 0.

e strictly decreasingif V(a, b) € Xz, a<b = f(a)> f(b). Equivalently, if the ratio 0.

|:| Observe that if f is increasing, then — f is decreasing, and conversely. Similarly for strictly monotonic functions.

306 THEOREM Let X S Rand let f: X — R be strictly monotone. Then f is injective.

Proof: Recall that f is injectiveif x # y = f(x) # f(y). If f is strictly increasingthenx <y = f(x) < f(y)
and if f is strictly decreasingthen x <y = f(x) > f(y). In either case, the condition for injectivity is fulfilled.
d

307 THEOREM Let I C R be an interval and let f: I — f(I) be strictly monotone. Then f~! is strictly monotone in the same
sense as f.

Proof: Assume first that f is strictly increasing and put x = f (a), y = f 1 (b) and that a < b. Ifx > y, then,
since f is strictly increasing, f(x) = f(y). But then, f(f_l(a)) > f(f‘l(b)) — a = b, a contradiction.

A similar argument finishes the theorem for f strictly decreasing.
O

The following theorem is remarkable, since it does not allude to any possible continuity of the function in question.
308 THEOREM Let I € Rbe an interval and let f: I — f(I) be strictly monotone. Then f! is continuous.
Proof: Letbe f(I), b= f(a), and € > 0. We must shew that there is 8 > 0 such that
ly-b|<é = |[f ') -b|<e.

If a is not an endpoint of I, there is an « > 0 such that] a-a;a+ a[ C I. Put & = min(g, a). Since both f and

Y are both strictly monotone

If ') -bl<e = b-<flM<b+te = f-h<fF ' <flb+e) = fb-€)<y<f(b+&.
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Since f is strictly increasing and a—¢€' < a, f(a—¢€') < f(a) = b. Thus there must beann > 0 such that f (a—¢') =
b-1n < b. Similarly, there isann’ such thatb<b+n' = f(a+¢'). Puttingn” = min(n,n), we have that for all
yef,

ly-bl<n" = b-1"<y<b+n"
= b-n<y<b+n
= a-d<fly<a+e
= [fw-frw|<e,

finishing the proof for when a is not an endpoint. If a were an endpoint, the above proof carries by suppressing
oneofnory’. 0

309 THEOREM A continuous function f: [a ;b] - f ([a ;b]) is invertible if and only if it is strictly monotone.

Proof:

= Assume f is continuous and invertible. Since f is injective, f(a) # f(b). Assume that f(a) < f(b), if
f(a) > f(b) the argument is similar. We would like to shew that ifa' <bh = f(u') < f(b'). Consider the

continuous function g : [0 ;l] -R,

g =f(A-va+ta)-f((1-0b+tb).

We have
g0)=f(@)-f(b)<0 and gQ)=f(a)-fW).

If g(1) = 0, then we must have a' = b', contradicting a’ < b'. If g(1) > 0, then by the Intermediate Value
Theorem there must be an s € ]0 31 [ such that g(s) = 0. This entails

1-s)a+sa =1-s)b+sb' = 0>1-s)(a-b)=sb' —a)>0,

absurd. This entails that g(1) <0 = f(a') < f(b), as wanted.

< Trivially, f is surjective. If f is strictly monotone, then f is injective by Theorem 306, and thus f is invertible,
by Theorem 27.

5.5 Convex Functions

310 Definiton Let Ax BC R2. A function f:A— Bisconvexin AifV(a,b,A) € A% x [0;1],
fAa+1-A)b) < f(a)A+ (1 -A)f(b).

It is strictly convex if the inequality above is strict. Similarly, a function g: A — B is concavein AifV(a,b,A) € A% x [0;1],
gla+(1-A)b)=gla)A+(1-A)g(b).

It is strictly concaveif the inequality above is strict.

5.5.1 Graphs of Functions

311 Definition Given a function f, its graphis the set on the plane

I'r={xy) eR?:y=fx)




Classical Functions

312 Example Figures 22 through ?? shew the graphs of a few standard functions, with which we presume the reader to be
familiar.

5.6 Classical Functions

5.6.1 Affine Functions

313 Definition  An affine function is one with assignment rule of the form x — ax+ b, where a, b are real constants.

314 THEOREM The graph of an affine function is a line on the plane. Conversely, any non-vertical straight line on the plane
is the graph on an affine function.

5.6.2 Quadratic Functions

5.6.3 Polynomial Functions

5.6.4 Exponential Functions

X\ too

315 DEFINITION-PROPOSITION Let x € R be fixed. The sequence {(1 + —) } is bounded and strictly increasing. Thus it
n n>-x

converges and we define the natural exponential function by

. x n
exp:R—R, exp(x) := nl_lHlQQ(l + ;) .
X X
Proof: Observethat1+ — > 0 for n > —x. Using the AM-GM Inequality withx; = 1,x2 =+ =Xp41 =1+ —
n n
X
x\nl/(n+1) l+n(l+;) x x\n x \n+l
(1+—) < =1+ :>(1+—) <(1+—) ,
n n+1 n+1 n n+1

whence the sequence is increasing.

x\n 1\"
F0r0<xslthen(l+—) < 1+—) < e, by Theorem 177.
n n

Ifx > 1 then by the already proved monotonicity,

n n n(|x]+1)
(1+£) s(l+m) <(1+M) <ellxll+1,
n n n(|x||+1)

X x\n
Ifstthenl+—slandso(l+—) <1.0
n n
|:| By Theorem 177, exp(1) = e. We will later prove, in 22?2, that for all x € R, exp(x) = e*.

5.6.5 Logarithmic Functions

5.6.6 Trigonometric Functions

T
316 THEOREM Letx € ]O;E [ Then sinx < x < tan x.

Proof:
O
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Homework
Problem 5.6.1 How many solutions does the equation have?
. x
sinx = —
100 Problem 5.6.4 How many solutions does the equation
have?

sin(sin(sin(sin(sin(x))))) = g

Problem 5.6.2 Prove that
2 ) p have?
—x <sin(x) <x,Vxe [0;—].
T 2

Problem 5.6.5 (Chebyshev Polynomials)
Problem 5.6.3 How many solutions does the equation

sinx =logx Problem 5.6.6 (Cardano’s Formula)

5.6.7 Inverse Trigonometric Functions
5.7 Continuity of Some Standard Functions.

5.7.1 Continuity Polynomial Functions

317 Let K € R be a constant. The constant function f:R— R, f(x) = K is everywhere continuous.

Proof: GivenacR ande >0, taked = €. Then clearly
lx—al<é = |f(x) - f(a)| <e,

since f(x) = f (a) = K and the quantity after the implication is 0 < € and we obtain a tautology. [1

318 The identity function f:R — R, f(x) = x is everywhere continuous.

Proof: GivenacR ande >0, taked = €. Then clearly
lx—al<d = |f(x)—f(a)|<€,

since the quantity after the implication is |x — a| <  and we obtain a tautology. U

319 Given a strictly positive integer n, the power function f:R — R, f(x) = x" is everywhere continuous.

Proof: By Lemma 318, the function x — x is continuous. Applying this Lemma and the product rule from
Theorem 302 n times, we obtain the result. [

320 THEOREM (Continuity of Polynomial Functions) Let n be a fixed positive integer. Let ai € R, 0 < k < n be constants.
Then the polynomial function f:R — R, f(x) = ag + a1 X + azx* + --- + a,x" is everywhere continuous.

Proof: This follows from Lemma 319 and the sum rule from Theorem 302 applied n+1 times. [

5.7.2 Continuity of the Exponential and Logarithmic Functions

321 Let a > 1. The exponential function R — R, x — a* is continuous at x = 0.

Proof: For integral n >0 we know thatnlirp a''™ = 1 by virtue of Theorem 174. We wish to shew that a* — 1 as
—+00

1
x — 0. Observe first that lim a V"= lim —— =1 also. Thus given € >0, and since a > 1, there is N > 0 such
n—+oo n—+00 al/n
that
l-e<a™W<a’N<ci+e.
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Ifxe]—%;%[ then,

a—l/N

By the above, this implies that

1/N

<a*<a'.

l-e<a*<l+e = |a*-1|<e = |a*-a’|<¢,

finishing the proof. [

322 THEOREM (Continuity of the Exponential Function)
is everywhere continuous.

Let a >0, a # 1. The exponential function f:R — ]0 ;+oo[, x—a*

Proof: Assume first that a > 1. Let us shew that it is continuous at an arbitrary u e R. If x — u thenx—u — 0.

Thus

lima®*=a“lima* "
X—u X—u

=a" lim a*
x—u—0

= a"lin&at =a%-1=ad",
—

by Lemma 321, and so the continuity is established for a > 1.

1 1
If0 < a <1 then — > 1 and by what we have proved, x — — is continuous. Then
a a

lim a® = lim — =

xX—u X—u

proving continuity in the case0 < a < 1.0

323

1

1
at

= au,

a* a

Leta>0, a#1. Then ]0 ;+oo[ — R, x— log, x is everywhere continuous.

Proof: Its inverse function R — ]0 ;+oo[, x — a®, is everywhere continuous and strictly monotone. The result

then follows from Theorem 308. [

5.7.3 Continuity of the Power Functions

324 THEOREM Let p e R. Then ]0 ;+oo[ — ]0 ;+oo[, x— xP is everywhere continuous.

Proof: This follows by the continuity of compositions: x” = eP1°8* ]

Homework

Problem 5.7.1 Prove the continuity of the function R — [ -1 ;1],
x — sinx.

Problem 5.7.2 Prove the continuity of the function [ -1 ;1] - [ -
T 7

— ;—|, x— arcsinx.
2 2

Problem 5.7.3 Prove the continuity of the function R — [ -1 ;1],
X — COSX.

Problem 5.7.4 Prove the continuity of the function [ -1 ;l] -

[O;ﬂ],xv—wlrccosx.

T
Problem 5.7.5 Prove the continuity of the function R\ (2Z +1) 2"
R, x — tanx.

T T
Problem 5.7.6 Prove the continuity of the function R — ] -3 ; 2 [,
X — arctanx.
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5.8 Inequalities Obtained by Continuity Arguments

The technique used Theorem 301, of proving results in a dense set of the real numbers and extending the result by continuity
can be exploited in a variety of situations. We now use it to give a generalisation of Bernoulli’s Inequality.

325 THEOREM (Generalisation of Bernoulli's Inequality) Let (a,x) € R? with x = —1. If 0 < & < 1 then
Q1+x)%*<1+ax.

Ifae ] —oo;O[U]l ;+oo[ then
A+x)%=1+ax.

Equality holds in either case if and only if x = 0.

m

Proof: Letae€Q,0< a<1. Then a = — for integers m,n with1 < m < n. Since x+1 = 0, we may use the
n

AM-GM Inequality to obtain

(1+x)% (1+x)™"

= (@+x)m.anmln

ml+x)+(n—m)-1
n

n+mx

n

m

= 1+—x
n

= l+ax.

Equality holds when are the factors are the same, that is, whenl+x=1 — x=0.

Assume now that @ € R\ Q with 0 < @ < 1. We can find a sequence of rational numbers {a},> S Q such that
a, — a asn — +oo. Then
A+x)" <1+a,x,

whence by the continuity of the power functions (Theorem 324),
1+x)%= lim A1+x)* < lim (1+a,x)=1+ax,
n—+oo n—+oo

giving the result for all real numbers a with 0 < a < 1, except that we need to prove that equality holds only for
x =0. Take a rational number r with0 < a <r <1, and recall that we are assuming that « is irrational. Then

A+0)%=1+x%7) < (1 + Ex)r.
r

o r

Since the exponent on the right is rational, by what we have proved above (1 + —x) < 1+ x with equality if and
r

only if x = 0. Hence the full result has been proved for the case @ e R with0 < a < 1.

Leta>1. If1+ax <0, then obviously (1+x)% > 0 > 1+ ax, and there is nothing to prove. Hence we will assume

1
that ax = —1. By the first part of the theorem, since0 < — <1,
a

1
+ax)V*<1+— - ax=1+x = l+ax<(1+x%
a

with equality only if x = 0. The theorem has been proved for a > 1.




Inequalities Obtained by Continuity Arguments

Finally, let & < 0. Again, if1+ ax <0, then obviously (1+x)* > 0 > 1+ ax, and there is nothing to prove. Assume
thus ax = —1. Choose a strictly positive integer n satisfying 0 < —a < n. Now,

a? , « « 1
121- %= (1- 2 (14 2x) = —— =1+ x,
n n n 1-%
n
and so by the first pat of the theorem
a 1
l+x) ¥ <1-—x = @A+x)%"> @
n
1-—x
n

= (1+x0)Y"=1+—=x
n

(14 n

— (1+x)“2(1+—x) ,

n
. . e a \n a a .
and since n is a positive integer, (1+—x) >1+n-—x=1+axandso(1+x)% =1+ ax also when a <0. This
n n

finishes the proof of the theorem. [

326 THEOREM (Monotonicity of Power Means)  Let ay, ag,..., a, be strictly positive real numbers and let (a, ) € R? be such
that a- B # 0 and @ < B. Then

1 B, B p\ 1B
(ala+ag+---+ag “S ay +a, +--+ay, ’
n n
with equality ifand onlyis a; = az = -+ = a,.
a%+a%+--+af\'® ai\®
Proof: Assume firstthat0< a < f. Putcq = ( and dy, = (—) . Observe that
n Ca
1/
ﬂﬁ+2ﬁ+ +@ﬁ ’ / / o\ 1P
C_ﬁ_ Ca Ca Ca _ dllia+d£a+"'+d£a
Ca n n ’
and that y
di+do+--+d,\V* 1 (a%+af+---+a¥\'*
(durderocda)® L (o e gy,
n Ca n
Putdy =1+ xy. Then x; +x2+ -+ + X, = 0. By Theorem 325,
df’“ =@ +x)P%>1+ Exk. (5.1)
a

Letting k run from 1 through n and adding,

df/“+df/“+---+d5/a2"+ E(xl +X2+ -+ Xp) =R
a
Hence Bl Bl p/
d a+d a+...+d @ C
1 2 n le—ﬁzl,
n Ca

proving the theorem when 0 < a < f.

p o Al d) vy
— < 1. The inequality in (5.1) is reversed, giving
a n
B
=1 =1,

<1, and since

Ifa<pf <0, then0<
p<o0,
1/
cp df/“+df/“+---+dfla

Cq n
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327

328 THEOREM (Young's Inequality)

proving the theorem when a < 5 < 0.

Finally, we tackle the case & < 0 < . By the AM-GM Inequality, putting G = (a;az - a,)'"

@ @ «

a,+a, +---+a
n

Ga:(aixug.”a:)llns 1 2 .

n
Raising the quantities at the extreme of the inequalities to the power —1/ @ and remembering that —1/a > 0, we
gather that
a®+al+---+a®\'®
( 12 " ) <G
n
In a similar manner,
B_(gBab.. PYn af +af+--+aj
G'=(ajay, ay)'"s—————,
n
and p
(af+af+~-+ag)
Gs|————— )
n

since B > 0. This finishes the proof. U

Let a, a, x be real numbers with &« > 1, @ > 0, and x = 0. Then

« a\al(a-1)
X —axz(l—a)(—) .
«

Proof: By Theorem 325, since @ > 1,
1+2)%=21+az, z=-1,

with equality only isz = 0. Puttingz =1+,

yezl+a(y-1) = y*-ay=1-a, y=0,

with equality only if y = 1. Let ¢ > 0 be a constant. Multiplying the above inequality by ¢* we obtain

(en®—ac® (cy) =1 -a)c?, for y=0.

1

Puttingx = cy and a= ac*™ ", we get
a\al/(a-1)
x“—axz(l—a)(—) ,
«
a\al(a-1)
with equality if and only if x = ¢ = (—) .
a

O

Pyl
2 Y
p 4q
Proof: Puta = p, a= py in Lemma 327, obtaining
pl(p-1)
x”—(py)xz(l—p) (%) :(1_p)yp/(p—1).

1 -1
Now,—z—p = q= andp—lzB.Hence
q p q

p-1

X~ (pyx=1-py?' P D — @ pyre-n s _P

and rearranging gives the result sought. [

1 1
Let p > 1 and put ; + ; = 1. Then for (x,y) € ([0;+oo[)2 we have

¥,
q




Inequalities Obtained by Continuity Arguments

We now derive a generalisation of the Cauchy-Bunyakovsky-Schwarz Inequality.

1 1
329 THEOREM (Holder Inequality) Let xj, yk, 1 < j, k < n, be real numbers. Let p > 1 and put — + — =1. Then
p 4q

n
Y XKk
k=1

n n
Proof: Ifeither Y |xil” =0 or Y_ |yk|? = 0 there is nothing to prove, so assume otherwise. From Young’s
Inequality we have

| x| | VK| - |z P |y !
(S lel?) 7 Z=1|J’k|q)”q i) P (25, el ) a

Adding, we deduce

n
Z |xk| |J’k| < Z kal Z kal

=1 (S b)Y (R 'xkl = zkll wela iz
Zk:l"xklp + (S, vkl ") a
kP e (Zhy el ") a

(
1 1
_+_
P q
1

This gives
n n 1/p n 1/q
D Xyl < (Z |xk|p) (Z b’k|q) .
k=1 k=1 k=1

The result follows by observing that

n n 1/p n 1l/q
< ) XYkl < (Z |xk|p) (Z |J’k|q) .
k=1 k=1 k=1

n
Y XKV
k=1

O

Finally, we derive a generalisation of Minkowski’s Inequality.

330 THEOREM (Generalised Minkowski Inequality) ~ Let p €]1;+ool. Let xj,yx, 1 < j,k < n, be real numbers. Then the fol-
lowing inequality holds

Proof: From the triangle inequality for real numbers
|+ yielP = 13+ Yl + vl P~ < (Il + [yel) Lo + yel P

Adding

n

n n
oI+ yil? = Y Ixellxe + yelP N+ Y Iyillx + yelP (5.2)
k=1 k=1 k=1
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By the Hélder Inequality
n n 1/p n 1l/q
Yolxllxe+yel®t o< | Y Iwl? (Z g+ yiel P09
k=1 k=1 k=1 (5.3)
n 1/p n 1/q .
= (Z kalp) (Z ka+J’k|p)
k=1 k=1
In the same manner we deduce
n n 1/p n 1l/q
Wllxk + yielP ™ < (Z |J’k|p) (Z |xk+}’k|p) . (5.4)
k=1 k=1 k=1
Hence (5.2) gives
n n Up (o, 1/q n Vg, , 1/q
et il < ( » |xk|p) (z |xk+yk|") ( 5 |yk|") 3 |xk+yk|")
k=1 k=1 k=1 =1

Il
=
M=

1 k:

] " g1 g ont]

;

from where we deduce the result. [

’

Homework
Problem 5.8.1 Prove that if @ >0 and n > 0 an integer then Deduce that
1%+2% +...+ n% 1
n1+a_(n_1)l+a . (n+1)1+a_n1+a lim n _ .
<n” < n—+oo nlta 1+a
l1+a l1+a

5.9 Intermediate Value Property

331 THEOREM (Intermediate Value Theorem) Let I € R and let (a,b) € I?. Let f : I — R be a continuous function such that
f(a) < f(b). Then f attains every intermediate value between f(a) and f(b), that is,

Vte [f(a) ;f(b)],ac €I, suchthat f(c)=¢t
Proof: Suppose on the contrary that thereisat € [f(a) ;f(b)] such that forallce I, f(c) # t. Hence f(a) <t <
f(b). Assume, without loss of generality, that a < b. Consider the sets
Uz] —oo;a[u{xe [a;b] flx) < t}z] —oo;a[uf_l(] —oo;t[m]a;bD,

" V=]bssoo] o Lxe asb]: 10 1} = 5 s00] 0 £ ([ 5400] n]as])-
Then U,V are open sets of R by virtue of Theorem 298. But then R=UUV andUNV =2, U # &, V # O,

contradicting the fact that R is connected. Thus there must exist a ¢ such that f(c)=t. [

332 CoROLLARY A continuous function defined on an interval maps that interval into an interval.
Proof: This follows at once from the Intermediate Value Theorem and the definition of an interval. U]

333 THEOREM (Bolzano’s Theorem) If f: [u H v] — R is continuous and f(u) f(v) <0, then thereisa w € ]u H v[ such that

fw)=0.




Intermediate Value Property

Proof:  This follows at once from the Intermediate Value Theorem by putting a = min(f(u), f(v)) < 0 and
b =max(f (u), f(v))>0.0

334 CoRoLLARY Every polynomial p(x) € R[x] with real coefficients and odd degree has at least one real root.

Proof: Let p(x) = ap+ a1 x+ a2x2 + -+ ayx", with a, # 0 and n odd. Since p has odd degree, xlim p(x) =
——00
(—o0) signum (a,) and xliIP p(x) = (+o0) signum (a,), which are of opposite sign. The polynomial must then
—+00

attain positive and negative values and between values of opposite sign, it will have a real root. [

335 CoroLLARY If fis continuous at the point @ and f(a) # 0, then there is a neighbourhood of a where f(x) has the same
sign as f(a).

|f(@)]
2

Proof: Takee = > 0 in the definition of continuity. Thereis a é > 0 such that

|[f @] r@l_ If( @]
2 2

lx—al<é = |fx) - fl@)|< = f(a)- < fla)+——

from where the result follows. [

336 THEOREM A continuous function defined on a compact set maps that compact set into a compact set.

Proof: Let f: X — R be continuous and X S R compact Let {y,,}mo C f(X) be an infinite sequence of f(X).
There are x,, € X such that x,, = f(yn). Since {x,,} 1 & X is an infinite sequence of X and X is compact, it has a
convergent subsequence in X, say, {xnk}z: | With x,,k — x € X, by virtue of Theorem 143. Since f is continuous

Xp, — X = [(xg,) — f(x).

Clearly f(x) € f(X). Thus the arbitrary sequence {yn},~ S f(X) has the convergent subsequence {yn, } oy in
f(X), and one more appeal to Theorem 143 proves compactness. []

337 THEOREM (Weierstrass Theorem) A continuous function f: [a ;b] — R attains a maximum and a minimum on [a ; b] .

Proof: By Theorem 336, f ([a ;b]) is compact, and so, by the Heine-Borel Theorem, it is closed and bounded.
Thus there exists (m, M) € R? such that m = inf fx) and M = sup f(x). We must prove that these are

x€|a;b xela ;b]

attained in [a ;b], i.e., that there exist pp € [a ;b] and u' € [a ;b] such that f(u) = m and f(u') = M. By
the Approximation Property of the Infimum and the Supremum, we may find sequences {mp} ;> S [a ; b] and
{Mn} Q [a b] such that m < my, and my, — m, and also, M,, < M, and M,, — M as n — +oco. By the In-
termediate Value Theorem, there exist i, € [a b] and p), € [a b] such that my, = f(n) and My, = f(u),). By

the compactness of[a b] the sequences {yn}n s [a b] and pn}+°° - [a;h] have convergent subsequences

{n oy S [a b] and{ynk} ool [u,b] such that fp, — p e [a,b
the uniqueness of limits,

and g, — p'€ [a;b]. By continuity and
Bn — 1 = My = f(un) —m=f(w), and p, —p' = My, = f(,)— M= fH),
and so f attains both extrema in [a ;b] .0

338 THEOREM (Fixed Point Theorem) Let f: [a ;b] — [a ;b] be continuous. Then f has a fixed point, that is, there is
ce [a ;b] such that f(c) =c.
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Proof: Ifeither f(a) = a or f(b) = b we are done. Assume then that f(a) > a and f(b) < b. Put g(x) = f(x) —x.
Then g is continuous, g(a) > 0 and g(b) < 0. By Bolzano’s Theorem, there mustbea c € ] a ;b[ such thatg(c) =0,

that is, f (¢) — ¢ = 0, finishing the proof. U
Homework

Problem 5.9.1 Let p(x),q(x) be polynomials with real coefficients
such that

p(x2 +x+1) = px)g(x).
Prove that p must have even degree.

Problem 5.9.2 A function f defined over all real numbers is contin-
uous and for all real x satisfies

(F@) - ((FoH@) =1.
Given thar f(1000) = 999, find f(500).

Problem 5.9.3 Let f : R — R be a continuous function such that

xlimoo fx)=0= xliIP f(x). If f is strictly negative somewhere on
—— —+00

R then f attains a finite absolute minimum onR. If f is strictly pos-

itive somewhere on R then f attains a finite absolute maximum on
R.

Problem 5.9.4 Let f : [0 ;l] — [0 ;1] be continuous. Prove that

thereis no c € |0;1| such that f -1 ({c}) has exactly two elements.

Problem 5.9.5 Let f,g be continuous functions from [0 ;1] to
[0 ;1] such that

Vxe [o ;1] fgx) = g(f (x)).

Prove that f and g have a common fixed point in [0 ; 1] .

Problem 5.9.6 A continuous function f : R — R satisfies
VxeR flx+fx) = f(x).

Prove that f is constant.

Problem 5.9.7 Let I be a closed and bounded interval on the line
and let f be continuous on I. Suppose that for each x € I, there ex-
istsay € I such that

1
If(y)lsélf(x)l-

Prove the existence of a t € I such that f(t) = 0.

Problem 5.9.8 Find all continuous functions that satisfy the func-
tional equation

F@+fm=r ( lx_+xj; )

forall-1<x,y<1.

Problem 5.9.9 (Putnam 1947) A real valued continuous function
satisfies for all real x, y the functional equation

FG/x2+y2) = fF@f().

Prove that f(x) = (f(x))x2~

Problem 5.9.10 Suppose that f : [0 ;1] - [0 ;1] is continuous.

Prove that there is a number ¢ in |0 ;1] such that f(c¢) =1-c.

Problem 5.9.11 (Universal Chord Theorem) Suppose that f is a
continuous function of [0 ;1] and that f(0) = f(1). Let n be a

strictly positive integer. Prove that there is some number x € [0 ;1]
such that f (x) = f(x +1/n).

Problem 5.9.12 Under the same conditions of problems 5.9.11
prove that there are no universal chords of length a,0 < a <1,a #
1/n.

Problem 5.9.13 On [0;1] let f be a non-negative continuous real-
valued function and g an increasing function, perhaps not contin-
uous. Consider the product of functions h = f g, and suppose that
h(0) > h(1). Shew that h has the intermediate value property: for
any ¢ between h(1) and h(0), the equation h(x) = ¢ has a solution.

5.10 Variation of a Function and Uniform Continuity

339 Definition A partition & of the interval [a ;b] is any finite set of points xp, x1,..., X, such that

a=x9<x1<---<xp=hb.

A partition &' of [a ;b] is said to be finer than the partition & if 22 C &',

340 Definition The mesh or norm of & is

I11l-

max |xp — Xg_1/.
1<k<n
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|:| If 2 C &' then clearly H@'H < Hﬁz‘ ), since the finer partition has probably more points which will make the corre-
sponding subintervals smaller.

341 Definition Let f be a bounded function on an interval [a ;b] and let I S [a ;b] be a subinterval. The oscillation of f
on I is defined and denoted by

o(f,I) = su?f(x) —irel}’f(x).

342 THEOREM Let f: [a ; b] — Rbe a continuous function. Given € > 0 there exists a partition of [a ;b] into a finite number
of subintervals of equal length such that the oscillation of f on each of these subintervals is at most €.

Proof: Let P, mean the following: there is an € > 0 such that for all partitions of [a ;b] into a finite number
of intervals of equal length, the oscillation of f is = €. By bisecting [a ;h] , at least one of the halves must have
property Pg, say [al ;b1 ] If[u ;b] we to have property P¢, then by bisecting [al s b1 ] , at least one of the halves

must have property Pe, say |az ;b2 |. Continuing in this way we have constructed a sequence of imbricated

intervals
[u;b] 2 [al ;bl] 2 [uz;bz] 22 [an;bn] 2

b-a
where the length of [a,, ;bn] ish,—a, = n — 0 as n — +oo. By the Cantor Intersection Theorem, there is a

(e e}
pointce ﬂ [an ;bn]. Moreover, we have w(f, [an ;bn]) > €. Sincece [a;b],f is continuous at c. Hence there
n=1
isad > 0 such that e
xe]c—6;c+6[ = |f®) - flo)|< 2

2
. Taking (x',x") € ]c— é;c +6[ we have

|[fE - fFE)| = |f&E) - FO+|fl0)-fx")|<¢,
whence
o(f, [u;b] m]c—6;c+6[) <E&.
Now, if there was an € > 0 such that for all partitions of [a ;b] into a finite number of intervals of equal length,

the oscillation of f is = €, then by taking n large enough above we could find one of the [an ;bn] completely
inside one of the subintervals of the partition. By the above, the oscillation there would be < €, a contradiction. []

343 THEOREM Let f: [a ;b] — R be a continuous function. Given &£ > 0 there exists a § > 0 such that on any subinterval

1< [a ;b] having length < é the oscillation of f on I is < &.

b—
Proof: Letd = —a. By Theorem 342 we may choose n so large that the oscillation of f on each of
n
[a;a+6], [a+6;a+26], ee [a+(n—l)6;b, (5.5)

is< g LetIC [a ; b] be any subinterval of length < & and let x' € I be the point where f achieves its largest value

and x" € I be the point where f achieves its smallest value. Then x' and x" either belong to the same interval in

5.5—in which case | f (x) - f (x")| < g—or since I has length smaller than 8, to two consecutive subintervals
[a+(j—1)6;a+j6], [a+j6;a+(j+l)6 .

In this case

£

2

=E&.

FE) = f&") = (f(&) - fla+jo) + (f(a+ jo) - f(x")) < g +

The theorem now follows.[]
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344 Definition A function f is said to be uniformly continuous on [a ;b] if Ve > 0 there exists 6 > 0 depending only on &

such that for any (u, v) € [a;b]z,
lu-vi<é = |f(w)-fW)|<e.

345 THEOREM If f: [a ;b] — Ris continuous, then f is uniformly continuous.

Proof: This follows from Theorem 343. []

346 THEOREM (Heine’s Theorem) If f: X — Ris continuous and X is compact, then f is uniformly continuous.
Proof: This follows from Theorem 345. [

347 THEOREM Let f be an increasing function on an open interval ] a ;b[. Then, for any x satisfying a < x < b,

sup f(O=fx-)=sfx)=< inf f(O)=f(x+).

te] a ;x[ te|x;b
Moreover, if a < x < y < b, then f(x+) < f(y-).

Proof: The set {f(t): a < u < x} is bounded above by f (x) and hence it has a supremum sup f(t) = A and
te|a;x

clearly A< f(x) as f is increasing. Let us shew that A = f(x—). By the Approximation Property of the Supremum,
thereisé >0 suchthata<x—6 <x and A—€ < f(x—08) < A. But as f is increasing,

x-6<t<x = fx-8)<f(<A= |f(x)-4],

whence f(x-) = A.

A similar reasoning gives inf f(t) = f(x+).
te|x;b

Now, if a < x <y < b, then by what has already been proved we obtain
+)= inf f(©)= inf f(0),
f(x ) xiltl<bf( ) xiltl<yf( )
again, remembering that f is increasing. Similarly,

fy-)= sup f(n)= xirtlgyf(t),

a<t<y

from where f(x+) < f(y-). O

348 THEOREM Let f be an increasing function defined on the interval [a ;b] and let
aAa=x0<Xx1<x2<--<xp,=b

be n + 1 points partitioning the interval. Then

n-1
Y (ft) - fxx-) < f(b) - £ (a).
k=1
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.Forl<k<mn-1, by Theorem?2,

Proof: Letyy e ]xk $ Xkt 1
Fxe)<fy) and f(yr-1) < fxx—) = flor+) = Fxoe—) < Fr) = FYr-1)-
Adding,
n-1 n—-1
Y (Feaxt) = fxe)) < Y (F@R) = Fr-1) = F Yn-1) - £ (o).
k=1 k=1

The proofis completed upon noticing that f (yn-1) — f (yo) < f(b) — f(a). O

349 THEOREM Let f: [a ;h] — R be a monotone function, Then the set of points of discontinuity of f is either finite or
countable.

Proof: Assume f is increasing, for if f were decreasing, we may apply the same argument to — f. Let m > 0 be
an integer, and let

1
sz{xe]a;b[:f(xﬂ—f(x—)z ;}
Ifx) < xp <--- < xy are in %y, then by Theorem 348,

n
= < fb) - f(a),

[.]
which implies that .%y, is a finite set. The set of discontinuities of f in [a ;b] is |J #m, the countable union of
m=1
finite sets, and hence it is countable. []
350 Definition Let f be a function defined on the interval [a ;h] and let
aAa=x)<x1<X<--<x,=>b

be n + 1 points partitioning the interval. If there exists V > 0 such that
n
> |f o) = flae-p| <V
k=1

for all partitions of [a ;b] , the we say that f is of bounded variation on [a ;b] .

351 THEOREM If f is monotonic on [a ;b], then f is bounded variation on [a ;b].

Proof: Let
aAa=x0<Xx1<x2<--<xp,=b

be any partition of [ a ;b] . Then

Y | F(xk) = f (xk—1)| = max(f (b) - f (a), f(a) - f (b)),
n=1

the first choice occurring when f is increasing and the second when f is decreasing. Then V = | fb)-f (a)|
satisfies the definition of bounded variation for an arbitrary partition. U

352 THeoreM If f is of bounded variation on [a ;b] then f is bounded on [a ;b].

Proof: Letxe ]a ;b[ and consider the partitiona<x <b of[a ;b]. Since f is of bounded variation there is a
V > 0 such that
|[f@)-f@)|+|fx)-fb)|<V.
But then
l[f@)] < |f@) - f@|+|f@|<V+|fla).
and so f is bounded by the constant quantity V + | f (a)|. O
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Homework

Problem 5.10.1 Shew that]o ;+oo[ — ]0 ;+oo[, X — xz, is not uni- | formly continuous.

5.11 Classical Limits

353

1
If—§5x<0then

Proof:

If0<x<1then

-1
15%51+x(e—2).

< exp(x) -1 -

X

1+x 1+—.
4

x\n
Since (1 + —) < exp(x) for n > —x by Proposition 315, we have 1 + x < exp(x) for all x > —1. Now, for n =2 and
n

0<x<1,

(1+%)"

IA

<

n

1+nx+nx2+nx3+ +nx
1/n \2|n2 \3|nd n|nn
o1 (1 1 1/(1 1 2
l+x+x°[=|—||1-—|+=[—|(1-—=][1——=]x+---+
2!\ n n 3!'\n n n
2(1 1 1)
1+x+x"(=+—+-+—
2! 3! n!

1+x+x2(e—2),

upon using Theorem 180. This proves the first set of inequalities.

X
Forx> -2, 1+x+Z

(1+%)"

2

1/(1
1+x+x2(— (—
21\ n

=350

-3

[

1

n

1
- —

Il

1/(1

n

Il

1

n

n

x\2 . 1
(1 + 5) < exp(x) by Proposition 315. Now we assume that — > < x =<0. As before,

1
Sincex* <0 for odd k and xk < ok for even k we may delete the odd terms from the dextral side and so

,(1 (1 1 1(1 1
< 1l+x+x°|=|—|[1-=]+0+ -+ —[—|[1——
2!'\n n n!'\n n
2(1 1
< 1+x+x|(=+=+--
2 22
< 1+x+x%

1
On taking limits exp(x) <1+ x + x* for ~3 < x <0. Thus we have

2

1 X
—§5x<0 e 1+x+Tsexp(x)sl+x+x2 = 1+x=<

since division by negative x reverses the sense of the inequalities. []

354 THEOREM lim
x—0

exp(x) -1 B

1.
X

exp(x) -1
X

<1+

’
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355

exp(x) —1 exp(x) —1
Proof: We prove that lirgl expx) ~1 =1 and that lirgl expl) —1 = 1. Let us start with the first assertion. For
x—0+ X x—0- X

0 < x < 1 we have, by the Sandwich Theorem, and Lemma 353,

exp(x) —1 exp(x) —1
1571’( ) <l+x(e-2) = lim epx) -1 =1,
x—0+ X
proving the first assertion.
1 .
For — > < x < 0 we have, by the Sandwich Theorem and Lemma 353,
2
X X exp(x)—1 exp(x) —1
1+x+—Sexp(x)Sl+x+x2 = 1+—sL <l+x = lim L =1,
4 4 X x—0— X

proving the second assertion. U

ForO0<x<1,
1_x(e—2) - log(1 + x) <1

1+x X

1
andfor—E <x=<0,

ISlog(l+x) <1- X .
X 1+x

Proof: Since x — log(1 + x) is strictly increasing, we have by Lemma 353 for0 < x <1,
l+x<expx) <1 +x+x%(e-2) = log(1+x) < x<log(1 +x+x%(e—-2)).

Notice that we have established thatlog(l + x) < x for 0 < x < 1. Now

) x%(e-2) x%(e-2)
logl+x+x“(e—2))=log(l+x) |1+ — | =log(1 +x) + |1+ e
x
. A . xP(e-2) e-2
Since forx >0, x — Tt is strictly increasing, T < — <1 for0<x<1. Thus we may uselog(1+y) <y,
x x

O<y<luwithy= b obtaining
1+x

xz(e—Z)) - x2(e-2)
1+x /)~ 1+x

log(l +

Hence
» x%(e-2)
x<log(l+x+x“(e—2)) <log(1+x)+ ———.
1+x
In conclusion,

20, _
x“(e—2) :>1_x(e 2)<log(l+x)sl.

0<x<1—=—log(l+x)<x<log(l+x)+ <
8( ) 8( ) 1+x 1+x X

1
Similarly, for — > <x<0, by Lemma 353,

2

2
X
l+x+75exp(x)sl+x+x2 = log

X 2
l+x+T < x <log(1l+ x+ x°).

Since x — log(1 + x) is increasing, plainly

2

log(1 + x) Slog(l+x+ xT <x.
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1 P |
Now observethat—— <x<0 = 0< —— < — <1 and so
2 1+x 2

x? x? x?
log(1 + x + x2) =log(1 + x) +log |1+ —— | <log(1 + x) + —— <log(l +x) + —.
og(l+x+x°) =log(1 +x) og( l+x) og(1 +x) Tt = x<log(1+x) T+ x

In conclusion,

2

1 X log(1 +x) X
—§5x<0:log(l+x)sxslog(l+x)+m:>ls <1-

X 1+x
since division by negative x reverses the sense of the inequalities. []
log(1 +x) -
356 THEOREM lim log(1+x) — x =0
x—0 X
Proof: By Lemma 355, for0<x <1,
x(e—2) log(l1+x log(1+x
- Xeo? _loglrd iy 080D
1+x X x—0+ X
by the Sandwich Theorem. Again, by Lemma 355 and the Sandwich Theorem,
1 log(1 + log(1 +
——<x<0= ISMSI—L = lim M=1.
2 X 1+x x—0- X
Combining both results, the theorem follows.[]
B
C
0 A
o

Figure 5.1: Theorem 358.

1+x)%-1
357 THEOREM If a € R, then lin(l); =a
Xx— X

Proof: This is evident for a=0. Assume now a # 0. Since x — exp(x) is continuous and since alog(1 + x) — 0 as
x — 0, by Theorems 354 and 356,

. Q+xt-1 . exp(alog(1+x))-1 .. log(l+x)
lim— = alim -lim =a-1-1=a.
x—0 X x—0 alog(1 + x) x—0 X
O
sin@
358 THEOREM lim —— =1.
0—0 0
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. . . sinf
is an even function it will also follow thatehm o -

sin@ sin@
Proof: Wefirst prove that lim —— =1. Since0 —
-0+ 0
1.

0
Assume0 < @ < — and consider AOAB right-angled at A, with OA =1 and ZBOA = 0. C is the point where line

OB meets the unit circle with centre at O and D is its perpendicular projection. The area of AOAC is smaller
than the area of the circular sector OAC, which is smaller than the area of AOAB. Hence

1, 0 1 1 sin@ . sin@
—sinf < — < —tanf — <1 = lim =
2 2 2 cosf (7] 0—0+ 0O

1

by the Sandwich Theorem, proving the theorem.U
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Differentiable Functions

6.1 Derivative at a Point

359 Definition Let I be an interval, a € I, and f: I — R. We say that f is differentiable at a if the limit
lim f®-fla) _ lim fla+h) - f(a)

x—a x-—a h—0 h

d
exists and is finite. In such a case we denote this limit by f "(@), D f(a), or d—f (a) and we call this quantity the derivative of
X
f ata.

360 Definition Let I be an interval, a € I°, and f: I —-R. If
lim fx) - f(a) ~ lim fla+h) - f(a)

x—a+ x-—a h—0+ h
exists and is finite we say that f is differentiable at a on the right and write f/ (a) for this limit. If

lim fx) - f(a) ~ lim fla+h) - f(a)
x—a- xX—a h—0- h

exists and is finite we say that f is differentiable at a on the left and write f’ (a) for this limit.

361 THEOREM Let I be aninterval, a € i ,and f:I — R. Then f is differentiable at a if and only if both f, (a) and f-(a) exist
and are equal. In this case f(a) = f'(a) = f-(a).

Proof: Obvious. [
362 THEOREM Let I be an interval, a € i ,and f: I — R.If f is differentiable at a then it is continuous at a.
Proof: We have

h h—0
Thus }lin(l)f(a+ h)-f(a)=0 = }lin(l)f(a+ h) = f(a) and so f is continuous. [

—

lim f (a+ h) ~ f (a) = lim —f(“h)_f(“))h: (lim —f(“h)_f(“)) (lin%h) =f'@-0=0.

363 THEOREM Let I £ Rbe an interval. If f : I — R is identically constant, then f’(I) =0.

Proof: Assume that f(I) = K, a constant. Let c € 1. Then f’(c) = }Clnz f®-f© =
— X

K-K
lim =0.Ifcisan
-c
endpoint of I, then the argument is modified to be either the left or right derivative.

X—C X—C

Homework

113



Differentiation Rules

Problem 6.1.1 Let f:R—R,

x+1
fx)
2—-x

Prove that f is nowhere differentiable.

ifxeQ

ifxeR\Q

Problem 6.1.2 Let f : R — R, x — |x|. Prove that f is not differen-
tiable at x = 0 and that for x # 0, f'(x) = signum (x).

Problem6.1.3 Let f : R — R, x — x|x|. Determine whether f’(0)
exists.

6.2 Differentiation Rules

364 THEOREM Let I be an interval, a € I, A € Ra constant, and f, then,g : I — R. If f and g are differentiable at a then

1. (Linearity Rule) f + Ag is differentiable at @ and (f + Ag) (a) = f'(a) + Ag'(a)

2. (ProductRule) f g is differentiable at a and (fg)'(a) = f'(a)g(a) + f(a)g'(a)

1 1\
3. ifg(a) #0, g is differentiable at @ and (g) (a) = -

!
4. (Quotient Rule) if g(a) #0, g is differentiable at @ and (g) (a) =

Proof:

g'(a)
(g(a))?

1. This follows by the linearity of limits.

2. We have

(fg)(a)

as desired.
3. We have

as desired.
4. Using (2) and (3),

f fl(a)g(a)- f(a)g'(a)
(g(a))?
lim (fg)a+h)-(fg)a)
h—0 h
lim gla+h)(f(a+h)-f(a)+ f(a)(gla+h)-g(a))
h—0 h

(gla+h)—g(a))

(f(a+h) - f(a))
h h

lim g(a+ h) lim +lim f(a) lim
h—0 h—0 h—0 h—0

gaf(a+fag (),

1 1

lim gla+h) g(a)
h—0 h

gla)—gla+h)
~ im gla+h)g(a)
h—0 h
~ im gla)—gla+h) im 1
h—0 h h—o g(a+h)g(a)

= (—g’(a))(

_g'a)
g(a)?’

1 !
e
8

s
gla)g(a)

. (1 1)
f(a)(g (a)+f(a)(g) (a)
fl@) fla)g'(a)
gla) gla)?
fla)g(a)- f(a)g'(a)

(g(a))?

’
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as desired.

O

365 THEOREM (Chain Rule) Let I, J be intervals of R, with @ € I. Let f: I — Rand g: J — R be such that f(I) € J. If f is
differentiable at @ and g is differentiable at f(a), then g o f is differentiable at @ and (g o f)’ = g'( fla)f "(a).

Proof: Putb = f(a), and

—-gb
gy 2’() ify#b
Py = y-
g'(b) ify=b

Since g is differentiable at b, ¢ is continuous at y = b. Now, for x # a,

8(f(x)-g(f(a) _ f&x)-f(a)
—a

=p(f(x)

x—a x
(If f (x) # f (@) this follows directly from the definition of . If f (x) = f(a), both sides of the equality are0.)
By the continuity of f at a and of @ at b,

lim o (f(x) = p(f(@) = g'(f(a),

whence
gof)(@ = lim g§(f(x) - g(f(a)
x—a xX—a
= chlg,lltp(f(x)) ——a
= g'(fa)f(a),
as desired.
O

366 THEOREM (Inverse Function Rule) Let I be an interval of R, with @ € I. Let f: I — R be strictly monotonic and contin-
uous over I. If f is differentiable at a and f "(a) # 0, then the inverse f -1, f ) — Ris differentiable at f(a) and

—1y/ _ 1
GG an =z

Proof: Putb= f(a). Observe that lin;’ f~Y() = a, and by the composition rule for limits,
y—v

. -1 . flo-a 1
1 —1 - ,
b y-a r BN -a  fla

proving the theorem. [

|:| Once it is known that (f ~1y exists, we may proceed as follows. Since f 1 f(x)) = x, differentiating on both sides, using
the Chain Rule on the sinistral side,

FHYFf =1,

from where the result follows.

367 Definition Let I be an interval of R. Let f : I — R be differentiable at every point of I. The function f': I — R, x — f’(x)
is called the derivative function or derivative of the function f.

368 THEOREM Let n >0 be an integer. Let f:R — R, x — x". Then f is everywhere differentiable and ' :R — R is given by

@

X— nx




Differentiation Rules

Proof: Assume first n is strictly positive. By Theorem 55,

. x"-a" L x—a) ™ T rax" 2+ a?x" 3+ +a" 2x+a™ )
lim = lim
r—a x—a r—a x—a
= lim@" '+ax" 2+a’x" 3+ +a" 2x+a"))
X—a
= na"l.
Observe that this is true for all a € R.
Ifn=0 then f is constant, say f (x) = K for all x and so
. x)-fla) .. K-K
lim S S = lim =0.
r—a x—-a i—-a x—a

O

1
369 THEOREM Let » > 0 be an integer and f : ]0 ;+oo[ - ]0 ;+oo[, x+— —. Then f’ exists everywhere in ]0 ;+oo[ and
x

f’:]0;+oo[—>]0;+oo[isgivenbyf/(x):_an

+1°

Proof: We use the result above, part (3) of Theorem 364, and the Chain Rule, to get

d 1 nx"! . n
dxx®  (xm2z gl
and the theorem follows.l
370 Let g€ Z, g >0be aninteger, and f: ]0 ;+oo[ - ]0 ;+oo[, x— x4 Then f’ exists everywhere in ]0 ;+oo[ and
1/q-1

f’:]0;+oo[ - ]0;+oo[ is given by f’(x) =

Proof: We have (f(x))? = x. Using the Chain Rule q f' (x)(f (x))97! = 1. Since f(x) #0,

! _ 1 _ 1 _l 1/q-1
O e T Ve i

O

371 THEOREM Letre@andletf:]0;+oo[ — ]0;+oo[,x»—>xr. Then f’ exists everywhere in]0;+oo[ andf':]0;+oo[ -

r-1

]0 ;+oo[ isgivenby f'(x) =rx

a
Proof: Letr = B where a, b are integers, with b > 0. We use the Chain Rule, Lemma 370, and Theorem 369.

Then

d d a1 ., a
_xa/h:_(xllh)a:a(xllb)a l__xl/h 1=_

dx dx b b

alb-1 _ r-1

X rx’ 7,

proving the theorem.
O

372 THEOREM (Derivative of the Exponential Function) Letexp:R — R, x — e*. Then exp is everywhere differentiable and

exp’:R — Ris given by x — e*.




Chapter 6

Proof: Using Theorem 354, we have, withh=x— a,

X a X—a
et —e -1
lim = e%lim
i—a x—a i—a x—a
e e -1
= e“lim
h—0 h
= e%1
= e

373 THEOREM (Derivative of the Logarithmic Function) Let f: ]0;+oo[ - ] —oo;+oo[, x— logx. Then f' exists everywhere

in ]0;+oo[ andf’:]0;+oo[ — R\ {0} is given by f'(x) = %

x
Proof: Leta>0. Then, with h=— —1, and using Theorem 356,
a

log—
1 -1
lim —8*~%8¢ _ .
x—a xXxX—a r—a x—a
log(l +—- 1)
= —-lim =
a x—a |
a
1
_ lim og(1+h)
h—0 h
= 1

YNNI

O

374 THEOREM (Power Rule) Let £ € R and let f: ]0 ;+oo[ — ]0 ;+oo[, x— x'. Then f’ exists everywhere in ]0 ;+oo[ and

f’:]O ;+oo[ - ]0;+oo[ is given by f'(x) = tx' L.
Proof: Using the Chain Rule,

ixt d (exp(tlogx)) =

-9 -1
dx dx

-(exp(tlogx)) = — - x' = tx

& |~
& |~

375 THEOREM (Derivative of sin) . Let sin: R — R, x — sinx. Then sin is everywhere differentiable and sin’ : R — R is given

by x — cos x.
@D




Differentiation Rules

Proof: We make a change of variables, and use Theorem 358,

. sinx-sina . sin(x—a+a)-sina
lim — = lim
XxX—a XxX—a XxX—a XxX—a
. sin(x—a)cosa+cos(x—a)sina—sina
= lim
x—a xX—a
. sin(x—a) A . cos(x—a)—1
= (cosa)lim ——— + (sina) lim —
XxX—a XxX—a xX—a xXxX—a
. sinh . . cosh-1
= (cosa)lim — + (sina) lim ————
h—0 h h—0
cos’h-1

= (cosa)-1+ (sina) }zif(l) m

= (cosa)-1+(sina)lim —sin’h
B h—0 h(cosh+1)
. . sinh ., —sinh
= (cosa)+ (sina)lim -lim
h—0 h—o0cosh+1

= cosa,

and the theorem follows. U

376 THEOREM (Derivatives of the Goniometric Functions)

d .
1. —sinx

= CcoSsXx xeR
dx
d .
2. —cosx = sinx xeR
dx
d 2 T
3. —tanx = sec“x xeR\(2Z+1)—
dx 2
d T
4, —secx = secxtanx xeR\(2Z+1)—
dx 2
d
5. —cscx = -—cscxcotx xeR\Zx
dx
d 2
6. —cotx = -—csc°x xeR\Zx
dx

Proof: (1) is Theorem 375. To prove (2), observe that

%cosx: dixsin(% —x) = —cos(% —x) = —sinx.

To prove (3), we use the Quotient Rule,

d sinx (cosx)(cosx)— (—sinx)(sinx) 1 2
= = =sec” x.

d t
—tanx= — = =
dx dx cosx cos? x cos2 x

To prove (4), we use once again the Quotient Rule,

d 1 (0)(cosx) — (—sinx)(1) sinx
—secx = = =

= — = = =secxtanx.
dx dx cosx cos2 x cos?x

To prove (5), observe that

i csCX = i sec(E - x) = —sec(z —x) tan(E - x) = —cscxcotx.
dx dx 2 2 2
To prove (6), observe that

acotx: dixtan(% —x) = —secz(% —x) = —csc? x.
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377 Definition (Higher Order Derivatives)
derivatives of f at a, inductively. Put f(a) = f “”(a). Ifn=1,

Let I be an interval of R and let f : I — R. For a € I we define the successive

f™a) = f'(f" Y (ay),

provided f is differentiable at £~V (a).

|:| We usually write f"' instead off(z).

378 THEOREM (Leibniz’s Rule) Let n be a positive integer.
Fo® =Y

Proof:

n
assertion is obvious. Assume that (f g)(”) = Z

n (p ~
(k)f(k)g(n k)

k=0

This is a generalisation of the Product Rule. The proof is by induction on n. Forn=0 and n =1 the

Z f®gn=k Opbserve that

f(k+l)g(n—k) +f(k)g(n—k+l))

f(k) (n—k+1)

— ) ,(n+1) h (k) o (n+1-k) (n+1) _(0)
s *Eo((k)+(k+l))f o

Problem 6.2.4 Demonstrate that if for all x € R there holds the
identity

k=0
" = (re™)
n !
_ (Z( )f(k) (n- k))
k=0
k=o\k
n
_ Z( flkrD) g(n- k)+z
_ 'il n+ll g _m+1-k
= k g )
k=0
proving the statement.
O
Homework
Problem 6.2.1 Prove that
2 1 1
x2-1 x-1 x+1

and use this result to find the 100th derivative of f (x) =

Problem 6.2.2 Find the 100-th derivative of x — x2sinx.

Problem 6.2.3 Demonstrate that the polynomial p(x) € R[x] has a
zero at x = a of multiplicity k if and only if

—p*kD(g) =g

pla)=p'(a) =

n n
Y apx-ak=Y b(x-b)*,
k=0 k=0

n

then ay, = Z( )b (a-b)i7k,

Problem 6.2.5 Let p be a polynomial of degree r and consider the

polynomial F with
+p ().

Fx)=px)+p @) +p"(x)+--

Prove that
d(F(x)exp(-x))

dx = —exp(-x)p(x).




Rolle’s Theorem and the Mean Value Theorem

6.3 Rolle’s Theorem and the Mean Value Theorem

379 THEOREM (Rolle’s Theorem) Let (a,b) € R? such that a < b, f: [a ;b] — R be such that f is continuous on [a ;b] and

differentiable in ] a ;b[, and f(a) = f(b). Then there exists c € ]a ;b[ such that f'(c) =0.

Proof: Since f is continuous on [a ;b], by Weierstrass’ Theorem 337,

m= inf f(x), M= sup f(x),

xe|a;b xe[a;b]

exist. Ifm = M, then f is constant and so by Theorem 363, f' is identically 0 and there is nothing to prove. Assume
that m < M. Since f(a) = f(b), one may not simultaneously have M = f(a) and m = f(a). Assume thus without
loss of generality that M # f(a). Then there exists ¢ € ]a ;b[ such that f(c) = M. Now

lim —f(x) O =0, lim —f(x) O <

x—c— xX—c x—c+ xX—cC

0,

whence it follows that f' (c) = 0, proving the theorem. [

380 THEOREM (Mean Value Theorem) Let (a,b) € R? such that a < b, f: [a ;b] — R be such that f is continuous on [a ;b]

and differentiable on ] a ;b[. Then there exists ¢ € ]a ;b[ such that f "(c) = W.
Proof: Put Fo)— fl@
- f(a
g: [u;b] -R, gx)=f(x)- Wx.

Then g is continuous on [a ; b] and differentiable on ] a ;b[, and g(a) = g(b). Since g satisfies the hypotheses of

Rolle’s Theorem, thereis c € ]a ;b[ such that

fb)-fla

g§)=0= f(c)- b—a

TOTD o = fio=

b

proving the theorem.[]

381 THEOREM If f: I — Ris continuous on the interval I, differentiable on I ,andif Vx e i f "(x) = 0 then f is constant on
1.

Proof: Let(a,b) € I, a<bh. By the Mean Value Theorem, thereis ¢ € ]a ;b[ such that

f)-f@=f(©)b-a)=0-(b—a) = fb)=f(a),

thus any two outputs have exactly the same value and f is constant. [

382 THEOREM If f: I — R is continuous on the interval I, and differentiable on I. Then f is increasing on I if and only if
vVxe I, f'(x) =0and f is decreasing on I if and only if Vx € I, f'(x) <0.

Proof:
= Suppose f is increasing. Let xo € I. Ifh # 0 is so small that xo + h € I, then

[ (xo+h) - f(x) -0 — lim [(xo+h)— f(xp)

T lim 5 =20 = f'(x)=0.

If f is decreasing we apply what has just been proved to —f .
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< Suppose that for all x € I, f'(x) = 0. Let (a,b) € I?, a < b. By the Mean Value Theorem, there is ¢ € ]a ;b[

such that

fb) - f(a)=

(b-a)f'(c) =0,

and so f is increasing. If for all x € I, f'(x) < 0 we apply what we just proved to — f .

O

383 THEOREM If f: I — R is continuous on the interval I, and differentiable on . Then f is strictly increasing on I if and

onlyif Vx € I, f’(x) >0 and the set {x € I°: f'(x) = 0} = @. Also, f is strictly decreasing on I if and only if Vx € I, f'(x) <0

and{xel°: f'(x)=0}=02.

Proof:

= Suppose f is strictly increasing. From Theorem 382 we know thatVx € I, f'(x) = 0. Assume that{x € I° : f'(x) = 0} #

. Thenthereisce{xeI°: f'(x) =0} and e > 0 such that]c—e;c+e[ ClandVxe ]c—e;c+£[,f’(x) =0.

By Theorem 381, f must be constant on ] c—¢;c+&| and so it is not strictly increasing, a contradiction. If
f is strictly decreasing, we apply what has been proved to — f.

< Conversely, suppose thatVx € I, f’(x) = 0. and the set {xeI°: f'(x) =0} = &. From Theorem 382, f is
increasing on 1. Suppose that there exist (a,b) € 12, a < b such that f(a) = f(b). Since f is increasing, we

haveVx e [a ;b], f(x) = f(a). But then ] a ;b[ Cixer :f'(x) = 0}, a contradiction, since this last set was

assumed empty. If f' (x) < 0 we apply what has been proved to — f.

O

Homework

Problem 6.3.1 Shew, by means of Rolle’s Theorem, that 5x% —ax+
1 =0 has a solution in [0;1].

Problem 6.3.2 Let ag,a ..., ay be real numbers satisfying
ay ap an
+—t—+-+ =0.
o 2 3 n+1

Shew that the polynomial

ag+ayx+--+apx"

hasarootin]o;l[.

Problem 6.3.3 Let a, b, ¢ be three functions such thata' = b, b’ = c,
and ¢’ = a. Prove that the function a3+ b® + ¢ - 3abc is constant.

Problem 6.3.4 Suppose that f : [0 ;1] — R is differentiable, f(0) =
0and f(x)>0 forxe ]0;1 [ Is there a numberd € ]0 ;1[ such that

2f'(e) _f'a-0,
flo ~ fa-e¢°

Problem 6.3.5 Letn =1 bean integer and let f : [0;1] — R be differ-
entiable and such that f(0) = 0 and f (1) = 1. Prove that there exist
distinct points0 < ag < ap < --- < an—1 <1 such that

n-1

Y fllag) =n.

k=0

Problem 6.3.6 Letn =1 bean integer and let f : [0; 1] — R be differ-
entiable and such that f(0) = 0 and f (1) = 1. Prove that there exist
distinct points0 < ag < ap <--- < an_1 <1 such that

n—1 1
&, Fap ™

Problem 6.3.7 (Putnam 1946) Let p(x) is a quadratic polynomial
with real coefficients satisfying max _|f(x)| < 1. Prove that
xe|[-1;1
max |f'(x)|=<4.
X€ [—1 51

Problem 6.3.8 (Generalised Mean Value Theorem) Let f,g be
continuous of [a ;b] and differentiable on ]a ;b[. Then there is

ce]a;b[ such that

(f(b) - fa)g' (c) = (gb) — g(@) f ().

Problem 6.3.9 (First LHopital Rule) Let I be an open interval (fi-
nite or infinite) having ¢ has an endpoint (which may be finite or
infinite). Assume f,g are differentiable on I, g and g’ never vanish

. o o flx)
onlI and that)chnlcf(x) =0= JlCLnlcg(x). Prove that lleCLIIIC T L
o o . f®
(where L is finite or infinite), then lim —— =L
X—C g(x)

Q@D
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Problem 6.3.10 (Second UHoépital Rule) Let I be an open interval | Problem 6.3.11 If f’ exists on an interval containing c, then
(finite or infinite) having ¢ has an endpoint (which may be finite . .
or infinite). Assume f,g are differentiable on I, g and g' never fle) = M
vanish on I and that ;in%_|f(x)| = ;in%_|g(x)| = +o00. Prove that if 2h
f’()_L here L s finite o infinite), then fx)L .,
lim P (where L is finite or infinite), then 1 g Problem 6.3.12 If f" exists on an interval containing c, then
f”(c) f(c+h) +£2(c h) - 26

6.4 Extrema

384 Definition Let X SR, f: X —R.
1. We say that f has a local maximum at a if there exists a neighbourhood of a, ./, such that Vx € 4, f(x) < f(a).
2. We say that f has a local minimum at a if there exists a neighbourhood of a, .4, such that Vx € 4, f(x) = f(a).
3. Wesay that f has a strict local maximum at a if there exists a neighbourhood of a, .4, such that Vx € Ay, f(x) < f(a).
4. We say that f has a strict local minimum at a if there exists a neighbourhood of a, ./, such that Vx € 44, f(x) > f(a).
5. We say that f has a local extremum at a if f has either alocal maximum or a local minimum at a.

6. We say that f has a strict local extremum at a if f has either a strict local maximum or a strict local minimum at a.
The plural of extremum is extrema.

385 THEOREM If f: I — R is continuous on the interval I, differentiable on I , and if f has a local extremum at a € i , then

fla)=

Proof: Suppose f admits a local maximum at a. Let h # 0 be so small that a+ h € I. Now

f(a+h’)l—f(a)50’ h<0 —> f(a+h’)l—f(a)

h>0 = =0.
Upon taking limits as h — 0, f'(a) <0 and f'(a) = 0, whence f'(a) =

386 Definition Let f: I — R. The points x € I where f'(x) = 0 are called critical points or stationary points of f.

387 THEOREM Let f: [a ;h] — R be a twice differentiable function having a critical point at ¢ € ]a ;b[. If f'(c) <0 then f

has a relative maximum at x = ¢, and if f "(¢) > 0 then f has arelative minimum at x = c.

Proof: Assume that f'(c) =0 and f" (c) <0. Since

im?® _ lim

xX—cx—cC X—¢C

f ’(x) f (¢)

=f"(e) <0,

there exists 8 > 0 such that f'(x) >0 when c—6 < x < ¢ and f'(x) > 0 when ¢ < x < x+ 6. Consequently, f is
strictly increasing on ] c-6 ;c[ and strictly decreasing on ] c;c+o [ Hence

lx—cl<d = f(x)< f(o),

and so x = c¢ is a local maximum. If f"" > 0 then we apply what has been proved to —f. 0

388 THEOREM (Darboux’s Theorem) Let f be differentiable on [a ; b] and suppose that f'(a) < C < f'(b). Then there exists
ce ]u;b[ such that f'(c) =

Q@
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Proof: Put g(x) = f(x) — Cx. Then g is differentiable on [a ;b]. Now g’(a) = f'(a) — C < 0 so g is strictly
increasing at x = a. Similarly, g'(b) = f'(b) — C < 0 so g is strictly decreasing at x = b. Since g is continuous, g
must have a local maximum at some point ¢ € ] a;b [, where g'(c) = f'(¢) — C = 0, proving the theorem. (]

Homework

Problem 6.4.1 Let f be a polynomial with real coefficients of degree | mum value of f.
nsuch thatVxeR f(x) = 0. Prove that

VxeR fx)+ f'(x) +f" x)+---+ f(") (x)=0. Problem 6.4.3 Find the value of k which minimizes

— —kx7 !
Problem 6.4.2 Put f(0) = 1, f(x) = x* for x > 0. Find the mini- sup{e *+e” " 1x> 0}

6.5 Convex Functions

389 Definition Let I £ R be an interval. A function f: I — R is said to be convex if
V(a,b) € I%,VA € [0 ;1],f(;ta+ (1-A)b) < Af(@)+ (1 - ) f(b).

We say that f is concaveif — f is convex.

|:| [ is convex if given any two points on its graph, the straight line joining these two points lies above the graph of f. See
figure6.1.

Figure 6.1: A convex curve Figure 6.2: A concave curve.

n
390 Definition Let (x1,X2,...,X,) € R andlet A € [0 H 1] be such that Z Ak = 1. The sum
k=1
n

AkX
k=1

is called a convex combination of the xy.

n
391 THEOREM If (x1,X2,...,X5) € [a ;b] , then any convex combination of the x; also belongs to [a ;b].

n
Proof: AssumeAj € [0 ;1] be such that Z A =1. Since the Ay, = 0 we have
k=1
a<xp<b = Ara<Arxi<Arb.

n
Adding, and bearing in mind that Z A=1,
k=1

n n n n
(Z /’lk)as Z)lkxks(z }Lk)b = a< Z)lkxksb,

k=1 k=1 k=1 k=1
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proving the theorem. [

392 THEOREM (Jensen’s Inequality) Let I C Rbe aninterval and let f : I — R be a convex function. Let n > 1 be an integer,

xiel,and Ap € [0 1] be such that Z Ar =1. Then
k=1

f(i /’lkxk) < i )ka(xk).
k=1 k=1

2
Proof: The proofis by induction on n. For n = 2 we must shew that given (x1,x2) € [a ;h] ,

J A1x1 + Az2x2) < Ay f(x1) + A2 f (x2).
AsA1+ Az =1, we may put A = Ay =1 — A and so the above inequality becomes
FAx1+ 1 -A)x2) =Af(x1) + (1 - A) f(x2),

retrieving the definition of convexity.

n-1 n-1 n
Assume now thatf(z ykxk) < Z wif (xr), when Z mr=1, ;€ ]0 1[ We must prove thatf(z Akxk) <
k=1

Z Arf (xx), when Z A= I,Ake]o;l[.
k=1 k=1

A
IfA,, =1 the assertion is trivial, since then Ay = --- = Ap_1 = 0. So assume that A, # 1. Observe that Z ’/Cl =
—/tn
" Ak)—-A - n-l
-1k 1-2
( k=1 )= A = " =1 so that Z k X is a convex combination of the xy. and hence also belongs to
1-1, 1-1, i1 1-An

[a ;b], by Theorem 391. Since f is convex,

n n-1
Vi ( > )lkxk) Vi ( > AkXi+ /'lnxn)
k=1

k=1

f((l A,,)Z _A xk+;t,,x,,)

n— 1 A
= (1- An)f ( Z xk) + Anf (xn)
s 1= An
By the inductive hypothesis, with py = = =1,
- n-1 Ak
(2 n B
Finally, we gather,
f(z /'\kxk) < (I_An)f(z 2 xk)+7tnf(xn)
k=1 = n
s (1-24n) Z — A F ) + Anf (xn)
= Z Ak () + An f (%)
= ) Arf(xx),
k=1

proving the theorem. [
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393 THEOREM Let I £ Rbe an interval and let f: I — R. For a € I we put

I\{a} — R
f@-f@

X—a

T,:

Then f is convex if and only if Va € I, T, is increasing over I\ {a}.

Proof: Leta < b < c as in figure 6.3. Consider the points A(a, f (a)), B(b, f (b)), and C(c, f (c)). The slopes

f(b)-f(a) m fe)-fb) e fle)-fla)

b-a ’ c-b "’ c-a ’
satisfy

map = mMac, mac = mgc, map = mpc,
and the theorem follows. An analytic proof may be obtained by observing that from Theorem 391, anyAa+ (1 — A)c
lies in the interval [a ;c] forAe |0 ;1]. Conversely, given b € [a H c] , we may solve for A the equation

~b
b=Aa+(1-A)c = A="

e[o;l].
c—a

Hence

fB)-f@ _ f©-fb)

fAa+1-De) <Af(@+1-A)f(c) = fb)< %f(u) + gf(c) —

b-a =~ c¢-b
(6.1)

This gives

fb) - f(a) Sf(c)—f(a) Sf(c)—f(b) 6.2)

b-a c—-a c-b
from where the theorem follows.
d C
A \
a b c

Figure 6.3: Theorem 393.

394 THEOREM Let I S Rbe aninterval and let f : I — R be a convex function. Then f is left and right differentiable on every
point of I and for (a, b,c) € Pwitha<b< c,

fb) - f(a) f)-fb)
E— sf_(b)sf+(b)s—c_b .
. I\{b} — R
Proof: Since f is convex, Vbel, Ty: is increasing, by virtue of Theorem 393. Thus
f @) - f(b)

x—b
v ib|,Yve |b;
uelasb|,vwe[bic] Tp(@) < Ty(u) < Tp(v) < Tp(c).

Q@)
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This means that Ty, is increasing on [b ;c[ and bounded below by Ty (u). It follows by Theorem 347 that Ty (b+)
exists, and so f is right-differentiable at b. Moreover,

Tp(a) < Tp(w) < f|(b) < Tp(c).

Similarly, Ty, is increasing and bounded above by f| (b). Appealing again to Theorem 347, f is left-differentiable
atb and
Ty(a) < f'(b) < f(b) < Ty(c).

O

395 CoroLLARY If f is convex on an interval I, then f is continuous on i

Proof: Givenb € I, we know that f is both left and right differentiable at b (though we may have f' (b) < f/ (b)).
Regardless, this makes f left and right continuous at b: hence both f(b—) = f(b) and f(b+) = f(b). But then
f(b-) = f(b+) and so f is continuous atb. [

396 THEOREM Let I S Rbean interval and let f : I — R be differentiable on I. Then f is convex if and only if f’ is increasing
onl.
Proof:

= Assume f is convex. Leta<x < c. By (6.2),

fx) - f(a) - f©)-f(a) - fl)-fx)

x—a c—a c—x
Taking limits as x — a+,
, flo-fla
fila) < ——_g °
Taking limits as x — c—,
Jf@-J@ _ fle).
c—a

Thus f(a) < f'(c). Since f is differentiable, f}(a) = f'(a) and f’ (c) = f'(c), and so f'(a) < f'(c) proving
that f' is increasing.

< Assume f' is increasing and that a < x < b. By the Mean Value Theorem, there exists & € ]a ;x[ and

a’e]x;b[such that
fx)-f(a) _ fla) f(b) - f(x)
’ X

xX—a b

= f(a’).

Since f'(a) < f (') we must have

f®-fl@ _fb)-fx)

x—-a b-x

’
and so f is convex in view of (6.1).

O

397 CoroLLARY Let I S Rbeaninterval andlet f: I — R be twice differentiable on I. Then f is convex if and only if f” = 0.

Proof: This follows from Theorems 382 and 396. U

398 Definition An inflexion point is a point on the graph of a function where the graph changes from convex to concave or
viceversa.

Homework
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Problem 6.5.1 (Putnam 1991) A there any polynomials p(x) with
real coefficients of degree n = 2 all whose n roots are distinct real | problem 6.5.3 By considering f:
numbers and all whose n — 1 zeroes of p' (x) are the midpoints be-
tween consecutive roots of p(x)?

[0;+0c0] — R

x — xk—k(x—l)

for0 < k < 1 and using first and second derivative arguments, ob-
tain a new proof of Young’s Inequality 328.

x
Problem 6.5.2 Prove that the inflexion points of x — . are
anx

aligned.

6.6 Inequalities Obtained Through Differentiation

2
X
399 THEOREM Let x > 0. Then £ < exp(x).

2
Proof: Let f(x) = exp(x) — x? Then f'(x) = exp(x) — x and f" (x) = exp(x) — 1. Sincex >0, f"(x) > 0 and so f'

is strictly increasing. Thus f'(x) > f'(0) =1 > 0 and so f is increasing. Thus
X2
fx)> f(0) = exp(x)— £ >0,

proving the theorem.[]

400 THEOREM lim
X—+00 exp(x)

Proof: From Theorem 399, for x >0,

X

2
<— = 0< lim < lim — =0,
exp(x) x x—+oo exp(x) x—+oox

and the theorem follows from the Sandwich Theorem. [

a

401 THEOREM Let @ € R. Then lim
X—+00 exp(x)

Proof: Ifa <1 then

a

X X

x* 100,

exp(x) - exp(x)

by Lemma 400. If & = 1 then

a
x _a( ax

[14
-« ) —a % 0%=0,
exp(x)

exp(ax)

by continuity and by Lemma 400. [

402 THEOREM Let x> 0. Then logx < x.

1
Proof: Put f(x)=x—logx. Then f'(x) =1-—. Forx<1, f'(x) <0, forx=1, f'(x) =0, and forx > 1, f'(x) >0,
x

which means that f has a minimum at x = 1. Thus
f@x)>f1) = x—logx>1.

Since x —logx > 1 then a fortiori we must have x —logx > 0 and the theorem follows.[]

403 lim 108% _

X—+o00 X

0.
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Proof: From Theorem 402, log.x2 < x?. Forx> 1,logx > 0 and hence,

logx 1
x>1 = 0<—< —,
x 2x

1
whence lim 8% _ 0 by the Sandwich Theorem. []
x—+o00 Xx

. logx
404 THEOREM Leta€]0;+oo[.Then lim — =0.
x—+o00 x&

Proof: Ifa >1 then
logx lo
08x 108X l-a —0-0,
x“ x
by Lemma 403. If0 < @ < 1 then
logx logx® 1
8Y _108Y o= 0,
x“ ax® @

by continuity and by Lemma 403. [

T
405 THEOREM For x € ]O;E [, sinx < x < tanx.

Proof: Observe that we gave a geometrical argument for this inequality in Theorem 358. First, let f(x)=sinx —
b5
x. Then f'(x) = cosx—1 < 0, since for x € ]0 ey [, the cosine is strictly positive. This means that f is strictly

decreasing. Thus for all x € ]0 ; g [,
f0)> f(x) = 0>sinx—x = sinx < x,

giving the first half of the inequality.

2 2

T
For the second half, put g(x) =tanx—x. Then g’(x) =sec“x—1. Now, since|cosx| <1 forx e ]0 ; £} [, sec“x>1.

Hence g'(x) >0, and so g is strictly increasing. This gives
g0)<g(x) = 0<tanx—-x = x <tanux,

obtaining the second inequality.l]

/2

Figure 6.4: Jordan’s Inequality

T 2
406 THEOREM (Jordan’s Inequality) For x € ]0 ; 2 [, —x<sinx<x.
T
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Proof: This inequality says that the straight line joining (0,0) fo (%, 1) lies below the curve y = sinx for x €
i -t

]0 ,%[ See figure 6.4. Put f(x) = sinx forx #0 and f(0) = 1. Then f’(x) = (cosx)(x—:nx) < 0 since
x x

T T
cosx>0andx—tanx <0 forxe ]0 ; 2 [ Thus f is strictly decreasing for x € ]0 ; 2 [ and so

f(x)>f(%) = Siﬂ>£,

X b4

proving the theorem.[]

407 Definition If wy, wo,..., w, are positive real numbers such that w; + w2+ - -+ wy, = 1, we define the r -th weighted power
mean of the x; as:

r r r r\Ur
M}, (X1,X2,e00yXp) = (W1X] + WaX +--+ Wpxy) .

1
When all the w; = — we get the standard power mean. The weighted power mean is a continuous function of r, and
n

taking limit when r — 0 gives us
— LWL W2 Wy
Mg, =X Xy Wy

408 THEOREM (Generalisation of the AM-GM Inequality)  If r < s then

r S
Mw(xlerr---rxn) = Mw(xlyny---yxn)-

Proof: Suppose first that 0 < r < s are real numbers, and let wy, wy,..., w, be positive real numbers such that
wyt+wet--+wy=1.

s
Putt=—>1andy; = xi’ forl <i<n. This implies thatyit = xf. The function f :10; +oo[—]0; +ool, f(x) = xtis
r

1
strictly convex, since its second derivative is f "(x) = — x2>0 for all x €]0; +oo[. By Jensen'’s inequality,

tt—1)
(wiyr + weyz +-+wpyn)' = flwryr + wayz +-- + Wnyn)
wifn) +waf(y2)+--+wuf(yn)
w1y; + ways o+ Wayh.

A

with equality if and only if y1 = y2 = - -+ = yn. By substituting t = 3 and y; = x] back into this inequality, we get
r

(w1 x] + waxy +---+ w,,x,’,)s” S WX+ WX+ + WpX,,

with equality if and only if X, = x = --- = x,. Since s is positive, the function x — xY

raising both sides to the power 1/ s preserves the inequality:

§ is strictly increasing, so

(wr1x] + waxy +---+ wnx,r,)”r < (w1 x) + waxy +-- + wnxf,)”s,

which is the inequality we had to prove. Equality holds if and only if all the x; are equal.
The casesr <0< s andr < s <0 can be reduced to the case0 < r < s.lJ

Homework

Problem 6.6.1 Complete the following steps (due to George Polya) 2. Put
in order to prove the AM-GM Inequality (Theorem 86).

naj

x—1 A= —— =
1. ProvethatVxeR, x<e* . k= g +az++an’
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and Gy = ayay --- ay. Prove that 3. Deduce that
nnGn

(ay +as+--+ap)"’

a1+a2+---+an)"

A1Az---Ap = Gns[

n

and that
Al +As+ - +Ap=n. 4. Prove the AM-GM inequality by assembling the results above.

6.7 Asymptotic Preponderance

409 Definition Let I S Rbe an interval, and let a € I. A function a : I — R is said to be infinitesimal as x — a if }:m}z a(x) =0.

We say that e is negligible in relation to ff as x — a or that f is preponderantin relation to @ as x — a, if Ve > 0,36 > 0 such
that
X€ ]a—b‘;a+6[ = |a(x)| S£|ﬁ(x)|.

We express the condition above with the notation a(x) = 0x—4 (ﬁ(x)) (read “ea of x is small oh of § of x as x tends to a”).

Finally, we say that & is Big Oh of p around x = a—written @(x) = Ox—q (B(x)), or @(x) <<x_q4 (f(x))—if 3C > 0 and
36 >0 such that Vx € a—6;a+6[, la(x)| < C|ﬁ(x)|.

|:| Notice that a above may be finite or +co. Ifa is understood, we prefer to write a(x) = o(f(x)) rather a(x) = 0x—q (B(x)).

Also )
a=0x—q(f) = l@}lﬂzo and f(a)=0 = a(a)=0.

(
x—a B(x)

410 Example sin:R — [—1;1] is infinitesimal as x — 0, since lin(l) sinx =0.
x—v

1 1
411 Example f:R\{0} — R,x — — is infinitesimal as x — +o0, since lim — =0.
X xX—+o00o x

2

412 Example We have x“ = o(x) as x — 0 since

0 x 0
lim — =limx=0.
x—0 X x—0

413 Example We have x = o(x?) as x — +oo since

. x .1
lim — = lim —=0.
xX—+00 X xX—+00 X

414 Definition  We write a(x) = y(x) + o(B(x)) as x — a if a(x) — y(x) = o(B(x)) as x — a. Similarly, a(x) = y(x) + O(B(x))
as x — a means that a(x) —y(x) = O(f(x)) as x — a.

415 Example We have sinx = x + 0(x) as x — 0 since

. sinx-x . sinx
lim——=lim——-1liml1=1-1=0.
x—0 X x—0 X x—0

416 THEOREM Let f, g, &, B, u, v be real-valued functions defined on an interval containing a € R. Let A € R be a constant.
Let h be a real valued function defined on an interval containing b € R. Then

1. f=o(g) = f=0(g).

2. f=o0(a) = Af=o0(a).

3. f=o(@),g=0(a) = f+g=o0(a).
. f=o(@),g=0(B) = fg=o(ap).

™~
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10.

11.

12.

13.

f=0(@ = Af =0(@).
f=0(a),g=0(a) = f+g=0(a).
f=0(),g=0(p) = fg=0(ap).
f=0(@),g=0(p) = fg=o(ap)
f=0(@),a=0(p) = f=0(p).
f=o0(@),a=0(p) = f=o(p).
f=0(@),a=0(p) = f=o(p).

f:o(a),linll’h(x) =a = foh=o0x_p(aoh).

f=O(a),linllah(x)=a = foh=0x_p(aoh).

Proof: These statements follow directly from the definitions.

1. Iff = o(g) then Y& > 0 there exists > 0 such that

xe]a—6;a+6[ = '&—0

s <€ = FWl<elg] = r=0(g),

using C = € in the definition of Big Oh.
2. This follows by Theorem 286.
3. This follows by Theorem 286.

4. Both lim & =0 and lim @ = 0. Hence lim fg® =lim & -lim @ =
x—a q(x) x—a f(x) x—a q(x)f(x) *—aa(x) x—a f(x)

5. If f = O(«) then thereis § >0 and C > 0 such that

0= fg=o(ap)

xe]a—a;a+6[ = |fW)|=ClgWw)| = |Af@|=CIAl-|g®)| = Af=0(@)
6. There exists 81 > 0,62 > 0 and C; >0, Co > 0 such that
xela-81;a+6 | = |fW|<Cila® and  xe|a-8;a+8] = |gW)|<Clawl.
Thus if 8 = min(81,82),
xe|a-6;a+8) = |f)+gW)| < |fW)]+|gW)]| = Cla®) + Ca®) = (C1+ Cax) = f+g=0(a).
7. There exists 61 > 0,02 > 0 and Cy > 0, Cz > 0 such that
xela-81;5a+6) = |f@W|<Cla@| and xe|a-82;a+8:) = |gW)|=C[B)].
Thus if6 = min(6;,062),
xe|a-6;a+8) = |fWgW|=|fW]|gW)] < Cl1a®)|-C: [p)] = (C1C) |a@px)| = fg=O(ap).
8. There exists 61 > 0,02 >0 and Cy > 0, such thatVe >0
xe|a-81;a+6, = |fW|<Cla@| and  xe|a-82;a+8:) = |g()|<e|px).
Thus if6 = min(6;,062),

xe]a—6;a+6[ = |f(x)g(x)|=|f(x)||g(x)|SClla(x)|-£|ﬁ(x)|=£(C1)|a(x)ﬁ(x)| = fg=o(ap).

@D
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9. There exists 1 > 0,02 > 0 and Cy > 0, Co > 0 such that
x€E a—61;a+61[ = |f@)| = Cla()] and xe]a—é‘g;a+62[ = |a(x)| < C|f)|.
Thus if6 = min(61,62),
xe]a—6;a+6[ = |f@)| = Cla@®)| = CC|px)| = f=0(p).
10. There existsd1 > 0,02 >0 and C >0, such thatVe >0
X€|la-0, ;a+61[ = |f(x)|S£|a(x)| and xe]u—62;a+62[ = |a(x)|sC|ﬁ(x)|.
Thus if6 = min(6,,62),
xe]a—6;a+6[ = |f@)|sela)| < Ce|fx)| = f=o0(p).
11. Thereexistsd1 > 0,02 >0 and C >0, such thatVe >0
xX€la-0, ;a+61[ = ‘f(x)|sC|a(x)| and xe]a—62;a+62[ = Ia(x)lsdﬁ(x)‘.
Thus if6 = min(6,,62),
xe]u—6;a+6[ = |f@)|=Clax)|=Ce|px)| = f=0(p).
12. Thereexists 81 > 0,02 > 0 such thatVe >0
xe a—61;a+61[ = |f(x)| < ela®)] and xe]b—6g;b+62[ = |h(x)-al<e = h(x)e]a—e;aﬂs[.
Thus if6 = min(61,62,¢€),
xe]b—6;b+6[ = |(foh)(x)‘§s|(aoh)(x)| = foh=o0x_p(aoh).
13. There exists 81 > 0,062 > 0,C > 0 such thatVe >0
xe a—61;a+61[ = |f@)| = Clax) and xe]b—é‘g;b+6g = |h(x)-al<e = h(x)e]a—e;aﬂs[.
Thus if6 = min(61,62,¢€),
xe|b-8;b+8] = |(fom )| = Cll@oc M@ = foh=0cp(ach).
O

|:| In the above theorem, (8), (10), and (11) essentially say that O(0) = 0(0O) = 0(0) = 0 and (9) says that O(O) = O.

The following corollary is immediate.

417 CoROLLARY Let & and B be infinitesimal functions as x — a. Then the following hold.

1. The sum of two infinitesimals is an infinitesimal:

o(B®) +o(B(x)) = o(B(x)).
2. The difference of two infinitesimals is an infinitesimal:

o(B(®) - o(px)) = 0(f()-
3. VceR\{0},0(cp(x)) = o(B(x)).

4. ¥neN,n=2,1<k=n-1, o((B(xN") = o Bx)*).
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10.
11.

o(o(Bx))) = o(B(x)).
VreN,n=1, (B(x)"0(B(x) = o((Bx)"™ ).

VreN,n=2,

o(p(x))

o((B(x)™)

T o((BxN™ ).

=o0(1).

PB(x)

If ¢, are real numbers, then 0( Z ck(ﬁ(x))k) =o(B(x)).

k=1

(@) (x) = o(a(x)) and (af)(x) = o(B(x)).
If @ ~ B, then (& - B)(x) = o(@(x)) and (& — B)(x) = o (x)).

418 THEOREM (Canonical small oh Relations)  The following relationships hold

1. Y(a,p)€R?, x% = 0y 100 (xﬁ) — a<B§.

2.

3.

V(a, B) € R?, x% = 0y o+ (xﬁ) = a>p.

logx = 0x— 100 (X).

V(a, ) €R% >0, logx)™ = 0x— 400 (xﬁ).

V(a,B) €R?, B <0, [logx|” = 0x_o+ (xﬁ)_

V(a,a) R a>1, x% = 0y 100 (@)

Vi, a) eER%,a>1, a* = 0x——oo (1x1%)

Proof:

1. Immediate.
2. Immediate.
3.
4

. If a = 0 then eventually (logx)® = 1 and so the assertion is immediate. If a < 0 the assertion is also imme-

This follows from Lemma 403.

diate, since then (logx)® — 0 as x — +oo. If & > 0, by Theorem 404,
logx
xbla -

’

whence

(logx)* (logx)* @
2 _(xﬁ,a) —0%=o.

1
Ifx — 0+ then P +00. Hence by the preceding part and by continuity, as x — 0+ and fory >0,
1 a
log —
oz
1\Y
g
1 14
log —
85 _ (-toger
Y (1)
EIE

and so [logx|” = 0x—o+ (x™Y), and so putting p = —y <0 we have [logx|* = 0x—o+ (xﬁ).

— 0.

But

=x" [logx|“,
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6. Fora <1 we have

O

x*  xloga  x*7! 0.0
a*  exp(xloga) loga ’
. xloga . a-1 ,
since —————— — 0 by continuity and Theorem 401, and —0sincea—1<0. Ifa>1 then
exp (xloga) loga
loga «
x* ( x )a . a” o a” @
ar Va\* | a’ 1 - @ ’
a (a a) (loga) exp (x oia) (loga)

by continuity and Theorem 401.
Ifa>0,a>1 then|x|* — +oco but a* — 0 as x — —oo, hence there is nothing to prove. If & = 0, again the
result is obvious. Assume a < 0. If x — —oo then —x — +oo and so by the preceding part

x|~

a—x

-0

since the above result is valid regardless of the sign of «. Now

X

a* |x|~*

Ix|*  a*

’

proving the result.

419 Example Inview of Corollary 417 and Theorem 418, we have

asx— 0.

0(—2x3 + 8x2) =o0(x),

420 Example Inview of Corollary 417 and Theorem 418, we have

0(—2x3 + 8x2) =o(x*),

as x — +oo.

Homework

Problem 6.7.1 Which one is faster as x — +oo, (loglogx)'°8% or | (log x)°8108~ >

6.8 Asymptotic Equivalence

421 Definiton Let I € R be an interval, and let a € I. We say that & is asymptotic to a function f: I — R as x — a, and we
writta ~ B, if @ ~ p < a— P =o0a(P).

|:| Ifin a neighbourhood Vg of a B # 0 then

%
a~p = B
pla)=0 = a(a)=0

sinx

422 Example We have sinx ~ x as x — 0, since liné —=1.
xﬂ

X
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) . . X*+x
423 Example We have x“+ x ~ x as x — 0, since lm(l) =1.
x— X
) ) i . xXP+x
424 Example We have x“+ x ~ x° as x — +o0, since lim =1.

x—+oo x2

425 THEOREM
a=0(p)

p=0(a)

a~f =

Proof: Ifa— f=o(p) thereis a neighbourhood N, of a such that

Ve>0,xe M, = |a(x)-px)|<e|p)|.

In particular, for € = %, we have
1
XEN, = |a(x)—ﬁ(x)| < E|ﬁ(x)|.
Hence
3
xe M = la®)| =|ax) - px)+ )| < |ax) - fx)|+|px)] < E|ﬁ(x)| = a=0(g),

and
1
xeMNg = |f@)] =) - a(x) + a(x)]| s|ﬁ(x)—¢x(x)|+|a(x)|S£|ﬁ(x)|+|¢x(x)| = |p(@)| =2]a(x)] = p=0(a).

O

426 THEOREM The relation of asymptotic equivalence ~ is an equivalence relation on the set of functions defined on a
neighbourhood of a.
Proof: We have
Reflexivity ¢ —a =0=0(a).
Symmetry a—f =o0(f) = B = O(a) by Theorem 425. Now by (10) of Theorem 416,
a-pf=0(f) andf=0(a) = a-Pf=o(a) = f-a=o(a),
whence p ~ a.

Transitivity Assume a — = o(p) and -y = o(y). Then by Theorem 425 we also have p = O(y). Hence @ — = o(y)
by (10) of Theorem 416. Finally @ — = o(y) and p—y = o(y) give @« —y = o(y) by (3) of Theorem 416.

O

The relationship between o, O, and ~ is displayed in figure 6.5.

427 THEoREM The relation of asymptotic equivalence ~ possesses the following properties.

o~

1. = ay ~ fid.
Y~6
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Figure 6.5: Diagram of Big Oh relations.

a~p

neN\{0}

:>a"~ﬁ”

1 1
. if @ ~ B and if there is a neighbourhood .4, of @ where Vx € .4, \{a}, f(a) # 0, then P and B are defined on 4, \ {a}

and%n;%.
a=o0(p

{ (#) = a=o0(y).
B~y
a~p

{ = a=o0(y).
p=o(y)

. if @ ~ B and if there is a neighbourhood .4, of a where Vx € .4, \ {a}, B(a) >0, and if r € R then a” ~, .

. (Dextral Composition) If @ ~, f and if linllay(x) =a,then oy ~4 foy.
x—>

Proof: We prove the assertions in the given order.

1. Sincea@— B =o0(B) andy —6 = 0(6) then a = O(p), and so
ay-Ppé=aly-8)-6(f—a)=0(B)o(6)-b0(B)=o0(p).

2. This follows upon applying the preceding product rule n — 1 times, usingy = & and é = p.

3. Observe that
l_l_ﬁ‘_“_ﬂ_o(l)
« p af af B
upon using f — a = o(@) and (8) of Corollary 417.

4. We have a = o(B) and p—7y = o(y). This last implies that = O(y) by Theorem 425. Hence
@ =0(p)=0(0(r)) = o(r).
5. We have a — B = o(B) and B = o(y). This last implies that & = O(p) by Theorem 425. Hence

@=0(p)=0(o(r)) =o(r)-

«a
6. Since B is eventually strictly positive, so is «. Hence @« ~ f <= —(x) — 1 as x — a. Since the function

B

x— x" is continuous in ]0 ;+OO[,

a a”
— -1 —=Ww-1=d ~p".

B B
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a(x) — B(x)

7. We have )

—0asx— a. Nowify(x) - aasx— b thenasx— b,

a(y(x)) — By (x)) —o
Br(x)) )

O
428 THEOREM (Exponential Composition)  exp(a) ~4 exp(f) <= a—f ~40.

Proof: We have

exp(a) ~4 exp(f) exp(a) —exp(P) = o(exp(p))
(exp(-p)) (exp(a) — exp(p)) = (exp(—p)) o(exp(p))

exp(a—pf)-1=0(1)

prort

a—f=0(0).
0

|:| The above theorem does not say that @ ~ p = exp(a) ~ exp(f). That this last assertion is false can be seen from the
following counterexample: x +1 ~ x as x — 0, but exp(x + 1) = eexp(x) is not asymptotic to exp(x).

429 THEOREM (Logarithmic Composition)  Suppose there is a neighbourhood of a .4, such that
Vx € A5\ {a}, B(x) > 0. Suppose, moreover, that @ ~, B and that )lcintllﬁ(x) =1lwithle [0 ;+oo] \ {1}. Then logea ~,
logop.
Proof: Eitherle ]0;+oo[ \{1} orl=+oc0orl=0.
In the first case, log a(x) — logl andlog B (x) — logl as x — a hence

loga ~logl ~logf, asx— a.

In the second case B(x) > 1 eventually, and thuslog f(x) # 0. Hence

a(x)
loga(x) _1= log a(x) —log f(x) B 08 p(x) log1 —o
logf(x) log B(x) " logB(x)  +oo
since ;Ex; — 1 andlogf(x) — +oo as x — +oo.

1 1
The third case becomes the second case upon considering — and E O
«

430 THEOREM (Addition of Positive Terms)  If @ ~ f and y ~ 6 and there exists a neighbourhood of a .4, such that Vx €
Na\{a}, B(x) > 0,6 (x) >0 then

a+y~p+0.

@D
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Proof: We have a — B = o(p) andy — & = 0(6). Hence

(@+y)-(p+0) (@—P)+(y-9)

o(B)+0(d)

o(p+8),

whichmeansa+vy ~ f+6.

431 THEOREM The following asymptotic expansions hold as x — 0:

—

exp(x) —1 ~ x and thus exp(x) =1+ x + 0o(x)
2. log(1 +x) ~ x and thus log(1 + x) = x + o(x)
3. sinx ~ x and thus sin(x) = x + o(x)

4. tanx ~ x and thus tan(x) = x + o(x)

5. arcsinx ~ x and thus arcsin(x) = x + o(x)

6. arctanx ~ x and thus tan(x) = x+ o(x)

7. for a e R constant, (1 +x)* -1 ~axand thus (1 +x)*=1+ax+o0(x)

x? x?
8. 1-cosx ~ > and thus cos(x) =1— > + o(xz)

Proof: Results 1—7 follow from the fact that

fla#0, W - fl(a) = fx)-f(a)~ f'(a)(x- a).

x
Property 8 follows from the identity 1 — cos x = 2sin® 2 d

432 Example Since tanx = x + o(x), we have

x* x?
tan—="—+o0
2 2

xz) x2

as x — 0. Also,
(tanx)® = (x + 0(x))® = 23 + 3x%20(x) + 3x0(x2) +o@)=x>+ o(xe’) .

2
x
433 Example Sincecosx=1- > + o(xz), we have

4
cos3x* =1- 9% +o(x?).

434 Example Find an asymptotic expansion of cot® x of type o (x_z) asx—0.

Solution: Sincetanx ~ x we have

; ; 1
We can write this aSCOt2x= 2 +O(—).
X
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435 Example Calculate

Solution: We use theorems 431 and 417.

. . xz
sinsintan ?

. 0 x2
sinsintan —
lim

x—0 logcos3x

x2

= sinsin (? + o(xz))

2 2
x x
= sin| = +o(x%)+o| =+ o(xz)))
2 2
2
. X 2
= sin|— +o(x
~ bolx?)
2
x
= S+ o(x%),
and
2
logcos3x = log(l -—+ o(xz))
2 9x? 2
= ——+o0(x*)+o|-—+0(x%)
9x2
= —T + o(xz)
The limit is thus equal to
x? 1
— +o(x?) —+0o()
.2 L2 1
lm g im——=g
xﬂ —
_iﬂ,(x —=+o0(1)
2
436 Example Find lin(l)(cosx) (cot?x)
x—>
) , 1 1
Solution: By example 434, we have cot” x = —tol—=]|- Also,
x x
2 2
x x
logcosx = log(l -5t o(xz)) -+ o(x?).
Hence
(cosx)mtzx = exp ((cot2 x)logcosx)
1 1 x? »
= exp||=+o|=]|||[-=—+0(x
o[z +ol ) (-7 o))
1
= exp(——=+o0(1))
2
_ e12
’
asx — 0.
Homework
log(1 +2tan x) x

Problem 6.8.1 Prove that —2asx—0.

sinx

1
Problem 6.8.2 Prove that (1 +—| —easx— +oo.
x

1/2

T
Problem 6.8.3 Prove that (tanx)*®'4* — e1/2 g5 x — e
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6.9 Asymptotic Expansions

437 Definition Let n € Nand let f: .4 — R where .4 is a neighbourhood of 0. We say that f admits an asymptotic expan-
sion of order n about x = 0 if there exists a polynomial p of degree n such that

VYxe Ay, f(x)=p&)+o(x").

The polynomial p is called the regular part of the asymptotic expansion about x =0 of f.
438 THEOREM If f admits an asymptotic expansion about 0, its regular part is unique.

Proof: Assume f(x) = p(x) + 0p (x") and f(x) = q(x) + 09 (x"), where p(x) = ppx" +---+ p1x + po and q(x) =
Gnx"+- -+ q1x+qo are polynomials of degree n. If p # q let k be the largest k for which py. # qx. Then subtracting
both equivalencies, as x — 0,

pE)-qg(x) = 0(x") = Pu—qu) X" +Pn-1-Gn-DxX" "+ +(P1—-q)x = 0(x") = (Pr—qE)x*+ -+ = 0(x").

But (py. — qk)xk Foee g O(xk) as x — 0, a contradiction, sincek < n.

439 Definition LetneN, a€R, and let f: .4, — R where .4 is a neighbourhood of a. We say that f admits an asymptotic
expansion of order n about x = a if there exists a polynomial p of degree n such that

Vxe N f®)=px-a)+oa((x—a)).

The polynomial p is called the regular part of the asymptotic expansion about x = a of f .

440 Definition Let n e N, and let f: .4, — R where .4, is a neighbourhood of +oco. We say that f admits an asymptotic
expansion of order n about +oo if there exists a polynomial p of degree n such that

n

1 1
Vxe Nan|0;+00], =p|=|+ 0400 —].
x a ] oo[ f(x) p(x) o, (x )
The polynomial p is called the regular part of the asymptotic expansion about +oo of f.

441 THEOREM Let f : Ap — R be a function with an asymptotic expansion f(x) = p(x) + 0y (x"), where p is a polynomial.
Then, if f is even, then p is even and if f is odd, then p is odd.

Proof: Let f(x) = p(x) + o(x") as x — 0, where p is a polynomial of degree n. Then f(-x) = p(—x) + o(x"). If f
is even then

px) +o(x") = f(x) = f(—x) = p(-x) + o(x"),

and so by uniqueness of the regular part of an asymptotic expansion we must have p(x) = p(—x), so p is even.
Similarly if f is odd then

-p@x) +o(x")=—-f(x) = f(—x) = p(-x) + o(x"),
and so by uniqueness of the regular part of an asymptotic expansion we must have —p(x) = p(—x), so p is odd.
O

We want to expand the function f in powers of x — a:
fX=ay+a(x-a)+az(x—a)’>+---+a,(x—a)" +---,

and that we will truncate at the n-th term, obtaining thereby a polynomial of degree » in powers of x—a. We must determine
what the coefficients ay, are, and what the remainder

f@)-ap-ai(x—a)-az(x—a)*> - — ay(x— a)" = R(x)
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is. We hope that this remainder is o4 ((x - a)"). The coefficients ay are easily found. For 0 < k < n since f is n+ 1 times
differentiable, differentiating k times,

FO @) = Klag+(k+ 1K) -2 ag 1 (x—a) + (k+2)(k+1)---3)ag2(x—a)? +---+ RP (x), =
aslong as R(a) = R@=R"(a)=---= R™ (a) = 0. We write our ideas formally in the following theorems.

442 THEOREM (Taylor-Lagrange Theorem) Let I C R, I # & be an interval of R and let f: I — Rbe n+ 1 times differentiable
in I. Thenif (x, a) € Iz,, there exist ¢ with inf(x, a) < ¢ < sup(x, a) such that

" 3)
f ( )( —a)2+¥(x—a)3+-u+ a"+——(x—a)"*.

@ "
f® =f(a)+ f'(a)(x-a)+ n! (x (n+1)!

Proof: Ifx = a then there is nothing to prove. If x < a then replace x — f(x) with x — f(—x), which then verifies
the same hypotheses given in the theorem. Thus it remains to prove the theorem for x > a. Consider the function

o: [a;x] — R with

’

_ _ (k) (x_t)k_ (x—n"
o) = f(x) kgof O R

where R is a constant. Observe that ¢p(x) = 0. We now choose the constant R so that ¢(a) = 0. Observe that ¢ is
differentiable and that it satisfies the hypotheses of Rolle’s Theorem on [a ;x] . Therefore, there exists ¢ € ]a ;x[
such that ¢' (c) = 0. Now

(x—t)" _(x-n" (x—-p)"

+R @D+ R
n! n! f () n

(x (x- k1
'(f) = (k+1) (g ) (¢
@' (1) kX::lf O PO,

from where we gather, that R = ™"V (¢) and the theorem follows. [

443 COROLLARY (Taylor-Young Theorem) Let f:.4; — Rbe n+1 times differentiable in . 4. Then f admits the asymptotic
expansion of order n about a:

i
f( )( —a)’+ x-ad+-+

(x—a)"+0q4((x—a)").

® (m)
f@)=f@+f@x-a)+ f 3'(“) f n( a)

Proof: Follows at once from Theorem 442. [

The following theorem follows at once from Corollary 443.

444 THEOREM Let x — 0. Then
3 45 x2n+1

X
1. sinx=x——+——...+ (=" 2n+2)
3t 5! D (2n+1)! ( )
2 4 x2n
X~ X
2. cosx=1-—+"——..4 (- =—— 0(x2n+l).
2! 4! 2n)!
x®  2x° 5
3. tanx=x+—+— +0(x°).
3 15
2 3 n
X X
4. €*=14+x+ =+ —+-+—+o0(x")
2! 3! n!
2 3 n
X X X
5 log(l+x)=x— — + 2 — e 4 (=D Z_ 4 o(x™).
g(1 +x) >3 (D™= (x")




Asymptotic Expansions

T(r-1) , T(r-1)(T-2)(t-3)---(T—n+1)
— X4+ X

6. 1+x)"=1+Tx+
n!

" +o(x").

445 Example Find an asymptotic development of log(2cos x + sin x) around x = 0 of order o (x4).

Solution: By theorem 444,

2 4 3
2cosx+sinx = 2(1——+—+0(x5))+ x——+o(x4))
2 24
3 4
x° x
= 2+x-x* -+ +o(x*)
) 63 12
4
x* x° x
= 2{(1l+——-——-—+— 0(x4)),
2 2 12 24
and so,
log(2cosx+sinx) = log2(1+% * x3+x4+0(x4))
8 B 8 2 2 12 24
2 3 4
x x¢ x° x
= log2+logfl+-———-—+— 0x4)
8 J 2 2 12 24 ( )
2 3 4
x* x° x
= log2+(—————+—+0(x4))
2 2 12 24
1(x x> x* x*
- _(_____+_+o(x4))
2\2 2 12 24
1(x x? x% x* o)’
+ Slz-=-=+=+0(x
3\2 2 12 24 s
1(x x> x* x*
- —(—————+—+0(x4)) +o(x*)
4\2 2 12 24
x x2 x® 2 1(x* ¥
= log2+|-—-—-—+—|-=|———+—
2 2 12 24 2\ 4 2 6
1(x® 3x*) 1 x*
+ —(———)——-— o(x*)
318 8 4 16
x b5x2 5x% 35x%
= log2+= - —+— - (xh)
2 8 24 192
asx— 0.
Homework
Problem 6.9.1 Prove that the limit exists. The constant
-k 1 1 1 1 )
Y_n—l}:[%—loo +E+§+ +; ogn
. 1 1 is called the Euler-Mascheroni constant. It is not known whethery
nklllw 1+E+§+'“+; —logn, is irrational.
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Integrable Functions

7.1 The Area Problem

446 Definition Let f: [a ;b] — R be bounded, say with m < f(x) < M for all x € [a ;b]. Corresponding to each partition
P = {X0yX1yeeeyXp} Of [a ;b] , we define the upper Darboux sum

U([f,2)=> ( sup f(x)(xk—xk_1),

k=1 Xk-1=X=Xj

and the lower Darboux sum

LU, 2) =Y ( inf__ f(x) (- Xe_1)-
=1 Xp—1=X.

<x
Clearly
L(f,2)<U(f, ).
Finally, we put
7:f(x)dx= inf uf,2),

& is a partition of | a ;b

which we call the upper Riemann integral of f and

b
f fx)dx = sup L(f, ).

P is a partition of [a ;h]

which we call the lower Riemann integral of f.

447 Definition Let f: [a ;b] — R be bounded. We say that f is Riemann integrable if [ fx)dx = [ f(x)dx. In this case,
a Y a

b
we denote their common value by [ f(x)dx and call it the Riemann integral of f over [a ;b] .
a

448 THEOREM Let f be a bounded function on [a ;h] and let 2 € 2’ be two partitions of [a;b]. Then
L(f,2)< L(f, 2 <U(f,Z) <U(f, 2).
Proof: Clearly is enough o prove this when &' has exactly one more point than &. Let
P ={X0, X100y Xn}

143
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witha=xg < X1 <+ < Xp_1 < X = b. Let P' have the extra point x. with x; < x. < Xj+1. Observe that we

have both i <¥gc - f (x) < 1n£x* f(x) and x <¥l§; " fx) < . <52t; [ (x) since the larger interval may contain

smaller values of f. Then

inf  f(x)(xi41 —x;) inf  f(x) (x4 — % + 20 — X3)
XiSX=Xj+1 XiSX=Xj+1

= lnf f(x)(x* -x;)+ inf  f(x)(xi41 - xs)
XiSX=Xj+1

< x gclgx FX) (x4 — x7) + <ixg§_ S x)(xi11 — x4).
Thus
L(f,?) = (x g}fx F () (%1 —x0) + - (x.5;2§_+1f(x))(xi+1 —xi) et ( _ligsx F(®) (xn — xp-1)
= (x g}fx FO) (1 —x0) +---+(_Inf  fx))(xe —20) +( Sixréfx_“f(x))(xm —X) et _ligsx F X)) (xy — x5-1)
= L(f, 2.

A similar argument shews that U(f, ') < U(f, &). The we have
L(f,?2)<L(f,2)<U(f,2)<U(f,P)

proving te theorem.[]

449 THEOREM Let f be a bounded function on [a ;b] and let &1 and &, be any two partitions of [a ;b]. Then

L(frfgzl)SU(fngZ)

Proof: Let &' = P, U P be a common refinement for &1 and &». By Theorem 448,
L(f, 1) < L(f, 210 ) <U(f, P10 Po) < U(f, P),

and

L(f, Z2) = L(f, 21U P2) < U(f, P10 P2) < U(f, P2),
whence the theorem follows.[]
—b

b
450 THEOREM Let f be a bounded function on [a ;b]. Thenf fx)dx Sf fx)dx.
a

—a

Proof: By Theorem 449,

b
L(f, ) < U(f, 73) = f Fdx = sup L(f, 90 < U(f, 7o),
—a ) is a partition of |a ;b]
and so b
f fx)dx < U(f, P».
Y a
Taking now the infimum,
b _b
f fx)dx < inf U(f, %) =f f(x)dx,
—a P, is a partition of | a ;b a

and the result is established.[]
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451 THEOREM Let f be a bounded function on [a ;b]. Then f is Riemann integrable if and only if Ve > 0, 3% a partition
of [a ;b] such that

Uf,?)-L(f,P) <e.
Proof:

< Ifforalle >0,U(f, @) - L(f, P) < € then by Theorem 450,

b —b —b b
L(f,@)s[ f(x)dxs[ fxdx<U(f, ) = Osf f(x)dx—f fx)dx <eg,

and so [ fx)dx = [ fx)dx, which means that f is Riemann-integrable.
a

—a
= Suppose f is Riemann integrable. By the Approximation property of the supremum and infimum, for all
€ > 0 there exist partitions &1 and P, such that

b € b €
U(f,@g)—[ f(x)dx<5, [f(x)dx—L(f,91)<E.

Hence by taking & = &1 U &2 then
b €
U(f,2)<U(f, P2) <[ fx)dx+ 2 <L(f,Z1)+e<L(f,P) +¢,
a

from whereU(f, 2) - L(f, ) <©&.

O

0 xirrational,
452 Example e f(x)= ) x€[0;1]
1 xrational.

Then U(f, &) =1, L(f, &) =0, for any partition &, and so f is not Riemann integrable.

0 xirrational,
. x)=<K1 xe€[0;1
f® X rational = 14 in lowest terms. [0;1]

is Riemann integrable with

1
f f(x)dx=0
0

453 Definition Let f be a bounded function on [a ;h] and let & = {xg, x1,..., X} be a partition of [a ;b]. If t;, are selected
so that x_; <t < xj, put

S(f,2) =Y fte) (%K — Xk-1),
k=1

is the Riemann sum of f associated with .

454 THEOREM Let fi, f2,..., fm be Riemann integrable over [a ;b], andlet f: [a ;b] — R. If for any subinterval I [a ;b]
there exists strictly positive numbers a,, a,..., a,, such that

o(f,) =aio(fi,)+azw(fo, )+ + anw(fin, ),

then f is also Riemann integrable.
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Proof: Let & ={a=xy<x) <--- <Xy = b} be apartition of[a ;b] selected so that for all j,

u(fj, ) - Lfj, P) < £

ai+azg+-+ay,

Using the notation of the preceding theorem,

I}
M=

w(f, [xk—l ;xk])(xk - Xk-1)

T
i}

Y ajw(fj, [xk—l ;xk])(xk — Xp-1)
j=1

5 Y @, |1 5] (o — xi 1)
k=1

IA
M=

T
—_
~,

~
I
—

I I
Mz iMMs
Q

a; (U(f, 2) - L(fj, 2))

j=1

< g

and the theorem follows from Theorem 451. [

455 THEOREM (Algebra of Riemann Integrable Functions) Let f and g be Riemann integrable functions on [a ;b] and let
A €R be a constant. Then the following are also Riemann integrable

1. f+Ag
2. |7

3. fg

1
4, ided inf 0, also —
provide xel[lzll;h] |g(x)| >0, also p

5. provided inf |g(x)| >0, also I
x€[a;b] g

Proof: Since
|[fFX)+Ag@) - fF(O-AgWD| < |f(X)-f®|+IAl|gx)-g®)|, and ||f®-|f@]| =|f®-FW®],

we have
o(f+Ag,D<o(f,D+AMw(gD and o(f],D=<o(fD,

from where the first two assertions follow, upon appealing to Theorem 454.

To prove the third assertion, put a; = sup |f(u)| and az = sup ‘g(u)‘
ucla;b] ucla;b)

|fg@ - f(ng®| |f(x)(g(x) - g(0) + g(O(F(x) - F(0)]

IA

|f0)||gx) - g®)|+[g®]|fx) - F(B)]

IA

( sup !f(u)|)|g(x)—g(t)|+( sup !g(u)|)|f(x)—f(t)|

ucla;b] ucla;b]

a|gx)-g@®)|+az|f(x) - f®),
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which gives
w(fg,) sao(f,)+aw(g,),

and so the third assertion follows from Theorem 454.

To prove the fourth assertion, with a = i[nfh] | g(x)‘ > 0, observe that we have
x€la;

‘ 1 1 1 |
gx) g lgx)g(0)]

g(x) - g

IA

1
—zlgx-g®],
1 1
and this gives w(E, D= ﬁw(g, I). The fourth assertion now follows by again appealing to Theorem 454.
The fifth assertion follows from the third and the fourth.(]

456 THEOREM Let f and g be Riemann integrable functions on [a ;b] and let A € R be a constant. Then

b b b
[(f(x)+)tg(x))dx=[ f(x)dx+)t[ g(x)dx.

Proof: Let & ={a=xp <x) <--- < xy = b} be a partition of[a ;b] and choose t;, such that ty, € [xk_l ;xk].
Then for any € > 0 there exist 8 > 0 and 8’ > 0 such that

< it || <s
2

n b
Y F ) Gote — %) - f Fwdx
k=1 a

n b
A) g(tk)(xk—xk—ﬂ—ﬂf gx)dx
k=1 a

< i <o

Hence, if‘ | 9‘ | <min(8,6"),

n

b b
(f(tk)+7lg(tk))(xk—xk—1)—f f(x)dx—)tf g(x)dx

k=1

< +

n b
A Y gte) (X — Xk—1) —/’lf g(x)dx
k=1 a

n b
> f(tk)(xk_xk—l)_f fx)dx
k=1 a

<E&

proving the theorem.[]

457 THEOREM Let f and g be Riemann integrable functions on [a ; b] with f(x) < g(x)forallxe [a ;b]. Then
b b
f fx)dx S[ g(x)dx.
a a

Proof: The function h = g — f is positive for all x € [a; b] and hence L(h, &?) = 0 for all partitions &. It is also
integrable by Theorem 456. Thus

b b
f h(x)dx = f h(x)dx = 0.
But B

b b b b
f h(x)dx=0 = Osf (g(x)—f(x))dxzf g(x)dx—[ fx)dx,

b b
and so [ fx)dx < f g(x)dx, as claimed. U
a a
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458 THEOREM (Triangle Inequality for Integrals)  Let f be a Riemann integrable function on [a ;b] . Then

b
Sf |f(x)|dx.

b
‘f f(x)dx

Proof: By Theorem 455, | f| is integrable. Now, since — | f| < f < | f| we just need to apply Theorem 457 twice. 0

459 THEOREM (Chasles’ Rule) Let f be a Riemann integrable function on [a ;b] and let ¢ € ]a ;b[. Then f is Riemann

integrable function on [a ;c] and [c ;b]. Moreover,

b c b
[f(x)dxz[ f(x)dx+[ fx)dx.

Conversely, if c € ] a ;b[ and f is Riemann integrable on [a ;c] and [c ;b] then f is Riemann integrable on [a ;b] and

b c b
ff(x)dx:f f(x)dx+f f(x)dx.

Proof: Consider the partitions
P={la=x<X1 < <Xp=C<Xpi1<-<xXp=b}, P'=la=xg<x1<-<xpm=c}, P"'={c=%Xm<Xms1<-<Xp=hb}.
where by virtue of Theorem 451, given € > 0, we choose & so that

U(f,?)-L(f,?) <e.

It follows that
(U, 2 -L(f, 2)) +(U(f, 2") - L(f, ")) =U(f, P) - L(f, P) <Ee.

Hence f is Riemann-integrable over both [a; c] and [c; b]. Observe that

c b
OSU(f,c@')—f f(x)dx <¢, OSU(f,c@")—f fx)dx<e,

c b
Osf fx)dx-L(f,Z) <e, Osf Ffdx—-L(f,?") <¢,
a [
and upon addition,

c b
OSU(f,QZ)—(f f(x)dx+f f(x)dx)<2£,

c b
Os(f f(x)dx+f f(x)dx)—L(f,9)<zg,
whence
b c b
[ f(x)dx:[ f(x)dx+[ f(x)dx,

as required. [

460 THEOREM (Converse of Chasles’ Rule) Let f be afunction defined on the interval [a; b] and let ¢ €] a; b[. If f is Riemann-
integrable on [a; c] and [c; b] then it is also Riemann integrable in [a; b] and

b c b
ff(x)dx:f f(x)dx+f f(x)dx.
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Proof: Since f is Riemann-integrable on both subintervals, it is bounded there, and so it is bounded on the
larger subinterval. By Theorem 451, given € > 0 there exist partitions &' and 2" such that

U[a;c] (fr gz,) - L[a;c] (fy f@,) <§, U[c;h] (fr g@”) - L[c;h] (fr g@”) <E&.
The above inequalities also hold in the refinement & = ' U 2", and
U(fn@) = U[u;c](fw@) + U[c;b](fw@)y L(fw@) = L[u;c](fn@) +L[c;b](fy=@)-

We then deduce that

U(f,gz)—L(f,gz) = (U[a;c](f;f@)‘*'U[c;h](frgz))_(L[a;c](f;f@)+L[c;h](f;«@))

(U[a;c] (fy 9) - L[a;c] (fy gZ)) - (U[a;c] (fy 9) - L[c;b] (fy 9))

< 2g,

and so f is Riemann integrable in [a; b] by virtue of Theorem 451. Now

[[rwar = v
< L(f,P)+e¢
= Liga(, P)+Lign(f, P) +e
< f:f(x)dx+j;bf(x)dx+s,
and similarly
Lbf(x)dx = L(f,2)
> U(f,P)-¢
= Uga(f, )+ Ui (f, ) — €
> f:f(x)dx+fcbf(x)dx—e,
hence

c b b c b
ff(x)dx+f f(x)dx—ssf f(x)dxsf f(x)dx+f fx)dx+¢

giving the desired equality between integrals.l]

461 THEOREM Let f be Riemann integrable over [a; b] and let g: [ i[nfh]f(u) ; sup f(u)] — R be continuous. Then go f
uela; uela;b]

is Riemann integrable on [a; b].

inf f(w); sup f(w)|, for givene >0 we

Proof: Since g is uniformly continuous on the compact interval
ucla;b) ucla;b]

may find 8' such that

(s,0) € ti{rlfh]f(t); sup f(u) 2; Is—tl<8 = |f(s)-f()|<e.

ucla;b]

Let & = min(d',¢). Since f is Riemann-integrable, we may choose a partition & = {a = x9 < x1 < --- < X, = b}
such that
U(f,2)-L(f,2) < 6%, (7.1)
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by virtue of Theorem 451. Let
mp=_inf fx); Mp= sup f(x);

X1 SX<X Xp_1 SXS<X
M Bl (G N M= s (5o )0
We split the set of indices {1,2,...,n} into two classes:
A={k:1<k<n,M;,—my<0d} B={k:1<k<n,M;—my =0}
Ifke Aand xy_y < x <y < x, then

[fF)-fW|=M-m<6<6" = |(go H(x) - (fo)())| <&,

whence M, — m;_ < €. Therefore

Y (M -mp) (X —xk-1) € ) (X — Xk-1) = £(b— a).
keA k=1

Ifk € B then My — my. = é and by virtue of (7.1),

0 (p—xk-1)= Y. (M—mp) (g —Xp-1) < Y, (Mg — my) (% — x_1) = U(f, 2) - L(f, &) < 6%,

keB keB 1<k<n
whence
Y (xk—xp-1) <b<e.
keB
Upon assembling all these inequalities, and letting M = sup | g1 |, we obtain

te [ infu(»:[a;h] f@ 3SUP e [a;b) f@

Ugof,?)-L(gof,?) Y (Mg —my) (e — xe—1) + ), (Mg — myg) (% — xpe—1)

keA keB
< £(b—a)+2MZ (X — X_1)
keB
< &e(b-a)+2Me
= eb-a+2M),

whence the result follows from Theorem 451. U
b a a
462 Definition If b < awe deﬁne[ fx)dx = —[ fx)dx. Also, [ fx)dx=0.
a b a

463 THEOREM A function f on [a ;b] is Riemann integrable on [a ;b] if and only if its set of discontinuities forms a set of

Lebesgue measure 0.

Proof:

= Giveny >0andéd >0, put e =yd. Let f be Riemann integrable. There is a partition & ={a = xp < x1 <
.-+ < Xy = b} such that

U(f,?) - L(f,P) <e.

Letxe ]xi 3 Xi+1| be such that w(f,x) =y. Then

sup f(x)— inf f(x)=y.

]xi i1 Xi 3%i+1
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Now observe that

{xela;h]: w(f,x) =6} = ( U ]xi 3Xit1 )U {X0, X100, X}

sup f—inf fzy

Hence
p(ixela;bl:o(f,x) =y} < %41 — %;]
sup]xi;xi+l[f(x)_inf]xi;xi+1[f(x)zy
1 .
< =Y Ixia-xl| sup f@)- inf f(x)
Y o~
Xi 3Xi+1 i Xi+1
= (U(fw@)_lf(fy«@))
<

S Rie |~

Letting® — 0+ andy — 0+ we get p ({x € [a; b] : w(f,x) = 0}) =0, and in particular, p ({x € [a; b] : (f, x) > 0})

0 which means hat the set of discontinuities is a set of measure 0.

< Conversely, assume p({x € [a; b] : (f, x) > 0}) = 0. We can write

1
{xela;bl:w(f,x) >0} = | ] {x€[a;h] : w(f,x) > —}.
K=1 K
1 1
Fix K large enough so that X < €. Sincep ({x €la;bl:w(f,x) = f} =0, we can find open intervals I (K)

such that

1
xelahl:o(f,x)=—1C J LK), ) p(ljK)<e.
K — % j=1

1
It is easy to shew that {x €la;bl: w(f,x) > }} is closed and bounded and hence compact, so we may find
a finite subcover with
1
{x€la;b]: 0(f,x) > ?} CIjulju---Uljy,.
Now

[a;b] \(I;, Ul U~ U Ty

1
is a finite disjoint union of closed intervals, say Jy U JoU---U Jy. Ifx € J; then w(f,x) < X Thus on each of

1
the J; we may find so fine a partition that w(f, L) < X for every interval such partition. All these partitions
and the endpoints of the I, form a partition, say . Write ¥ = 81 US2 U--- U Sy for the intervals of the
1
partition & that are not the Ij, . Observe that w(f,Si) < X Then

> (Supf—i;}ff) (ke (13)) +SZk( ur»f—i;}cff) (1 (S1)

U(fw@)_L(fyr@) = S
I, Ij, Jk Sk
N 1
= 25“P|f|2ﬂ(1jk)+EZﬂ(5k)
[a;b] k=1 Sk
< 2sup|f|£+(b—a)£
[a;b]
= (Zsup|f|+(b—a))£.
[a;b]

This proves the theorem.
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O

464 CoroLLARY Every continuous function f on [a; b] is Riemann integrable on [a ;b].

Proof: This is immediate from Theorem 463. []

465 CoROLLARY Every monotonic function f on [a ;b] is Riemann integrable on [a;b].

Proof:
countable (Theorem 349), the result is immediate.[]

Since a countable set has measure 0, and since the set of discontinuities of a monotonic function is

f(x)=2-/x-cos(logx)-sinx

Homework

Problem 7.1.1 Let f be a bounded function on [a ;b]. Then f is
Riemann integrable if and only if Ve > 0, 36 > 0 such that for all
partitions & of[a ;b] s

Pl <6 = U(f,P)-L(f,P) <e.

Problem 7.1.2 Let f be a bounded function on [a ;b]. Then f is
Riemann integrable on [a ;b] ifand only if

im  S(f,2)
( 2||-0

exists and is finite. In this case we write lim S(f,%) =

7]~

b
f fx)dx.
a

7.2 Integration

466 THEOREM (First Fundamental Theorem of Calculus)

a differentiable function F: [a ;b] — R such that F' = f then

Problem 7.1.3 Let f be bounded on [a ;b]. Then f is Riemann
integrable on [a ;b] if and only if for every € > 0,€' > 0 there is a

partition & of[a ;b] such that

n

(% — xk—l)X{xe[a;b]:w(f,[xk_l ixEl)=e’y <€
k=1

Here x(.) is theindicator function defined on a set E as

1 ifxeE
XE(X) =
0 ifx¢E

Let f: [a ;b] — R be Riemann integrable on [a ;b]. If there exists

b
f f(x)dx = F(b) — F(a).
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Proof: Given e > 0, in view of Theorem 451, there is a partition & = {a = xg < X1 < --- < X, = b} such that
U(f,?)-L(f,P) <e.

Since F is differentiable on [a; D), it is continuous on [a; b]. Applying the Mean Value Theorem to each partition
subinterval [xXy._1; Xy ], we obtain ¢y, €]xy._1; Xi [ such that

F(xy) — F(xk-1) = f (cx) (X — Xg—1)-
This gives
F(b)-F(a)= ) (F(xp)-Fxe-1))= ) fler) (X —xk-1),

1<k<n 1<k<n
andsince inf f(u) < f(ck)< sup f(u), wededucethat
UE[Xpe—13Xk] uexp_13xk]

L(f,?) < F(b) - F(@) <U(f, ).

b
Furthermore, we know that L(f, &) < f fx)dx < U(f, Z?). Hence, combining these two last inequalities,
a

b
'F(b) —F(a) —f fx)dx

<g,
and the theorem follows.l

467 THEOREM (Second Fundamental Theorem of Calculus)  Let f: [a ;b] — R be Riemann integrable on [a ;b], and let
X
F(x) = f fndt, xe [a ;b].
a
Then F is continuous on [a ;h] . Moreover, if f is continuous at ¢ € ] a;b [, then F is differentiable at ¢ and F'(c) = f(o).
Proof: Thereis M > 0 such thatVx € [a;b], |f(x)‘ <M. Now, ifa<x<y<buwith |x—y| < %, then

y
|F(y) - F(x)| = U f(ode

y y
sf |f(t)|dtsf Mdi=M(y-x)<e

Thus F is continuous on [a; b] and by Heine's Theorem, uniformly continuous on [a; b]. Now, take u €] a; b[, and

observe that
F(x)—F(u) _

1 X
Xtu — f f(odte.
xX—u x—uly

Moreover,
1 X
[ = mfu [fwdt,

and therefore,
F(x)—F(u) 1 x
— —fu) = nfu (f® - f(w)dz.
Since f is continuous at u, there is & > 0 such that
tela;bl,It—ul<é = |f(O-fw|<e.

This gives
- fu)

‘F(x)—F(u) <e

xX—u

for x €la; b with |x — u| < 6. From this it follows that F'(u) = fw.O
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468 THEOREM (Young's Inequality for Integrals)  Let f be a strictly increasing continuous function on [0 ; +oo[ andlet £(0) =
0.If A>0and B > 0 then

A B
AB < [ fx)dx+ f flx)dx.
0 0

Proof: The inequality is evident from Figure 7.1. The rectangle of area AB fits nicely in the areas under the
curvesy = f(x),x€[0; A] and x = f_l(y),y e[0;B]. O

; . 1 1 . ,
469 THEOREM (Holder’s Inequality for Integrals)  Let p > 1 and put E =1-—. If f and g are Riemann integrable on [a ;b]
/]

< (fah|f(x)|pdx)”p (j;b|g(x)|qu)

Proof: First observe that all of | fg|,|f|” and |g|? are Riemann-integrable, in view of Theorem 455. Now, with
flx)= xPVin Young’s Inequality (Theorem 468), we obtain,

then
1/q

b
‘f f(x)gx)dx

AP Bll(p—l)+l AP B
ABs —+ —MMMM=—+—. (7.2)
p lYUp-D+1 p q

b
Ifany of the integrals in the statement of the theorem is zero, the result is obvious. Otherwise put AP = f | fx) |p dx,
a

b
B — f |g(x)|” dx. Then by (7.2),
a

[fx)g@| _AP|fw)|” LB lg(x)|*
AB = p q9

Integrating throughout the above inequality,

thl (x)g(x)|d <Lfb| @)|"d +ifb|()|"d LA
AB ). fx)gx x_pAP 3 fx x 7B ) g(x x—p PR

whence the theorem follows. [

Figure 7.1: Young’s Inequality (Theorem 468).

470 THEOREM Let f: [a;b] — R. Then

b
1. If f is continuous on [a;b], Vxe [a;b],f(x) >0,3ce [a;b] with f(c) >0thenf fx)dx > 0.
a

b
2. If f,g are continuous on [a ;b], Vx € [a ;b],f(x) < g(x), and 3c € [a ;b] with f(c) < g(c) then [ fx)dx <
a

b
[ g(x)dx.
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Proof: The second part follows from the first by considering f — g. Let us prove the first part.

Assume first that ¢ €la;bl. Then there is a neighourhood 1¢ — 8;¢ + 6[Sla; bl of ¢, with § > 0, such that Vx €

le—6;¢+0[f(x) = % Therefore

b c+0 c+0 f(C)
f f(x)dxzf f(x)dx>[ de=6f(c)>0.
a c-6 c-6

If ¢ = a then we consider a neighbourhood of the forma; a+ 8|, and similarly if c = b, we consider a neighbour-
hood of the form1b—8;b[ [

471 THEOREM (First Mean Value Theorem for Integrals)  Let f, g be continuous on [a ;b] , with g of constant sign on [a ; b] .

Then there exists ¢ € ] a ;b[ such that

b b
f f(x)g(x)dx:f(c)f g(x)dx.

Proof: Ifg is identically 0, there is nothing to prove. Similarly, if f is constant in [a; b] there is nothing to prove.
Otherwise, g is always strictly positive or strictly negative in the interval [a; b]. Let

m= inf f(x); M= sup f(x).

xela;b] x€[a;b]

Then b
m< M < M
Ji gx)dx

By the Intermediate Value Theorem, there is ¢ €] a; b[ such that

b
f fx)gx)dx
flo==4f—,
g(x)dx

proving the theorem.[]
472 THEOREM (Integration by Parts)  Let f, g be differentiable functions on [a; b] with f’ and g’ integrable on [a; b]. Then

b b b
f f’(x)g(x)dx+f fxg (x)dx = f(x)g(x) = f g - flag(a).

Proof: This follows at once from the Product Rule for Derivatives and the Second Fundamental Theorem of
Calculus, since

b b b
(fe) =f'g+fg = f(bgb)-fla)g(a) =[ (f(x)g(x))'dxf f’(x)g(x)dx+f fx)g' (xdx.

O

473 COROLLARY (Repeated Integration by Parts) Let n € N. If the n + 1-th derivatives f 1) and g("“) are continuous on
[a; b] then

b b b
[ f(x)g(n+l)(x)dx — (f(x)g(n)(x) _fl(x)g(n—l)(x) +fll(x)g(n—1)(x) ey (_l)nf(n) (x)g(x)) ‘a+(_1)n+1f f(n+1) (x)g(x)dx.

Proof: Follows by inducting on n and applying Theorem 472. U

@)



Integration

474 THEOREM (Integration by Substitution)  Let g be a differentiable function on an open interval I such that g’ is continu-
ous on 1. If f is continuous on g(I) then f o g is continuous on I and V(a, b) € 12,

g

b )
f (feog)x)g (x)dx = fwdu.

g(a)

X
Proof: Fixce I and put F(x) = f fu)du. By The Second Fundamental Theorem of Calculus, Vx € I, F'(x) =
[
f(x). Furthermore, let t(x) = F(g(x)). By The Chain Rule, t = (F o g)g' = (f o g)g'. Therefore

b
[ t' (x)dx

a

b
f (fog)(x) g (x)dx

t(b)—-t(a)

F(g(b)) - F(g(a)

g(b) gla)
Su)du— fu)du

[
~
P
S
N
4
&

as was to be shewn.

475 THEOREM (Second Mean Value Theorem for Integrals)  Let f, g be continuous on [a ;b], with g monotonic on [a ;b].

Then there exists ¢ € ] a ;b[ such that

b c b
f f(x)g(x)dx:g(a)f f(x)dx+g(b)f fx)dx.

Proof: PutF(x) = [ f(odt. Then F'(x) = f(x). Hence

b b b b
ff(x)g(x)dx:f F'(x)g(x)dx:F(x)g(x)|a—f F(x)g'(x)dx

and therefore
b b
f f(x)g(x)dx=F(b)g(b) - F(a)g(a) —f F(x)g'(x)dx.

By the First Mean Value Theorem for Integrals and by the First Fundamental Theorem of Calculus, there is a
c €la; b[ such that

b b
f F(x)g'(x)dx = F(C)f g'(x)dx = F(c)(g(b) — g(a)).

Assembling all the above,

b
f fx)g(x)dx F(b)g(b) — F(a)g(a) - F(c)(g(b) — g(a))

8(b)(F(b) - F(c)) + g(a)(F(c) - F(a))

b c
g(b)f f(x)dx+g(a)f f(x)dx,
c a
as desired.[]
476 THEOREM (Generalisation of the AM-GM Inequality) Leta; =0, p; = 0 with p; + p2+---+ p, = 1. Then
G= af‘agz---aZ" <p1ay+p2az+---+ppap = A.

(Here we interpret 0° = 1.)
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Proof: There is a subindex k such that ay < G < ay.. Hence

k G 1 1
Z Pif (
i=1 ai;

as all the integrands are = 0. Upon rearranging

n G
Z Pi[
i=1 a;

obtaining the inequality U

X G

Homework

Problem 7.2.1 Let p be a polynomial of degree at most 4 such that
p(-1)=pA)=0andp(0) =1. Ifp(x) <1 for x € [-1;1], find the
1

largest value of f px)dx.
1

3
Problem 7.2.2 Compute f x| x||dx.
0

Problem 7.2.3 Let f be a differentiable function such that
fx+h) - fx)=e"P_h—e*

and f(0) = 3. Find f(x).

Problem 7.2.4 Let f be a continuous function such that f(x) f (a—
a 1
x)=1andleta>0. Findf ——dx
0o fx)+1

Problem 7.2.5 Let f be a Riemann integrable function over ev-
ery bounded interval and such that f(a+ b) = f(a) + f(b) for all
(a,b) € R2. Demonstrate that f (x) = xf (1).

2
Problem 7.2.6 Compute f x| x? || dx.
0

2
Problem 7.2.7 Find f |x2—1| dx.
-1

Problem 7.2.8 Let n be a fixed integer. Let f : R — R be given by

X ifx<0
fx) =
21 jfalt o2 o x contl_on-l
2n 2n

Prove that fx)dx = f xdx=22""1,
0 0

Problem 7.2.9 (Putnam 1938) Evaluate the limit

t
f (1 +sin2x)*dx
o

lim
t—0 t

1 n a; 1 n n
—dxsZp,-f de = ) pi(loga; —logG) < ) p;-
i=1 i=1 i=1

(1 1
dx + Z pi[ ———|dx=0,
G i=k+1 G G «x

ai—G
G

A
:>OSE—1,

1
Problem 7.2.10 Find the value of[ max(xz, 1-x)dx.
0

Problem 7.2.11 Leta > 0. Let f be a continuous function on [0 ;a]

such that f(x) + f(a — x) does not vanish on [0 ;a]. Evaluate
a f(x)dx
0 f@+fla-x’

Problem 7.2.12 Let a > 0. Let F be a differentiable function such
a
thatVx € [0 ;a] F'(a-x) = F (x). Evaluate[ F(x)dx.
0

Problem 7.2.13 Let n = 0 be an integer. Let a be the unique differ-
entiable function such thatVx e R

(@a@)®"* + a@) = x.

X
Evaluate[ a(f)dt.
0

T2 sinxdx

Problem 7.2.14 Find f _.
o sinx+cosx

1dx

/2
Problem 7.2.15 Find f _ .
0 1+(tanx)V2

Problem 7.2.16

1
Findf ——dx.
xVx2-1

1
Problem 7.2.17 Find f —dx.
1+vx+1

1/2

. X
Problem 7.2.18 Fmdfmdx

a2x

Find f NSl

a* +

Problem 7.2.19 dx,a>0.

1
Problem 7.2.20 Find f ——dx.
(ex _ e—X)Z




Integration

Problem 7.2.21

Problem 7.2.22

Problem 7.2.23

Problem 7.2.24

Problem 7.2.25

Problem 7.2.26

Problem 7.2.27

Problem 7.2.28

Problem 7.2.29

Problem 7.2.30

Problem 7.2.31

Problem 7.2.32

Problem 7.2.33

Problem 7.2.34

Problem 7.2.35

Problem 7.2.36

Problem 7.2.37

Problem 7.2.38

5
Prove that [

mdx =4log(5)
1 X

Findfeex” dx.

Findftanxlog(cosx) dx.

Fi dfloglogx
logx

18 1
Fll’ldf
x3-1

1
Find f dx.
x8+x

4x
Findf— dx.
2¥ +1

£2
Findfi dx
(x+1)10

1
Findfi_ dx.
1-sinx

Find f V1 +sin2x dx.
Find f \/% dx
Find f sect xdx.
Find f sec® xdx.
Find f e*
Findflog(x2+1)dx.
Findfxex cosxdx.

Fl’ndfxz’3 logxdx.

—3log(2) —log(3).

Problem 7.2.39 Find f sin(logx)dx.

loglogx

Problem 7.2.40 Find f ———dx.

Problem 7.2.41 ( f secxdx in three ways) A traditional indefinite

integral is
fsecxdx =log(tanx +secx) + C.
Justify this formula.
cosx cosx .
Now, prove that = - + — . Use this to
cosx 2(1+sinx) 2(1-sinx)

find a second formula for | secxdx.

A third way is as follows. Using sin26 = 2sin@ cos@ shew that

X T
fcscxdx = log|tan El + C. Now use CSC(E +x) = secx to find yet

another formula for f secxdx.

Problem 7.2.42 Find f (arcsinx)?dx.

Problem 7.2.43

x
Findf —_.
vx+1l+vx-1

Problem 7.2.44 f xarctan xdx.

Problem 7.2.45 Find f Vtanxdx.

Fldf

Find f log(x + vx)dx.

1
Find f dx
xt+1

1
Find f dx.
x3+1

2x+1

Problem 7.2.46
2(x— 1)

Problem 7.2.47

Problem 7.2.48

Problem 7.2.49

Problem 7.2.50 Demonstrate that for all strictly positive integers n,

1\" 1 1\" 1
1+—| [1+—|<e<|1+—| |1+—
n 4n n 2n
that is, e is contained in the second quarter of the interval

[ %n;(l+%)n+l]'

1+
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7.3 Riemann-Stieltjes Integration

7.4 Euler’s Summation Formula
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Sequences and Series of Functions

8.1 Pointwise Convergence

477 Definition  We say that a sequence of functions { f,,};;iol fn:I— Rdefined on an interval I S R converges pointwise to
the function f if Vxe I, Ve >0 3N > 0 (depending on € and on x) such that

nzN = |fu(x)- f(x)|<e.

478 Example The sequence of functions x — x",n = 1,2,... converges pointwise on the interval [0 ;1] to the function

f: [0;1] — {0,1} with

0 ifxe[o;l[

[ (x)
1 ifx=1

8.2 Uniform Convergence

479 Definition  We say that a sequence of functions { fn}::iol Jn: I — R defined on an interval I € R converges uniformly to
the function f if Vx € I, Ve >0 AN > 0 (depending only on &) such that

nz=N = |fu(x)- f(¥)|<e.
unif

In this case we write f,, — f.

480 THEOREM Let { fn};fl be a sequence of functions defined over a common domain I. If there exists a numerical se-
quence {an};ﬁol with a,, — 0 as n — +o0o, and a function f defined over I such that eventually

| fu®) - f®)| < an,

unif

then f, — f.

481 THEOREM If the sequence of continuous functions { fn}:,iol fn: I — R defined on an open interval I € R converges
uniformly to f on I, then f is continuous on I. Moreover, if xp € I then we may exchange the limits, as in

Jim (Y 7o) = Jm (Ym0 = fry 1

482 THEOREM If the sequence of integrable functions { fn};cfl fn: I — R defined on an open interval I £ R converges

uniformly to f on I, then f is integrable on I. Moreover, if (a, b) € I? then we may exchange the limit with the integral, as
in

b b b
lim ( f fn(x)dx) = [ (nEIPOO fn(x))dxz f fx)dx.

n—+oo
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8.3 Integrals and Derivatives of Sequences of Functions

8.4 Power Series

A power series about x = a is a series of the form

+00
f@=) ax-a)".

n=0

This is a function of x, and truncating it gives polynomial approximations to f. The goal is to approximate “decent” func-
tions about a given point x = a.

These expansions don’t necessarily make sense for all x. The region where the power series converges is called the
interval of convergence.

. . . X 2"M(x-3)"
483 Example Find the interval of convergence of the series ) T
n=1 n

Solution: By the ratio test, the series will converge if

2n+1(x_3)n+1 \/ﬁ n
Py n|=2 lx-3|—-r<l1,

vr+1 2"(x-3) n+1

7

5
2lx-3|<1 = E<x<—.

that is when

2
. 5 7 . 5 R G VI
The series converges absolutely when — < x < —. We must also test the endpoints. At x = — the series is Z ,
2 2 2 = ovn
5 o0
which converges conditionally by Leibniz’s Test. At x = > the series is Z ——, which diverges.
n=1 VNl

8.5 Maclaurin Expansions to know by inspection

" x? %8
e'=1+x+—+—+
2! 3!
¢ The sine is an odd function:
2 X X
sinx=x-—+——-—
31 51 7!
¢ The cosine is an even function:
2 4 6
x* x
cosx=1-—+——-——
2! 4! 6!

¢ If ais areal constant,
ala-1) , a(a-1)(a-2) 3 ala-1)(a-2)(a-3) 4,
xX°+ x° + X+

A+x)%=1+ax+
2! 3! 4!

484 Example Expand f(x) = cosx around x = 1.

Solution: We have
cosx = cos(x—1+1)

= cos(x—1)cosl—sin(x—1)sinl

x-1D%? (x-D*
— + —
2! 4!

= (cosl)|1

x-1D3 (x-1° )
+ —_—-e

---)—(sinl)((x—l)— 3l 5




Comparison Tests

Homework

Problem 8.5.1 Given a finite collection of closed squares of total
area 3, prove that they can be arranged to cover the unit square.

8.6 Comparison Tests

Homework

Problem 8.6.1 Let {an}‘,’lo: 1 be a sequence of real numbers satisfying

(e8] (o]
0 < an <1 for all n. Assume that Y ap diverges but Y a2 con-
n=1 n=1

verges. Let f be a function defined on [0 ; 1] whose second derivative

8.7 Taylor Polynomials

Homework

1
Problem 8.7.1 Evaluate f (logx)(log(1 —x))dx.
0

(e
2
Problem 8.7.2 Evaluate the infinite series Z arctan —;

n=1 n?’
8.8 Abel’s Theorem
Homework
Problem 8.8.1 Put
a —1_1+1_1+...+ﬂ_10 2
"t 273 4 B

(e
Prove that Z ay converges and find its sum.
n=1

Problem 8.8.2 Evaluate the sum

1+=+ ! + L
f 2 3 n
n=1 nn+1)

Problem 8.5.2 Given a finite collection of closed squares of total
1
area > prove that they can be arranged to cover the unit square,

with no overlaps

o0
exists and is bounded on [0 ;1]. Prove that if Z f(ayn) converges,
n=1

(e
sodoes Yy |f(an)|.
n=1

Problem 8.7.3 Find the sum of the infinite series

1 1 1 1 1
- —+———+———
4 6 9 11 14
Problem 8.8.3 Evaluate the sum
Of, 1 N 1 _ 1
Zoldn+1 4n+3 2n+2)

Problem 8.8.4 Evaluate the limit

1 T
lim — - f tan (asinx) dx.
a—0a Jo




Appendix A

Answers and Hints

1.1.1 Observe that Ap = {0, n,2n,3n,...}.

L Ag.
2 N
3. {0}

1.1.4 Wehave,
xe(AuB)nC x€(AuB) and xeC
(x€eA or xeB) and xeC
(x€eA and x€C) or (xeB and x€QC)

(x€e AnC) or (xeBNnO)

t oo

xe(AnCQ)uU(BNO),

which establishes the equality.

1.1.13  We check the two statements
x€Ax(B\C)<=x€e(AxB)\(AxC).

Let us prove first =>. By definition of x, X = (a, b), where @ € A,b € B,b ¢ C. Thus x € A x B but x ¢ A x C. By definition of \ we are done. Now we prove the assertion <—. By definition of x and \, X = (&, b) where a € A, b € B. Since
x ¢ Ax C,weobservethat b ¢ C.Thus a € A, b € B\ C, and we gather that x € A x (B\ C).

1.1.14 Attach a binary code to each element of the subset, 1 if the element s in the subset and 0 if the element is not in the subset. The total number of subsets is the total number of such binary codes, and there are 2N in number.
1.2.1 There are 22 = 4 such functions, namely:

0 fy givenby fj (@) = fi (b) = c. Observe that Im (fl) ={c}.

O f givenby fp(a) = fo (b) = d. Observe that Im (fz] ={d}.

0 f3givenby f3(a) = ¢, f3(b) = d. Observe that Im {f3) ={c,d}.

0 fy givenby fy(a) = d, f4 (b) = c. Observe that Im (f4) ={c,d}.

1.2.2  Each of the 1 elements of A must be assigned an element of B, and hence there are m-m---m = m" possibilities, and thus m"™ functions.If a function from A to B is injective then we must have 7 < m in view of Theorem 16. If
[—

n factors
to different inputs we must assign different outputs then to the first element of A we may assign any of the m elements of B, to the second any of the m — 1 remaining ones, to the third any of the 7 — 2 remaining ones, etc., and so we have
m(m—1)---(m— n+1) injective functions.

1.2.4 Rename the independentvariable, say i(1 — 5) = 2s. Now, if 1 — § = 3x then s = 1 — 3x. Hence

hBx)=h(1-s)=25s=2(1-3x)=2-6x.

12,5 Put
p@) =1-x2+xH2008 _ g0 1 g v+ apa? + -+ agyy 235012,
Then
0 ag=p(0)=1-0%+0H2003 -1,
O ag+ap+ay+-+agora=p)=(1-12+ 142003 -1,
u]
ag—-ay +az —ag+---—agey] +agp12 = p(-1)
= a-EnZ+(nhH208
= 1.
1)+p(-1
0 The required sum is w =1
1)-p(-1
O The required sum is w =0.

163
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1.2.6 Wehave

1.2.7 Wehave

f@ - p?i-2f) - 1-2f()

NG = nd2-272 - —2-2f

f@ - DY3-2f@® - 3-2f@®

1) - 1Dda-2f@ - —4-2f@
F999) = (-19%%98-2(998) - -998-2£(998)
faooo) - (-1)1000g99_5f(9gg) - 999-2f(999)
faoon - (-n'00l1000-2£(1000) -  -1000-2£(1000)

Adding columnwise,

f@+fB)++ f(1001)=1-2+3—---+999-1000—2(f(1) + f(2) + - + £(1000)).

This gives
2f(M) +3(f(2) + f(3) +---+ £(1000)) + f(1001) = —500.

Since f(1) = £(1001) we have 2f (1) + £(1001) = 3 f(1). Therefore
500
f(l)+f(2)+---+f(1000):—T.

1.28 Seta=b=0.Then (f(()))2 = f(0)£(0) = f(0+0) = f(0). This givesf(())z = f£(0). Since f(0) > 0 we can divide both sides of this equality to get f(0) = 1.

Further, set b = —a. Then f(a) f(—a) = f(a— a) = f(0) = 1. Since f(a) #0, may divide by f(a) to obtain f(—a) = f%
Finally taking @ = b we obtain (f(@))2 = f(a)f(a) = f(a+ a) = f(2a). Hence f(2a) = (f(@))?
1.2.9 To prove that f is injective, we prove that f(a) = f(b) = a = b. We have
a-1 b-1
fa=ro = T
= (@a-1)(b+1)=(a+1)(b-1)
= ab+a-b-1=ab-a+b-1
= 2a=2b
= a=b,

whence f is injective. To prove that f is surjective we must prove that any y € R\ {1} has a pre-image @ € R\ {—1} such that f(a) = y. Thatis,

a-1
a+1

—
+
<

=y=a-l=ya+y = a-ya=1+y = a(l-y)=1+y = a=

—
|
<

1+ - 1+x
Thusf[l—y] =y, and f is surjective. This also serves to prove that f° 1 x) = ==
—y —

1210 Wehave 21 (x) = fx+1) = (x+ ) +1=x+2, fB1 () = f(x+2) = (x+2) + 1 = x+3 and so, recursively, FI (x) = x + n.

1214 Wehave £121 () = £(2x) = 22x, £18) (x) = F(22x) = 23 x and so, recursively, FI) (x) = 2" x.

1.2.15 Lety =0.Then2g(x) = sz. that is, g(x) = xz. Let us check that g(x) = xz works. We have

gx+y)+gx-y = (x+y)2 + (x—y)2 =x2 +2xy+y2 +x2 —2xy+y2 =2x2 +2y2,
which is the functional equation given. Our choice of g works.

1.2.16 Letx = 1.Then f(y) = yf(1). Since f(1) is a constant, we may let k = f(1). So all the functions satisfying the above equation satisfy f(y) = ky.

f(x). Also, substituting 1/ for X on the original equation we get

1 1 x 1
1217 F +2f(=)= btain f(=) = = — =
rom f(x) f(x) X we ol !'unf(x) 2732

F/x)+2f(x)=1/x.

Hence 1 1 1 1 1
X
e a*z[z*zf"‘)]'
X

hich yields f(x) = 2
‘which yields 73]{ 3
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1.2.18 We have

whence
1-x
Substitute X by —— . Then
1+x

Divide () by (ID),

from where the result follows.

1.2.19  We have (i) flzl @) =(foNHX)=Ff(fx)=

1
-1
i fB = (fofo N =Py = f[xT) =

-1
1-75

1-x
1+x

(fan? -f[ ) =64,

_ 2
(f(x))“»[f[%])] =622 (D

LI 4 Y 11) an
1+x] f@= [1+x .

1

3_ 2(1+x
[(x)° =64x (71 x),

(iii) Notice that £141 () = (Fo FBh () = F(FB (1)) = £(x) = £ (). We see that f is cyclic of period 3, thatis, f1I = f1141 = 70 = | pl21 = pIS1 _ pI8] | £I81_ pl6] _ ¢I91 —  pence £169) () = £181 () = x.

1.2.20 To see (i) observe that

fla)=fb) = g(f(a) =g(f(b) = a=b,

whence f is injective. (The first implication is clear, the second implication follows because g o f is injective.)

To see (ii), given y € C, 3x € A such that g(f(x)) = y, since g o f is surjective. But then, letting @ = f(x) € B we have g(a@) = y and g is surjective.

xX—a

.3.1 Thema :[0;1] — [a; b] =
1.3.1 emap f:[0;1] — [a;b]  f(x) b—a

is a bijection.

1.3.2 Themap f: } 7oo;+oo’ — ]0;+oo’ f)= e* is a bijection.

1.4.1 Both answers are “no.” If @ = —b = v/2, which we will prove later on to be irrational, we have @ + b = 0, rational, and @b = —2, also rational.

2 3

1 V3
142 Letw=—_-+i——.Thenw“+w+1=0andw"” =1. Then

2 2

Then

This proves that

which proves that § is closed under multiplication.

1.4.3 Wehave

proving commutativity.

144 By(1.4)
By (1.4) again
By (1.3)

which is what we wanted to prove.

To shew that the operation is not necessarily associative, specialise . = Z and X * y = —X — ¥ (the opposite of X minus ). Then clearlyin this case * is commutative, and satisfies (1.3) and (1.4) but

and

evincing that the operation is not associative.

x=u3+b3+c3 —3abc = (a+b+c)(u+wb+wzc)(u+w2b+cw),

3 3

y:u3+v +w —3uuw:(u+u+w)(u+wv+w2w)(u+w

(a+b+c)(u+v+w)=au+av+aw+bu+bv+bw+cu+cv+cw,

2

(u+wb+w20)(u+wv+w2w) = au+bw + cv

(u+m2b+mc)(u+m

xy

+w(av+bu+cw)

+m2(aw +bv + cu),

2v+¢uw) = au+bw + cv

+w(aw + bv + cu)

+m2(av +bu+cw).

(au+bw + cv)3 +(aw+ bv + r;u)3 +(av+bu+ cw)3

—3(au+ bw + cv)(aw + bv + cu)(av + bu+ cw),

xoy = (xoy)o(xoy)
= [yo(xoy)lox
= [(xoy)ox]oy
= [(yox)ox]loy
= lxox)oyloy
= (yoy)ol(xox)

= yox,

x*xy=((x*y)*x)*x.
(k) *x)+x=((x*y)*((x*y)*y)) *x.

(xx ) *((xxP)xy)*x=(y) xx=y*x,

0x(0+1)=0%(-0-1)=0x(-1)=-0-(-1) =1,

0*x0)*1=(-0-0)*1=0)*x1=-0-1=-1,

v+oww).
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145 1. Clearly, if @, b are rational numbers,
lal<1,|b|<1 = |ab|<1 = -1<ab<1 = 1+ab>0,

a+ a+b
whence the denominator never vanishes and since sums, multiplications and divisions of rational numbers are rational, 1+ab is also rational. We must prove now that —1 < m <1for(a,b) €]-1;1 [2. We have
a al
< -l-ab<a+b<l+ab
< -l-ab-a-b<0<l+ab-a-b

< —(a+1)(b+1)<0<(a-1)(b-1).

Since (a, b) €] - 1; 1[2. (a+1)(b+1)>0andso —(a+1)(b+1) <0 giving the sinistral inequality. Similarly @ — 1 < 0 and b—1 < 0 give (@ — 1) (b — 1) > 0, the dextral inequality. Since the steps are reversible, we have

a+b
established that indeed —1 < <l
1+ab
+b +a

2. Sincea®b=

= = b ® a, commutativity follows trivially. Now
1+ab 1+ba

a® (bec) =

1+a

a(l+bc)+b+c _
l+bc+ab+c) 1+ab+bc+ca’

One the other hand,

(aeb)®c =

I
—
=
e
2
=

(a+b)+c(1+ab)

1+ab+ (a+b)c
a+b+c+abc

1+ab+bc+ca’

whence ® is associative.

a+e
3. Ifa®e = athen T = @, which givesa+ e = u+ea2 or e(azfl) = 0. Since @ # £1, we must have e = 0.
ae

a+b —
4. Ifa®b=0,then =0, which means that b = —a, thatis, a1 = —a.

1+ab

1.4.6 We must shew that V(a, b) € G2 we have ab = ba. But
ab =  e(ab)e
= P)ab)a?)
= b((ba)(ba)a
= b(lm)2 a
= b(e)a

= ba,

whence the result follows.

1.47 Wehave
(ub)3 =a3p3 = ab(ab)ab = u(u2 bz)b
= baba = a®b?
= (bu)2 = az b2 .
Similarly
(ab)5 =a%p = (bu)4 —atpt.

But we also have
bt = (waH)? = @®b?)? = a2 b2 a1,

and so

4/12(112112)b2 = (ba)4 = a4b4 = b2a2 = azbz.
We have shewn that Y (a, b) € Gz

((ba)? = a?b?) and (b2a? = a®b2).

Hence

(Im)2 = a2b2 = b2 az = baba = b2 az

e ab = ba,

proving that the group is abelian.
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1.4.8 Since . .
(ab)’*2 = (ab)(ab)--- (ab) = a(ba)' 1 b,
N

i+2 times
multiplying by a1 ontheleftand by b onthe right the equality
(ab)“'z = ait2pi+2 Ay
we obtain . . .
(ba)l+1=(a)l+l(b)t+l. “2
By hypothesis
@b+ = (@ i1, *3
Hence (A.2) and (A.3) yield
(ab)+! = (ba) i1, )
Similarly, from (A.3) we obtain
(ab)’ = (ba)*, .5)
from which . .
(ab)~' = (ba)~t. *6)
Multiplying (A.4) and (A.6) together, we deduce
ab = ba,

which is what we wanted to shew.

1.5.1 The first two follow immediately from the Binomial Theorem, the first by putting X = y = 1 and then X = —y = 1. The third follows by adding the first two and dividing by 2. The fourth follows by subtracting the second from the first and
then dividing by 2.

152 Ifa= 103,17: 2 then
a® - 18

1002004008016032= a® + ab+ a3 b2 + a3 + ab? + b° = —

This last expression factorises as

ab -8
a-b

= (a+b)(a?+ab+b%)(a® - ab+b?)
= 1002-1002004 998004
= 4-4-1002-250501 -k,

where k < 250000. Therefore p = 250501.

1.5.4 From the Binomial Theorem,
(A+B)3 =43 +342B+34B% + B3 — A3+ B3=(4+B)3-34B(A+B).

Then
a3 +b3 +cs —3abc = (a+ b)s + 03 —3ab(a+ b)—3abc
= (a+b+c)3—3(u+b)c(u+b+c)—3ab(u+b+c)
= (a+b+0((a+b+0? -3ac—3bc—3ab)
= (a+b+c)(u2+b2+cz—ub—bc—cu).
155
n| n! _n (n—-1)! _n n-1
k| Kmn-k! k (k-Dn-k! k|\k-1]
1.5.6

k|~ K-kt =

n n! n(n—l)‘ (n—-2)! f}n—l‘ n-2
T k(k-1) (k-2mn-k! k k-1 (k-2|

157 Weuse theidentity k| ™| = n| ™ ™|, th
WO ‘e use the 1 enlty k = k—l. en

-1 —
n(nil)pk(l—p)" k

M=
=
=
= =
Kol
S
=
=
]
T
E}
|
=
|
3=
1M

n-l)pkﬂ(kp)mkk

1
il
O e
S
_—
=

n-1 —1-
= mp ( )pk(l—p)" 1-k
0

= wpp+1-p"!

= np.

1.5.8 We use the identity
n n-2
fe(k—1 = -1 .
( )(k] n(n )(k—z)

Then

n _ n -2 -
y k(k—l)(:)pk(l—p)" L n(n—l)(:_z)pk(l—p)" k
k=2 k=2
n-2 n-2\ gio n-1-k
= Y nn-1 P e
k=0

n-2(,_ 1
= am-pp? Y ("k )pk(l—p)"_z_k
k=0
= n(n—l)pz(p+l—p)"_2
= nn-1p2.
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1.5.9 We use the identity

(k—np)2 =k2—2knp+nzp2 =k(k—l)+k(1—2np)+n2p2.

Then

n
3 (kfnp)z(z)pk(lfp)mk _
=0

1.5.11  Observe that the number of k-tuples with min((ay , ap, ..., ap))=tis(n—t+ l)k —(n— t)k.

1.7.2  The given equalities entail t

A sum of squares is 0 if and only if every term is 0. This gives the result.

1.7.3 The given equality entails that
1
2

A sum of squares is 0 if and only if every term is 0. This gives the result.

174 Since aB < Ab onchas a(b+ B) = ab+aB < ab+ Ab = (a+ A)b so % <

‘We have

7

10

25

+A
b+B

11
15

M=

=
I

7

n

k=0

+n2p2)(:)p"(1—p)”*"
n k.o n-k
e
n
+(1-2np) Y k(:)pk(l—p)”’k
=0
n
n2p? 3 (Z)pk(l_p)n—k
=0

= n(n—l)pz-ﬁ-np(l—an)-*—an2

n
= Y k(k-1)

k=0

= np(l-p)

1(xi - .wck)2 =0.

18 11 7

<—=x<
10 25 15 10

25
35

18

25

(k(k—1) + k(1 -2np)

(1 - x2)2 + (g — 2302+ + Gy —3m)2 + (on - xp)?) =0

+A
. Similarly B(a+ A) = aB + AB < Ab+ AB = A(b + B) and so aT <

11

15

5 5 11 4 7
Since Fr = 7 we have g < 7. Could it be smaller? Observe that e > = and that — < — . Thus by considering the cases with denominators q = 1,2,3,4, 5,6, we see that no such fraction lies in the desired interval. The smallest

denominator is thus 7.

1.7.5 Wehave

10

(r—s+t)2—t2:(r—s+t—t)(r—s+t+t):(r—s)(r—s+2t).

Sincet—$§<0,r—s+2t=r+s+2(t—s)<r+sandso

which gives

n
1.7.6  Using the CBS Inequality (Theorem 87) on Z (uk bk)ck once we obtain

n 1/2
Using CBS again on ( Z ai bi] we obtain

(r—s+t)2—t2S(r—s)(r+s):r2—s

. abycy

which gives the required inequality.

1.7.7 This follows directly from the AM-GM Inequality applied to 1,2, ..., 1:

where strict inequality follows since the factors are unequal for 72 > 1.

mlln

(r—s+t)25r

n n 172
Y ukbkcks( > uibi) (
1 k=1

A

IA
—

a-2---n)

1.7.8 Firstobserve that forintegerk, 1 <k <n, k(n—k+1)=k(n-k)+k>1(n-k)+k=n. Thus

nt? =1-m2 - (n-1)B-(n-2)---(n-1)-2)(n-1)>n-n-n---n=n

L)

This establishes the inequality forn = 2. Forn=0,0=0(0-1) < 20+1 andforn=1,0=11-1)< 21 +1 , so the inequality is true for all natural numbers.

1.7.9 From the Binomial Theorem, for 2 > 2,

2"=(1+1)"=(

i

TM: 7[\’13

—

2_2. 2

—

1+2+-+
ln _ n
n

n 2

2

n+1
2

’

+ (n) > (n) = 7"("27 D = 2"+1

>n(n-1).
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1.7.10 Assume without loss of generality that @ = b = ¢. Then @ = b = ¢ is similarly sorted as itself, so by the Rearrangement Inequality

a? +b?+c% =aa+bb+cc > ab+be + ca.
This also follows directly from the identity
b+c\2 3
uz +b2+cz—ub—bc—ca: (u— —) + = (b—c)z.
2 4
One can also use the AM-GM Inequality thrice:
a2 + bz >2ab; b2 + “2 >2bc; “2 + a2 >2ca,
and add.
1.7.11  Assume without loss of generality that @ = b = ¢. Then @ = b = ¢ is similarly sorted as az = bz = 02, so by the Rearrangement Inequality
a3+ +¢3 = aa® +bb% +cc® > a’b+ bzc+cza,
and
a3+ b + 3 = aa® + bb? + cc? = a®c+ b2 a+ c2b.
Upon adding

1
@13 +c3=aa® +bb% +cc? > 3 (az(b+c)+b2(c+u)+cz(u+b) .

Again, if @ = b = ¢ then

ab = ac = bc,

thus

a3 + b3 + 03 == a2b+ bzc+ czu = (ab)a+ (bc)b+ (ac)c = (ab)c + (bc)a+ (ac)b = 3abc.

This last inequality also follows directly from the AM-GM Inequality, as
@3¢

or from the identity

3\1/3 _ aS+p3+c3

’

3

a3+b3 +03—3ubc= (a+b+c)(u2 +b2+c2—ub—bc—cu),

and the inequality of problem 1.7.10.

1.7.12  We apply 1 times the Rearrangement Inequality

dyby +dghy+--+dnbn <  ayby +agby+--+anbn < ayby +aghy+---+anhpn
dyby +dgby+--+dnbn < ayby+agbg+---+anhy < ayby +aghy+---+anhp
Gy by +dgby +--+dnbn < aybz+agby+---+anby < by +aghy+--+anbn
dyby +dghy+--+dnbn < aybpt+aghy+--+apnb,_y <  ayby +aghy+---+anbn
Adding we obtain the desired inequalities.
1.7.14 Use the fact that (b— @) = (Vb - V@2 (Vb + V)2
17.15 Let
A= 1 35 9999
"2 4 6 10000
and
B= 2 46 10000
“3 5 7 10001°
Clearly, ¥% — 1 < %2 for all real numbers . This implies that
whenever these four quantities are positive. Hence
1/2 < 2/3
3/4 < 4/5
5/6 < 6/7
9999/10000 < 10000/10001
Asall the numbers involved are positive, we multiply both columns to obtain
1 35 9999 4 6 10000
2 46 10000 5 7 10001’
or A < B. This yields AZ = A- A < A- B. Now
AB_1234567 9999 10000 1
"2 3456 7 8 10000 10001 10001’

and consequently, A2 < A B =1/10001. We deduce that A < 1/v10001 < 1/100.
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1.7.16 Observethatfork>1, (x + k)2 > (x+k)(x+ k—1) and so
1 1 1 1

(x+Kk)2 < GrR@+k-1) x+k-1 x+k

Hence
1 1 1 1 1 1 1 1 1 1

+ + ERERES + < + + +oet +
x+D2  (x+2)2  (x+3)2 x+n-1D2  (x+m?2 alc(x+l) (x+l)(x+21) (x+12)((x+3)) (x+n72)(x+rifl) (x+n-1)(x+n)
1 1 1 1 1

— — R — + —
x+2 x+2 x+3 x+n-2 x+n-1 x+n-1 x+n

1.7.17 For1 <i < n, wehave

4 4 1) 4 (i-n(i-1)
< - - -5 |l+=|+=-=<0= ———— =<0.
i i2 i n i2n
Thus
noxi|_1 2 1
185
i 2|/ i
i=1 i
aszxi=0.Now
i=1
n n
2 1 2 1 1
3 (-,-(n-]]:;, M |x,.¢s(1-—) y
i\ n ol n nj
1.7.18 Expanding the product
n n n n
[MTa+xp=1+Y x+ Y x,-x]-+---21+2xk,
k=1 k=1 1<i<j<n k=1
n
since the X, = 0. When 72 = 1 equality is obvious. When 72 > 1 equalityis achieved when ) x;x; =0.
l<i<j<n
1.7.19 Assume @ = b= c.Puts=a+b+c. Then L L
1
—a<-bs<-c= s-ass-bss-c= —=>— = —
s-—a  s— s—¢
1 1 1
and so the sequences @, b, ¢ and » _b s are similarly sorted. Using the Rearrangement Inequality twice:
s—a s-b s-c
a b c a b c a b c a b c
—_—t—t—22—t—t—; —t—t— 22—t ——+—.
s-a s-b s-c s-c s-a s-b s—a s-b s-c  s-— s-c s-a

Adding these two inequalities

> 4 +
s—a s-b s-c’

(a b c] b+c c+a c+a
2 —
s—a s-b

s§—c

whence

from where the result follows.

1.7.20 Let
P(n):
nradicands
Let us prove P(1), that is
1+v4a+1
Ya>0, ya< 2 .

1

To get this one, let’s work backwards. If @ > Z
1+vaa+1
Vva< 2Va<1+Via+1

—

— 2ﬁ—1<m

= (@va-1)2<(aa+D?
— 4a-4V/a+1<4a+1
=

-2ya<o.

1
all the steps are reversible and the last inequality is always true. If @ < i then trivially 2va—-1<V4a+1. Thus P(1) is true. Assume now that P(n) is true and let’s derive P(r2 + 1). From

1+v4a+1 1+v4a+1
a+\/a+ u+---+\/ﬁ<Ti a+\la+\/a+--+Va< ar———.
—_— —_—

nradicands n+1 radicands

we see that it is enough to shew that

vda+1

_1+v4a+1
2 .
But observe that

1+v4a+1 _ as 1+vda+1

(Vaa+1+1)2=4a+2V2a+1+2 = > .

’
proving the claim.

1.7.21 From the AM-GM Inequality,
a+b=2Vab; b+c=2Vbcic+a=2\/ca,

and the desired inequality follows upon multiplication of these three inequalities.
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1.7.22 By the Rearrangement inequality

n g n o4 n o
by ,Tk =) k*k =y %
k=1 k=1 k=1
as ﬁk = k, the a's being pairwise distinct positive integers.
1.7.23 By the AM-GM Inequality,
1 1
( 11 1 ]1/"< X X xn
X] X3 Xn - n !

whence the inequality.

1.7.24 By the CBS Inequality,

(1-xp +1-x2+---+1-xn]25(12+12+---+12)[xf+x§+---+x$, ,

which gives the desired inequality.

1.7.25 Put
Tm= Y ag- Y a.
1<ks=m m<ks<n
Clearly Ty = —Tp. Since the sequence Tg, T,..., Tn changes signs, choose an index p such that Tpfl and Tp have different signs. Thus either Tpfl —Tp =2lap|or Tp - Tpfl = 2|ap|. We claim that

min(|Tp_1|,|Tp{) =< lglkaén{akl'

For
For.l[conlrarlwlsebolh|T _ |> max |(aj|and|Tp|> max |aj| then2|ap|=|Ty,_1—Tpl>2 max |ay.|, acontradiction.
p-1|> max lag|and|Tp|> max o] pl=ITp-1 ~Tp|>2 max |ay|

1.7.26 It is enough to prove this in the case when @, b, ¢, d are all positive. To this end, put O = (0,0), L = (a,b) and M = (a+ ¢, b + d). By the triangle inequality OM < OL + LM, where equality occurs if and only if the points are

collinear. But then
Via+02+b+d)2=0M<0OL+LM=\/ a2 +b%+\/c2+d2,

a
and equality occurs if and only if the points are collinear, that is E =

ale

1.7.31 Use Minkowski’s Inequality and the fact that 172 + 1442 = 1452 The desired value is S12.

1.8.3 Wehave

(xj —x;) xj - > ox
1<i<j<n 1<i<j<n 1<i<j<n
—1

n n
= G-Dxj- Y m-1x;
Jj=2 i=1

= —(n-1)x; +nil((k—1)—(n—k))xk+(n—l)xn
= —(n-1)xy —(n—-3)xp —---+(n—-3)xy_1 +(n—Dxp.
This sum is maximal when the negative coefficients of the x; are 0 and the positive coefficients of the X; are equal to 1. If 72 is even the maximum is
1+3+--+(n-1).

If nis odd, the maximum coefficient is
2+4+--+(n-1).

The result follows thus.

1.8.4 Weclaim that 3|| 2¢ || — 2|| 3¢]| = 0, +1 or —2. We can then take
P(x,y) =Bx-2y)Bx-2y-1)(3x-2y +1)(3x—-2y +2).

In order to prove the claim, we observe that || X || has unit period, so it is enough to prove the claim for ¢ € [0, 1). We divide [0; 1[ as
[0,1[= [0;1/3[U[1/3;1/2[U[1/2;2/3[U[2/3;1].

1f £ € [0,1/3], thenboth || 2¢ || and || 3¢ || are = 0,andso 3|| 2¢ || -2|| 3¢ || =0.1f £ € [1/3;1/2[ then || 3¢ || = 1 and || 2¢]| = 0, ands0 3|| 2¢ || —2[| 3¢ || = —2.1f ¢ € [1/2;2/3[, then || 2¢|| =1, || 3¢ || = 1, andso 3| 22| -2[| 3¢ ]| =
1.If £ € [2/3;1] then || 2¢]| = 1,[| 3¢ ][ = 2,and 3|| 2¢ || — 2[| 3¢ ]| = 1.

1.8.5 By the Binomial Theorem

aA+v"+a-vat=2 ¥ (2)"(")::21\1,
o<k=n2z  \2K

an even integer. Since —1 < 1— V/2 < 0, it must be the case that (1—v/2)"? is the fractional partof (1+ V2)Por(1+v2)"+1 depending on whether 12 is odd or even, respectively. Thus for odd 1, (1 + V2 - 1< +vV2) P+ (1-v2)" <
(1+v2)", whence (1+V2)™ + (1= v2)™ = | (1 + V2)" ||, always even, and for 12 even 2N := (1 +V2)™ + (1 - v2)™ = | (1 + v2)™ || + 1,and so || (1 + v2)™ || = 2N — 1, always odd for even 7.

485 Example  Prove that the first thousand digits after the decimal point in
6+ @)1980

areall 9's.

Solution: Reasoning as in the preceding problem,

6+v35)1980 1 (6 - v/35)1980 - 2,

1980 -1980

1
an even integer. But 0 < 6 — V'35 < 1/10, (for if To < 6— V35, upon squaring 3500 < 3481, which is clearly nonsense), and hence 0 < (6 — v'35) <10 which yields

1
2k—-1+ 09..9 =2k- —— < (6+v35 1980 <2,
N 101980

1979 nines

This proves the assertion of the problem.
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1.8.7 By squaring, it is easy to see that

Van+1<vn+Vn+1<Van+3.

Neither 41 + 2 nor 4n + 3 are squares since squares are either congruent to 0 or 1 mod 4, so

[Van+2]|=| vV4an+3],

and the result follows.

2 2

1.8.8 Let Ty be the n-th non-square. There is a natural number 72 such that m“ < Tp < (m+ 1)2. As there are m squares less than Ty and 1 non-squares up to Ty, we see that T, = 1+ m. We have then m“ < n+m < (m+ 1)2 or

1 1 1
m2 -m<n< m2 +m+ 1. Since n, m2 -m, m2 + m+ 1 are all integers, these inequalities imply m2 -m+ Z <n< m2 +m+ Z , that s to say, (m— 1I2)2 <n<(m+ 1I2)2. Butthen m = uﬁ+ E J_|.Thus the n-th non-square

isTp=n+| vVn+1/2].

1.8.9 Assume on the contrary that

+2b)2
(a+2b)” >2 — a? +4ab+4b? = 2(a® + 2ab + b2) = 2b% > a® — @ >2,
(a+b)2 b2
a contradiction. By adding,
a? (a+2b)% a?  (a+2b)? (a+2b)% a?
— <2, ——— < St <4d=> —— -2<2- .
b2 (a+b)? b2 (a+D)?2 (a+b)2 b2

1.8.10 It needs to be proved that
2x+5

x+2

V5

<|x-v3|.

1.8.11 Consider the set E = {x:x > 0, x™ < a}. Shew that E is bounded above with supremum b = sup E. Then shew that b =a by arguing by contradiction first against b"™ < @ and then against b™ > a. In the first case it may be

a-b" n pn -n

) < afor N large enough and use the Binomial Theorem to establish the inequality. In the second case consider b" 1+ Mi > a, for integral M sufficiently large, again using the Binomial Theorem
a

advantageous to prove (b +

to establish the inequality.

221 [5005501].
222 [1;2].
223 R

224 (1)

225 ©.

226 ©.

2.2.8 Closure is immediate. Most of the other axioms are inherited from the larger set R. Observe 0 = 0, 1 = 1 and the multiplicative inverse of @ + \/Eb, (a,b) #(0,0) is

— 1 -Vv2b 2b
(a+v2p)l = _8-VEb __ a VI
a+V2b a?-202 a?2-2p2 a2-2p2

Here uz - 2b2 # O'since V2 is irrational.

229 Assume (@, b) € RZ with @ < b. It ab < 0, then 0 € D is between @ and b. 1f0 < @ < b then va@ < Vb, and since Q is dense in R, there is a rational number r such that V@ < r < Vb = a < r2 <b. fa < b <0, then
V=b < v/—a, and since Q is dense in R, there is a rational number § such that V-b < s < v/—a = -b< s2<-a= a<-s®<b.

1
2210 Assume (a,b) € RZ with @ < b. There is a strictly positive integer 72 such that 71 > =g Thus
—-a

putm = || 2™ a|| + 1, and so by definition m — 1 < 2™ x < m. Hence

m 1 1
a< —<a+—-<a+—<a+b-a=a.
2n 2n n

2.6.6 For the proof of this let G be such a set (so that X + ¥ is in G if X, ¥ are, and G is closed), and suppose that we are not in cases (i) or (ii). Then it is enough to show that G contains arbitrarily small positive numbers, for then multiples of
these will be densein R, but G being closed forces G = R. To achieve this let & = inf{x: x € G,x > 0}.If .# = 0 we are done; butif .# > 0 there cannot be numbers X € G arbitrarily close to and greater than .# , for then X — . would run
through small positive members of G, in particular smaller than ., contradicting its definition. This means that .& belongsitself to G, and from there it is easy to see that we are in case (ii) contrary to the assumption. Hence indeed . =0,

1
3.2.1 No. Take @p = —. Then ap > 0 always, but L= 0.
n

3.2.9 Wehaveforn>1,

nz _ n i 4 n n 4 n _ nz
n2+n n2+n n2+n 241 n2+1’
—_— —_—
ntimes ntimes
and the result follows by the Sandwich Theorem since each of the sequences on the extremes converges to 1.
. n By ni2
3.2.10 Evidently n! < n"". By problem 1.7.8, if n > 2 then 1 < nl. Thus
1 1 1
e < —
n~ @ylin = ,l/2
and the result follows by the Sandwich Theorem.
3.2.11 For n =2 we have
2" 222 2 2 4
— =-.-.2...2<211---1- = == =0
nt 123 n n n
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3.2.12 There is a positive integer m with m2 <n<(m+ 1)2. Consider
m2 _sn

m2 n

3.2.13 Since —1 < sinn <1, any possible limit must be finite. By way of contradiction assume that $in 7 — @ as n — +00. Then

lim sinn=a = lim sin(n+2)=a,
n—-+oo n—+oo

whence

lim (sin(n+2)-sinn)=a-a=0.

n—+oo
Now,
sin(n+2) —sinn=2(sin1)cos(n+1) = cos(n+1) — 0, asn— +oo.

From

cos(n+1) =cosncosl —sinnsinl
we obtain

1 1
sinn= —— (cosncosl—cos(n+1)) - —— (0-cos1-0)=0,
sinl sinl

and so @ = 0. But then

2 2

1 =sin“ n+ cos n—v02+02 0,

a contradiction.

3.2.14 By problem1.7.8, (n!)lln > \/nfor n = 3. Hence, for all M > 0, as longas i > M2 we will have

@V s msmM,
giving the result.
3.2.16 We have nilon 1 1
s VA VAT v <3

Hence, as long as

1 1
< € that is, as long as B > — we will have
n

4¢2

3.217 Write
IR
n=1" m=1,_om-1_,
Since 1/n = 1/N when n < N, we gather that
2m 1 2m 1
Y oog= X ameetamhemel,
n=2m-141 " p=pm-1.1
Thus
M
21 M
—>=
=1t 2
and the sequence can be made arbitrarily large.
3.2.18 Observe that forn =2,
(n-1)! Vm)!
A+VDA+V2(L+VE) - 1+VR-D)  A+VDA+V2)A+V3E)- 1 +vn)
B Vn-DI (1 vn
1L+VD)A+v2)A+V3)---(1+vVn—-1) 1+vn
B V(n-1)!
A+VDA+VD(A+V3) - (L+ V)|
Therefore
K () o VKI
izl A+ VDA +V2) A +V3) (L + V) A+VDA+VD) -1 +VE)
VK!
Now prove that U = t0 0.

1L+VDA+v2)-- 1+ VEK)

3219 Putxy =1, xp.7 =V 1+ xp,n = 0. We claim that the sequence {xn};zol is increasing and bounded above. By Theorem 165 the sequence must have a limit L. To prove that the sequence is increasing consider Xp41 —Xn (6l
in this gap). To prove that the sequence is bounded, we claim that for all 72 = 1, Xp < 4. For this is clearly true for 72 = 1. So assume that Xp < 4. Then

Xpi1=V1+xn<Vi+4=V5<4,

and so the assertion follows by induction.
Since we have shewn that L exists we now may compute

1+V5
2

L= I = lim 1+xp=VI+L = L=VI+L = I2-L-1=0 = L=
N oo L T p SR VTR = = = ’

where we have chosen the positive root as the sequence is clearly strictly positive.

2
3.2.20 ByTheorem56,1+2+---+n= , and the desired result follows.

3.2.21

@l
N
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00

3.222 Putx) = 1, Xp4l = m , = 0. We claim that the sequence {xn};=1 is increasing and bounded above. By Theorem 165 the sequence must have alimit L. To prove that the sequence is increasing consider Xp41 —Xn (fillin

this gap). To prove that the sequence is bounded, we claim that for all 7 = 1, prove by induction that Xp < 4 (fill in this gap).

Since we have shewn that L exists we now may compute

lim ——
n—+oo 1+xpn

where we have chosen the positive root as the sequence is clearly strictly positive.

an | to°
3.2.24 Assume!ha!{—} is increasing. Then
bn n=1
i < M+l
by bpi1
Using Theorem 79,
ay +ag + L | atayto-tan @y taptetapyy _ apg
by +by + " bn by by+by+-+bn  by+by+-+byyy by’
{u1+a2+..,+an }+oo {ﬂn }4—00 { an }+oo
proving that{ —————— is also increasing. If { — were decreasing, { — — is increasing and we apply what we just have proved.
by +by +--+bn Jp=y bn I n=1 bn [n=1
3.2.26  We have
- ﬁ k-1 B k2 1k+1
ko2 K+l oo k2 —k+1
Now
ﬁ k-1 _(n-1)! 2
Z = =
k=2 +1 (nzl)- n(n+1)
By observing that (k + l)2 —(k+1)+1= k2 + k + 1, we gather that
g2 -k+1 32+43+1 42+44+1 5245+1 n?+n+l 4+l
ko2 K2 +k+1 22-241 324341 424441 m-1D2+@nm-1)+1 3

Thus

as B — +00.

1
3.2.27 ClearlyXp < Xp + ———
(n+1)2

so the assertion is true. Assume that Xp <2 — —. Then
n

nopdo1 2
"3

k=2 k3 +1

1 L nmmrn? o nPrasl 2

1 1
= Xp4+1, and so the sequence s strictly increasing. By shewing that Xp <2 — — < 2 we will be shewing that it is bounded above, and hence convergentby Theorem 165. Forn=1,x) =1=2— 1 and
n

n“+n 1

=xn

and the claimed inequality follows by induction. We will prove later on a result of Euler:

3.3.1

3.3.3 From Theorem 177, and since X — logx is increasing,

Rearranging,

Summing fromk=n—-1tok=2n-1,
2n7l  gip
—<

l0gk+l

k=n-1

and the result follows from the Sandwich Theorem.

3.3.4 Observe that

1
1+ +=+> +
3
1 1
2[4+ -+ -+
2 6

and use the result of problem 3.3.3.

1
+ <2-—+ =
(n+1)2 n (n+1)2

- n(n+1)2 T2

The product rule for limits only applies to a finite number of factors. Here the number of factors grows with 7.

1

1\k+1
+E] = (k+1)log(1+

Tam+nZ  C n+l’

)<1<(k+1)log(l+ %]

o k-v-z< 1 <lo k+1
81 ~ T+l k
2n 1 1 2n
= log <—+ + — <log
n 2n n-1
1 1 1 1 2
= log|2+—|<—+—=+ -+ — <log|2+ —
n n n+l 2n n-1
1 1]
2n-1 2n
)
2n
( 1 1 1 l)
= 1+ -+ -+ =+ 4 +—
3 4 2n-1 2n
1 1 1 1)
2 |1+ ot —
2 2 n
( 1 1 1 l)
= 1+ -+ -+ =+ 4 —
4 2n-1 2n
( 1 1 1 1)
1+ -+ s+t =
2 3 4 n
1 1 1
= — e —,
n+l n+2 2n
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3.3.7 We begin by looking at the Taylor series for e¥:
oo Lk
e

k=0 k!

[eS) [eS)

1 _ 1 _

This converges for every X € R, so e = Z a and e 1. Z (- l)k a Arguing by contradiction, assume aez + be + ¢ = 0 for integers @, b and c. That is the same as @e + b + ce 1_ 0.
k=0 k=0

Fixn > |a| +|c|, then a,c | n!and Vk < n, k! | n! . Consider
-1 X1 I |
0=nl(ae+b+ce  )=an! ) E+b+cnl Y D u
k=0"™ k=0 :

n [e ]
b+ Y (a+c(—1)k)%§+ ) (u+c(—1)k)%:
k=0 k=n+1

Since k! | n! for k < n, the first two terms are integers. So the third term should be an integer. However,

x ! x
Y (areD T <davie) Y T
k=n+1 k=n+1
x 1
:““M”Dk:%H i+ Dm+2)-k

x k
s(al+lc) Y (n+D"
k=n+1

B t
=(lal+lc) Y (n+1)~
t=1

1
=(lal+|c)) —
n

x 1
is less than 1 by our assumption that 72 > |a| + |¢|. Since there is only one integer which is less than 1 in absolute value, this means that Z (a+c(— l)k) E = 0 for every sufficiently large 1 which is not the case because
k=n+1 :

x 10 1 1, 1
Y (are-DB)Z - Y @re-nF)— =@+ ——
k=n+1 L ) Kt (n+1)!

is not identically zero. The contradiction completes the proof.

3.3.9 Apply Problem 2.6.6 We can apply this to the stated problem by observing that for a fixed d, a positive integer without square factors, the numbers @ + bVd are quadratic integers if @, b are rational integers, and that the set of such
numbers is an additive group of reals. Clearly the closure of this group (it, together with its set of limit points) is a group too, for if ¥ — X and ypp — y then Xp + yp — X+ y. The new group is not of form (i) or (i), hence must be all reals, and
the proof (of a slightly stronger theorem) is complete.

a a
355 ap= o(nz) does, since this says that _ lim 2 _ 0, whereas ap = O(nz] says that 2 isbounded by some positive constant.
n—-+oo p2 n2
an an
3.5.6 TFalse. Take @ap = 2n, for example. Then @p << n, — =2,andso — = 0.
n n
an
3.5.7 True. — — 0 and so by Theorem 195, ap << n.
n

a
3.5.8 False. Take ap = n3l2. Then % — Obutan # O(n).
n

an
3.5.9 True. — — 0 and so by Theorem 195, ap << R. Since n << nz. the assertion follows by transitivity.
n

»
I
=

2
This is a geometric series with common ratio || = — < 1, so it converges. We have
e

4.1.2  Observe that

221 2@n-1) 2@n+D)’

Hence

J’f}; 1 +(L,L)+(L,L)+M_L-l
,,=24n271_[2(1) 2(3)] 23) 209/ \28) 2 T2 2

tanx —tany
, observe that arctan

4.1.3 Sincetan(x—y) = —————— -_
==y 1+tanxtany n2in+

b4
= arctan(n + 1) — arctan n. Hence the series telescopes to liT arctan(n + 1) —arctanl = e
n—+oo

4.1.7 By unique factorisation of the integers, the desired sum is

(1+1+1+1+ )(1+1+1+1+ ]7 !
27227 53 3 32" 33 T

1-—
2
4.1.9 Since the sum of two convergent series is convergent by Theorem 232, if Z (an + bp) then from the identity by = (@n + bn) — an we would deduce that Z bn converges, a contradiction.
n=0 n=0
4.1.10 Putsy = Z ap. There is a positive constant M such that VN > 0, sjy < M. Observe that because the terms are positive
1<ns=N
SN+1 = SN taN+1 ZSN»
+00 . < : " 5 N
and so the sequence {SN}N: 1 is amonc bounded above and so it converges by Theorem 165.

This is not necessarily true if the series does not have positive terms. For example, the series Z (- 1)'hLl has bounded partial sums, in fact they are either 1 or 0. But the sequence of partial sums then is
n=1

1,0,1,0,1,0,...

which does not converge.
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4.2.2  True. For, we must have @y — 0 and so eventually 0 < @p < 1. This means that eventually uﬁ < ap and the series of squares converges by direct comparison to the original series.

. . sinx
4.2.3 True. Since @ap — 0, we must have $in @p — @p and so the series converges by asymptotic comparison to the original series. (Recall that llm0 —=
x—0 x

. tanx
4.2.4 True. Since @ap — 0, we must have tan @y — apn and so the series converges by asymptotic comparison to the original series. (Recall that llm0 —=1)
X— X

4.2.5 False. Since @p — 0, we must have €0S @y — 1 and so the series diverges by the n-th Term Test.

a
4.2.6  Only the fact that an < ap is needed here.
n

4.2.7 Take a ! Then @ <<1 d%o ! 1
2. ake ap = 37 . Then an — an on -1
2! 2 o2
4.2.8 Take @ ! [ !
2. ake ap = orap = —f—.

2,,2 n2n

4.2.9 Takeap =

1 1
4.2.10 Foreven i = 0take ap = 27 and for odd 1 = 1 take ap = 37 . Then

+00 400 | +o00
- — 4 —
ngoun n;o 22n ngl 2n-1’

1 1
and both series on the right are geometric convergent series. However if 1 is even, (@p) ln = E andif nis odd (ap) ln = § meaning that liT (an) Un does not exist.
h—+oo

4.2.11 By the root test

and the series converges. By direct comparison, for 72 = 3 we have

X1
and the series converges by direct comparison to -
n=1"n

4212 We divide the sum into decimal blocks. There are 9% k-digit integers in the interval [10K; 10571 [ that do not have a 0 in their decimal representation. Thus

ot

1
ne? ™ k=0pci10k;10k+1 [ " k=0

1
nv2

1 1
4.2.13 Asarccos — —arccos — ~ — , the series diverges.
n n

4.2.14 Try to construct an example with long increasing blocks of terms, each block, however, containing much smaller terms than its predecessor. False. The problem is to construct a divergent series Z anp of positive terms such that for any

1
subsequence {ny.},if Adn;. = an ,all k, then ) ap;. is convergent. As an example take the harmonic series, @ = —, and block it off by powers of 2, i.e., take as k-th block of terms those @p witl =n< . Now reverse the
b (k. it any, = any 1 all K, th " le take the h d block it off b £2, .., take as k-th block of terms By, th n2k < < 2k+1 s
k n

1 1 11
order of terms in each block; for example, take the terms of B3 in the order E y ﬁ yeeoy f_) y E . Call the resulting series Z bn; of course it is divergent. But a monotonicsubseries cannot have two terms from the same block; hence such a series
would be dominated by the terms of a geometric series, and consequently would converge.

4.2.16 Use thefactthat @y 1 —1=pyp2---pn =(an—1)pn.

4.2.17
e
1. ap~-— 2— = diverges. 6. convergesiff |a| # 1.
n
— 7. Converges.
2. eM@=2) — onvergesiff a < 2.
(n-1D(n-D!+n! 2
8. anp =< 1 = == converges.
3. ap ~—-—5 = converges. (n+2) (n+1)(n+2)
n2
9. Converges.
1
4. ap~—; = converges.
n 10. ap #/— 0 = diverges.
2 1
5. ap~ == converges. 1. ap= ———— = converges.
nloglogn
k k 5 $2 5k
4.2.18 Oneapproach s the following. Let g = 1, and choose strictly increasing ny.sothat Z an <4~ ", k=1,2,.... Thendefine myu = 2" for Ny <n<njp.Clearlymp — +00,and Z mpan = Z 2% ( Z an) <

nzny n=1 k=0 npsnsnp,

o =S
Z PL Z 27k convergent.
k=0 k=0

oo [eS)
Another approach is to show that if ' is the remainder of the series Z anp after the n-th term, then Z

an
n=1 n=1vVTn-1

-2 an 2ap n—1-Tn
ap =n “)Infactry — 0, therefore /Ty — 0, therefore Z(‘ /Tn—1 — VTn) converges, and < =
vVTn-1 vVTn-1 +rn ‘/rn,1+ n

is convergent. (The exponent 1/2 can be replaced with any other exponent less than 1, but not by 1 itself: for example,

=2(rp—1 — rn), the n-term of a convergent series.

(We could LN 1 272" tenrg =227 2"y ana ML = 1
‘e couldn’t get away with —— here; example: ap = ,thenrp < and —— = —.
VTn Vin V2
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4.3.7
1. Alternating series => converges.
2. Alternating series = converges.

3. Harmonic series plus alternating series = diverges.

B (71)n—1

4. ap
n+1

= converges.

5. Decompose into three alternating series = converges.

-n" 1 .
ap = )} — +0(n 3/2) = diverges.

2y/n  8n

. an . B - . . } an . . — .
4.3.8 Iflim — # 0 there is nothing to prove. So suppose the limit equals zero. Then convergence of the series is equivalent to convergence of the series Zlog(l — —), sincex 1 log(1 — x) tends to the finite constant —1 # 0 as x — 0.
sn sn

an _sn-an _ Sp—1

an an
Hence converge of E — is equivalent to convergence of the product | [ (1 — —) [where convergence is understood to mean that the limit of partial products is finite and nonzero.] But 1 — — , and so the partial
Sn Sn Sn Sn Sn

1
products are just —, which tends to zero by the assumption that Z an diverges.
Sn

. . 2] .
4.3.9 Partition the terms of the series into blocks Bj wih 2] < n<2J/+1 , and define Lj = [ — || + 1. Eventually szj > 1 since §p — 00, so for sufficiently large j, Lj takes values less than the number of terms in Bj. Take the Lj
s+
2]

largest terms from Bj and number them consecutively, from the first blockas 1y , 112y ++) R, «. .. The average term in Bj is no larger than the average of Lj largest terms. From this we find that the sum of the Lj largest terms in block Bj is

an j.od . . . o
at least as great as the sum of all the terms — for 72 in 27521 +1 ]. Summing over j and using # 4.3.8 and using we find that Z any is divergent.
sn

k . . .
We now shew that — — 0. Through Bj the number of terms is Ly + Lp + -+ + Lj' This provides an upper bound for the count k if ay lies between 2J and 2]+1 - Alower bound for R in the same group of terms is evidently 2/
Ny

Hence it is enough to show that

o J Y |
27 Y Lp=271 Y (l—]+D—0
r=1 r=1 %j

1 1
as j — oo. But this is no movere than twice the average of the numbers —, —, ..., , and the average tends to zero since the typical term — does so.
51’ sp s, i sn
2]

L1 L1
for integer 72 = 1. Then @p — 0 and by, — 0, but sin — — —1 and sin — — +1, so the limit does not exist in view of Proposition 281.
an

bn

1+vV1+4x
2

5.2.10 f(0)=0,butforx>0, f(x)= ,so f is not right-continuous at X = 0.

5.6.2 Consider a unit circle and take any point P on the circumference of the circle.
Drop the perpendicular from P to the horizontal line, M being the foot of the perpendicular and Q the reflection of P at M. (refer to figure)
Letx=ZPOM.

For X to be in [0, —], the point P lies in the first quadrant, as shown.

The length of line segment P M is sin(x). Construct a circle of radius MP, with M as the center.
Length of line segment PQ is 2 sin(x).
Length of arc PAQ is 2x.
Length of arc PBQ is 7 sin(x).
Since PQ < length of arc PAQ (equality holds when X = 0) we have 2sin(x) < 2x. This implies
sin(x) < x

b4
Since length of arc PAQ is < length of arc PBQ (equality holds true when X = Q or x = 2 ), we have 2x < 7T sin(x). This implies

2 .
— x <sin(x)
T

Thus we have

2 . T

—x<sin(x)<x,Vxel[0, -]

kg 2
5.9.1 If p had odd degree, then, by the Intermediate Value Theorem it would have a real root. Let & be its largest real root. Then

0=p@ql@) =pa®+a+1)

2

meaning that @ + & + 1 > @ is a real root larger than the supposedly largest real root @, a contradiction.

1 1
5.9.2 Observe that £(1000) f(f(1000)) =1 = f(999) = 999" So the range of f include all numbers from 399 0 999. By the intermediate value theorem, there is a real number @ such that f (@) = 500. Thus

1

f@f(f(a)=1= f(500)= 500°

5.9.5

5.9.10 Ifeither £(0) = 1 or f(1) = 0, we are done. Soassume that 0 = £(0) < 1and0 < f(1) < 1. Put g(x) = £(x) + X 1. Then g(0) = £(0) —1 < 0 and g(1) = f(1) > 0. By Bolzano’s Theorem thereis a ¢ € ]0 i1 [ such that g(c) =0,
thatis, f(€) + ¢ —1 =0, as required.

5.9.11 Consider g(x) = f(x) — f(x + 1/n), which is clearly continuous. If g is never 0 in [0 H 1] then by Corollary 335 g must be either strictly positive or strictly negative. But then

o-so- 0 2 2 o) b5 o)

The sum of each parenthesis on the right is strictly positive or strictly negative and hence never 0, a contradiction.
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sin 27X
1n a
5.9.12 Consider the function f 2 [0;1] — [0;1].;:»—» —_— —X.
sin 2Z
a

5.9.13 The function f should be taken nonnegative; i = f g means ordinary product, not composition. Take X = sup{x : h(x) = ¢} and use the facts that k(g + ) < ¢ for £ > 0, while there exist £ "\, 0 such that i(xg — tn) = ¢. Then
for £ >0,

¢>h(xg +1) = f(xg +1)g(xg + 1) = f(xp + 1)g(xp) — f(xp)g(xp) = h(xg),
s0 € = h(xg). Work similarly with £z to get ¢ < h(xg).

6.2.1 Observe that that
_=+D-(x-1) 2

1 1
¥-1 x+1  (@-Dx+1) 2

1

Iff(x)=(x—-1)"" then

F@=-1x-D72 @) = (DD E- D73 D E2)E3) - D745 £ 100 () = 1001 - 1) 7101,

Similarly, if (%) = (x+ 1)~ then
g@=-1x+1"2g" (@) = D2+ D 3D (=2)(-3) (x+ 1) 4...; 8100 (x) = 1001+ 1) 7101,

Hence
4100 2

dx100 52

= f100) () _ g(100) (1) — 1001(x— 1)~ 101 _ 1001(x+ 1) 101,

622 Weuse Leibniz's Rule and the observation that the third derivative of x — x is 0. Also (sinx) @4n) _ gin x, (sinx) (4n+2) _ _gin x, (sinx) (n+1) €0sx, and (sinx) (4n+3) _ _ cosx, Then

q100 100 100 100

—_— x2 sinx = xz (sinx)(loo) + (xz)’(sin Xx) 99) , (xz)”(sin Xx) (98) _ x2 sinx —200xcosx —9900sin x.

dx100 0 1 2
63.1 Put f(x) = x° — 2% + x. Then £(0) = £(1) = 0 and by Rolle’s Theorem there is ¢ €]0; 1[such that £/ (¢) = 5¢* —4¢+1=0.
6.3.2 Set 2 3

ay x apx
= + + oo
fx) =agx 2 3 ,

and use Rolle’s Theorem.

6.3.4 Setg(x)= f(x)zf(l —x). Since g(0) = g(1) = 0, g satisfies the hypotheses of Rolle’s Theorem. Thereisa € € ]0 ;1 [ such that

£ =0 = 2f (Of©f1-0)-f(O2f 1-c)=0.

Since by assumption f(€) f(1 — ¢) # 0 we must have, upon dividing by every term byf(t‘)zf(l — ¢), the assertion.

k k+1 k k+1
6.3.5 For0<k< nfl.considerlhelnlerval[—;—l.BylheMeanTheorem,lhereareukEl—; [suchlhal
n n n
k+1 k
Fla )_f( n ]_f(;] _n(f(kﬂ) (k])
k= 1 B n n
n

Summing from k = 0 to k = 1 — 1 and noting that the dextral side telescopes,

f(§])=n(f(1)ff(0))=n.

i
6.3.6 Letk; € [0 B 1} be the smallest number such that f(k;) = —, 1< i < n—1. Put kg = 0, kp = 1. The existence of the k; is guaranteed by the Intermediate Value Theorem. Moreover, since the k; are chosen to be the first time f is
n
i
—, once again, by the Intermediate Value Theorem we must have
n

0<ky<kyp<--<kp_j<l

Hence, by the Mean Value Theorem, there exists @; € ] kiikiy [. 0<i<n-1,suchthat

' Flki1) - flk;) 1 1
(a;) = = = =n(k; y - k;).
re kip1 -k nikiey —ki)  f'(ap) e
Summing,
nil 1 nil
— =n (kj 41 — ki) =nlkn —Ikg) = n.
Ko FMa) ~ g
1 / 1 / 1, e 1 1 1,_(1)Ye
6.4.2 Wehave f’(x) = x* (logx + 1) whence f'(x) =0 = x=e I Since f'(x) <0for0<x < e” L and f'(x) > 0forx > e~ 1, x = e L is alocal (relative) minimum. Thus f(x) = f(e™1) = (;] .
_ _ k _
6.4.3 Let S = sup f(x), where f(x) = e Xie klx. Since f(x) — 1 as x — 0, clearly S = 1. When x = e x = Vk, the two summands are equal and f(x) = f(\/E) =2e vk >1lifk < (log2)2. (It can also be checked that
x>0

x = Vkisasolution off’ (x) = 0.) So S is greater than 1 for these k. I claim that when k = (lOgZ)Z, S§=1.

X X —
To prove this note first that also § = sup f(xI\/E) since X and — equally run through all positive reals. We may write f(—=) as m” + m”x where m = e ‘/E. Then § = sup (m® + m”x) , and the claim is that this equals
x>0 Vi vk x>0
1 1 —
1 forany m < 3 It’s enough to prove this for m = 2 because for fixed X, each of the the functions n — m>, m — mllx, is increasing in m. Thus, it remains to prove (¥) 2% 42 Ux < 1 for all positive X (with equality at X = 1 and as

1
X — 0 or to infinity). Since the expression is unchanged when X is replaced by — we need only to consider x = 1.
X

Let us rewrite (*) in the form g(x) = 2% _ 2%~ Ux _ 1 > 0. We have g(1) = 0 and will show that g’ (x) 20, x=1.1In fact,

gw = (log2)@* — 2%~ 1/%) 1+ x~2) >0

2% 214 x 2 forx=1

—
= 2Y>1+y%for0<y=<1

— (log2)y =log(1 +y2)for0£ysl.

This last is true, since the left member s linear, the right member is convex (its second derivative is 2 =0for 0 <y < 1), and the two agree at the endpoints y = 0, y = 1. This completes the proof that min § = 1, achieved for any

a+y%)?2
k= (log2)2.
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6.5.3 Let0 < k < 1, and consider the function
[0; +oo[ — R

x — xk -k(x-1)

ThenO:f’(x) = kxk71 —-kex=1. sincef”(x) = k(lc—l)x'ﬁ2 <0for0<k<1,x=0,x=1isamaximum point. Hence f(x) < f(1) forx =0, lhalisxk 5

1 aP
<1+k(x—1).Lettingk = — and X = — we deduce
P
a 1 (up ]

2 <1+—|=-1
pa'p p\pd

Rearranging gives

aPpltrla-p  pl+plq
q, @5 "~ " 5 "
4 P

ab=p1*P/
from where we obtain the inequality.
6.6.1 Wehave:

1

L Putf:R—R, f(x)=e* 1 - x. Clearly f(1) = € — 1 = 0. Now,

f’(x) - ex—l -1,
f"(x) —e* 1,
Iff/ (x) = 0then ex71 = 1 implying that X = 1. Thus f has a single minimum point at X = 1. Thus for all real numbers X

0=f)sfw=e""1-x

which gives the desired result.

I

Easy Algebra!

.

Easy Algebra!

4. By the preceding results, we have
Ap <exp(ag -1),

Ap <exp(Az - 1),

Apn <exp(Ap-1).

Since all the quantities involved are positive, we may multiply all these inequalities together, to obtain,
AjAp---Ap <exp(A] +Ag +---+Ap —n).

In view of the observations above, the preceding inequality is equivalent to
n
n"Gn
P ——— exp(n—n) = eo =1.
(ay +ag +---+an)

We deduce that n
ay +az+
Gn " ,
which is equivalent to
ay+ap+---+an
(aluz---an)”" < #.

n

Now, for equality to occur, we need each of the inequalities A j. < exp(A}, — 1) to hold. This occurs, in view of the preceding lemma, if and only if Ag. = 1, Vk, which translates into @] = @ =...= an. This completes the proof.

671 (loglogx)!°8% = exp((logx)(logloglogx)) and (logx)!°8198%  exp((loglogx)2). Now, lexicographically,

(lnglogx)2 << (logx)(logloglogx) = exp((loglogx)z) << exp((log x) (logloglog x))
and thus (loglogx)logx is faster.

7.1.1 < This follows directly from Theorem 451.

= If fis Riemann integrable, let € > 0 and let P ={a= Y0 <Y1 <..-<Ym = b} beapartition with m + 1 points such that
’ n. &
u(f, 2)-L(f, &) < 2

£
8mM

As f is bounded, there is M > 0 such that Vx € [u;b], |F)] = M. Take 8 = and consider now an arbitrary partition 2 = {@ = Xq < X] < ... < %n = b} with norm H 9”“ <6.put P = P U P Arguing

as in Theorem 448, we obtain

L(f,W”)—L(f,gz‘)<2mM||9@‘||<2mM5: %.

Since by Theorem 449 L(f, 2 < L(f, 2"y we gather
LY, 2N -1, P) < 5

In a similar fashion we establish that

v, -, 2 <,

and upon assembling the inequalities,

U(f, @)~ L(f, ) < U(f, P~ L(f, Py + g <&

&

since we had assumed that U (f, - L(f, 2 < 3
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7.2 = Assume f is Riemann-integrable. For € > 0 let & > 0 be chosen so that the conditions of Theorem 22 be fulfilled. By definition of a Riemann sum,
L(f, 2)<S(f, 2)<U(f, &),
and therefore
b b
U(f, 22) < L(f, 92’)+£sf f(x)dx+£:f fxdx+e
Za a
and
—b b
L(f, 22)>U(f, 9)7£2f fx)dx—¢ =f fdx—e.
a a
These inequalities give

<g,

b
'S(f'gz‘)—f fx)dx
a

whence  lim  S(f, &?) = fbf(x)dx.
|||~ ‘

< Supposethat lim  S(f, £?) = L, existing and finite. Given £ > 0 there is & > 0 such that
|2][~o

|92‘|| < & implies

& &
L- - <S(f, ) <A+ . A7)
3 3
Now, choose & = {a = xq < X] <---< Xp = b}. By letting ¢}, range over [xk—l ;xk] we gather, from (A.7)

L- g <L(f,?)<U(f, )<L+ g,

whence

U(f,@)*L(f“@)S§£<£,

meaning that f is Riemann-integrable over [a 5 bl by Theorem 451. Thus

b
L(f, 27) Sf fdx<U(f, 27,
a

andso  lim  S(f, 2?) = fbf(x)dx.
][0 ‘

713 = Let P ={la=x9)<x)<--<xp=hb} beaparuuonof’u;b].SeL

n
2,2 = Y. ol [se_r 50 g - ) = UG, PV =L, ), Q= sup f@)- inf f().
k=1 x€[a;b] x€[a;b)

6=

TM:

l(xk ’xkfl)X{xe[a;b]:w(f,[xk_l ;xk])ZE/}'

Then Z(f, &) = 8¢’ since we are ing that f is Ri -i ble, there exists a partition &2 (by Theorem 451) such that

Z(f, P)<¢€e.

Thus we have 8’ < g’ from where & < .

< Assume there is a partition &2 for which & < €. In the intervals I = [Xje—13 %] where w(f,I) = &' the oscillation of f is at most €2, and in the remaining intervals (the sum of which is b — @ — 8, the oscillation is less than & Hence

Z(f, P)<8Q+(b-a-0)¢ .

Choose now

Sinceb—a-6<b-a,

whence f is Riemann-integrable by Theorem 451.

8
721 —
5
7.2.2
[ ele) 4 et aes [y axs [ ele) a
x|x]] dx = x| x]] dx+ | x|x] dx+ | x| x| dx
0 U=l 0 1 2
= Of xdx+lf xdx+2f x dx
0 1 2
B x2‘2+ 2|3
R 2
= (2—5)4-(9—4)
. B
= 5
7.2.3 Wehave B B
/ L fa-f@) e gt et p
(x) = lim = lim = lim —lim —=e*-1
f h—0 h h—0 h h—0 h h—o0 h ’

whence f(x) = e¥ —x + C.Since3 = £(0) = €0 —0+ C = € =2, we deduce that f(x) = e* —x+2.
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a 1
724 Putl= f ———— dx. We have
0 f(x)+1

a — — 0
- f U [* fwf@-w o4 fa-w f@ 4 _fw
o fw+1

“Jo Fwrraf@-w ™o Tefa-w ™ e 1o TN Terw
whence a a a
2l = S du+ fla—w du=f 2+fa+ fla-w u=a,
0 1+f(w) 0 1+fla-w 0 2+f(w)+fla-w
andso I = 2
2

7.25 Observe first that f(0+0) = f(0) + £(0) and so f(0) = 0. Integrate f(u+ y) = f(u) + f () for u € [0; x]keeping y constant, getting

X X x x
f f(u+y)du=f f(u)du+f f(y)du:f fwdu+xf(y).
0 0 0 0
Also, by substitution,
X y+x y+x y
f f(u+y)du:f f(u)du:f f(u)du—f fwdu.
o y o o
Hence
y+x y X
xf(y):f(j f(u)du—f0 f(u)du—f0 fwdu.

Exchanging X and y:

y+x x y
yf(x):fo f(u)du—f0 f(u)du—fo fwdu.

From (A.8) and (A.9) we gather that X f () = xf (). If xy # O then @ = @ . This means that for f®
y

7.2.7 Wehave

2 1 2
fllxz—lldx = fl(l—xz)dx+fl *2-1) dx
= (x—ﬁ)‘ +—(£—x)‘2
- 3'1-1""3 1
1. 8

xdx udu T
=E—D = . us
x2  uZ+1

/ dx
7216 Putu=\/ %2 — 1; u2 = x2 — 1 sothat 2udu = 2xdx and =

1 u 1
7dx:f7du:f7du:arclanu+C:arctan\/x2—1+C.
fx\/xz—l W2 +u u? +1

7.217 Putu=VvVx+1; w?=x+ 1; from where dx = 2udu. Whence

f;damfz—udu:f(z—i)du=2u—2|og|l+u\+C=2v1+x—zlog\1+\/l+xl+C.
1+vVx+1 1+u 1+u

7.2.18 Putx = uG;dx = Gusdu, giving

f L2 . (us)(sus)du
= dx = Rt i
¥z _ 113 B2
f 6ub
= ——du
u-1 1
= 6/(u5+u4+u3+u2+u+1+ﬁ)du
MG us u4 u3 u
= 6|—+—+—+—+——+u+loglu-1|[+C
6 5 4 3 2
5/6 2/3
6. 3.
= X+ xT + xT +—2x1/2 +3x1/3 +—Gx1/6 +Glog\x1/6 -1/+C.
7.2.19 Put u2 =a* +1;2udu= (loga)axdxand 50
f a?¥ dx_qu(uz—l)du_ wl-2 o o2ad 2w 2@+ 2@ DM
VaX+1 uloga - loga - 3loga loga - 3loga loga

7.2.20 Observe that (e® — (».‘_x)2 = (e—x(er - 1))2 = e—Zx(er - 1)2, and so

2x
1 1 1 1
f dx=f i dx=f—du=——+c=—7+c,
(eX —e—X)2 (e2% —1)2 2u2 2u 2(e2% — 1)
on putting U = er -1

7.2.21 We have

5 2 3 4 5
fl l—fdx fl l—fd:ﬁ—fz %dJﬁ—fs %dx-*—_L %dx
2 3 4 5
f ld.wc-v—f de+f gdx-v—f éd.x
1 x 2 X 3 x 4 x
(log2—log1) +2(log3 —log2) + 3(log4 —log3) + 4(log5 —log4)

41og(5) - 3log(2) - log(3).

7222 Putu=e¥, et
X X X X
fee +xdx:fexee dx:fee de¥*=e® +C

(A.8)

(A.9)

is constant, and so for X # 0, f(x) = ¢x for some constant ¢. Since f(0) =0, f(x) = cx forall x. Takingx =1, f(1) = c.
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7.2.23 Putu =log(cosx), etc.
log(cosx))%
flanxlog(cosx)dx: f(log(cosx))d(—log(cos(x))) == y +C
7.2.24 Putu =loglogx, etc.
loglogx f loglogx
———dx = | loglogxd (loglogx) = ——— +C
fxlogxx glog xd (loglog x) 2
7.2.25 Carry out the long division.
18 16 13 10 7 4
x 1 x x x x X
f dx:f(x15+x12+x9+x6+x3+1)dx:—+ —+—=+—+x+C
16 13 10 7 4
7.2.26 After an algebraic trick, put 2 = 1 +x77,elc.
-8 -7
1 x 1 (d1+x 1 _
f—dx:f dxf——f ( ) - _Liggn+x74c
Bx 1 7) 1+x77 7
7227 Putu=2%+1 pox .
272 1 2 1 u-1 1 1
f—dx: — f ——d@¥+1= —f—du: —— (u-loglul) + C= — (2¥ +1-log|2* +1|) + C
2% +1 log2 J 2¥+1 log2 u log2 2
7.228 Putu=x+1. Thenx2 =(u- 1)2 = u2 —2u+ 1, and hence
2 2
-2u+1
f ¥ 4 = f wcut g
(x+1)10 ul0
= fu78 —2u 9+ 4 10gy
-7 -8 -9
u u u
AR SR
-7 -8 -9
_ _+D (x+1) _(x+D iC
7 4 9
7.2.29 Algebraic trick, and then £ = e~ ¥ +1, etc.
—X
1 _ _
——dx= | ——dx=- | ——d(eF*+1)=-1 *i1+C
f1+ex * fe‘x-v-l fe‘x+1 e ) ogle |
7.2.30 L Lisi Lesi
+ +
f — =f Sinx dx=f smxdx:fseczx+set:xtanxdx= tanx +secx +C
1-sinx 1-sin? x cos? x
7.2.31
f\/ 1+sin2xdx = f\/ sin2 x + 2sinxcos x + cos xdx
= f\/ (sinx+cosx)2dx
= flsinx+cosx\dx
= Fcosxtsinx+C
7.232 Putu= xz,elc.
x 1 1 1 1 5
dx:—f du = ~ arcsinu+C = - arcsinx“ + C
| ==*il5= :
7.2.33 We have
fsec4 xdx = fseczx(tanzx+ 1)dx
= f sec? xtan? xdx + f sec? xdx
= f(tanx)zd(tanx)+fsec2 xdx
3
tan® x
= +tanx +C.
7.2.34 We have
f secdxdx = f sec3 xsec? xdx
= f sec3 xd(tanx)
= sec3xtanx—ftanxd(sec3 Xx)
= secsxtanx—3ftan2xsec2 xsecxdx
= secsxtanx—sf(seczx— l)sec3 xdx
= sec3xtanx—3fsec5 xdx+3fsec3 xdx
The above implies that
5 tanxsec3x 3 3
fsec xdx —_— + - fsec xdx
4 4
tanxsec3x 3tanxsecx 3
= — T+§log\secx+tanxl+c,

upon recalling from class that

3 tanxsecx 1
sec” xdx = — + Elog\secx+tanx|+c

7.2.35 Firstput £ = x”s, then £3 = x = 312dt = dx. Thus
fexlls dx = f3t22tdt
= 32ef-6tel —6el +C
3x2l3exll3 —lelsexlls —Gexll3 +C,

where the penultimate step results from tabular integration by parts.
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7.2.36  We have

flng(x2 +1)dx xlog(x2 +1) —fxd(log(xz +1))

x2
2

x4 +1
2 +1-1
X241

2 1
xlog(x’ +1)—2f(1—7)dx
g x2+1

= xlog(x2 +1) —2(x —arctanx) + C

dx

xlog(.x2 +1) —Zf

xlog(.x2 +1) —Zf x

7.2.37 Put
I= fxex cosx:=(Ax+ B)ex cosx+ (Cx+ D)ex sinx+ K.
Differentiating both sides,
xe® cosx = Ae” cosx + (Ax + B)e” cosx — (Ax + B)e” sinx + Ce* sinx + (Cx + D)e* sinx + (Cx + D)e” cosx.

Equating coefficients,

xe* cosx : 1=A+C

xe* sinx : 0=-A+C

e* cosx : 0=A+B+D
e¥sinx : 0=-B+C+D

1 1 1 1
From the first two equations C = =, A = 3" Then the third and fourth equations become — 3 =B+D;— 3 =—-B+ D, whence D = — 2 and B = 0. We conclude that

1
2’

x x .
fxexcosx: Eexcosx+(?]exsmx+l(.

7.2.38  We will do this one two ways: first, by making the substitution

t

t=logx = e =x = eldr=dx.

2/3 _ 2t/3

Observe also that X’ . Then

foIS logxdx = te?tBetas
3t 9
- 3t5u3_9 5u3

5

301 9
_ S0ogx) 5/3_9 53,
5 25

5/3

3x
logxd
fogx( 5 )

5/3
3. 3
= xs logx— H foISd(logx)

30 3
_ (logx) 5/3_3 fx2/3dx

Aliter: By directly integrating by parts,

f 23 log xdx

5
3l
_ (logx) 5/3_9 53
25

5 +C,

as before.

7.2.39 This integral can be done multiple ways. For example, you may integrate by parts directly and then “solve” for the integral. Another way is the following. Start by putting

t

t=logx = e =x = eldr=dx.

Then
fsin(logx)dx:fetsintdt,

an integral that we found in class. We will find it again, using a method similar of problem 7.2.37. Put

I=fetcostdt:= Ael cost+Belsint+K.

Differentiating both sides
el cost=Ae’ cost— Ae'sint + Bel sint + Be! cost.
Equating coefficients,

el cost : 1=A+B

elsint : 0=-A+B

1
andsoA=B = 2 We have thus

t

f sin(logx)dx e’ sintdt

t LT
e’ cost+ Ee sint+ K

D= | —y

1
—xcoslogx+ 3 xsinlogx + K.

- el _ tel g
7.240 Putt=loglogx = e° =x = e e® dt=dx. Hence

t
logl tele®
fogogxdx _ fee dar
x eel

= tel —et+C
= (log x) (loglog x) — (logx) + C,

where the penultimate equality follows from a tabular integration by parts.
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7.2.41 Observe that

2

1 +

fsecxdx: f wdx:fd(log(tanx+secx)] =log(tanx + secx) + C,
tanx + secx

For the second way, simple algebra will yield the identity. We have

fsecxdx = f €os¥ dx+f €os¥ dx
2(1 +sinx) 2(1 -sinx)

= Elog|l+sinx\—Elogll—sianC
1+sinx

e
1-sinx

-

For the third way, we have

f cscxdx =

2sin X cos2 X
2sin ¥ 2 cos” 5
secZ X 3
= f ¥ dx
2tan 2

u=tgn% du

u

1o \taanC
g 2 -

Thus
b b b T X
fsecxdx—fcsc(i +x)dx—fcsc(E +x)d(E +x) =log tan(z + E) +C.

7.2.42 Putting ¢ = arcsin x we have
sint=x = costdt =dx,

whence
s 2 _ 2
(arcsinx)“dx = t“ costdt

2sint+2tcost—2sint+C

= t
= (arcsinx)zx+2(arcsinx) cos(arcsinx) —2x+ C

= (arcsinx)zx+2(arcsinx) 1-x2-2x+C

7.2.43 We have

f f (Vx+1-vVx-1)dx
Va+1+vVx-1 2

1 1
§(x+1)3’27 g(x—l)3/2+C

7.2.44 We have

x2
f xarctanxdx = f arctan xd -
x2 x2
= — arctanx—f — d(arctanx)
2 2
*2 1 x2
= ——arctanx— | - dx
2 21422
%2 f 1x%+1-1
= —arctanx— | - ———dx
2 2 1+x2
x2 x
= ——arctanx— ~ + — arctanx + C
2 2

7.245 Putu = vVtanxandso u2 =tanx, 2udu = sec2 xdx = (lan2 x+1)dx= (u4 + 1)dx. Hence the integral becomes

du.

u2
f\/tanxdx = Zf
ut

To decompose the above fraction into partial fractions observe (Sophie Germain’s trick) that u4 +1= u4 + Zuz +1- Zuz = (u2 +uv2+ 1) (u2 —uV2+ 1) and hence
u
f Vtanxdx = 2 f du
ut +1

V2 u V2 u
= ——fidu-v-—fidu
2 J u2+uvz+1 2 J u2-uy2+1

= —\/Tilog(u2+u\/§+l)+ Tzlog(uz—u\/f+l)+ 72 arctan(v2u+1) - ‘/75 arctan(—v2u+1) +C

2 2
- % log(tanx + v2tanx +1) + % log(tanx — v2tanx+1)
2 2
+ g arctan(v2tanx +1) — g arctan(—v2tanx+1) + C

7.2.46 Put

= 2x+1=Ax(x—1)+B(x—1)+Cx2.

2x+1 A
==+
X

_2x+l <
x2(x-1) 1

+
x—

kwl w

Letting X = 1 we get 3 = C. Letting X = Owe get 1 = —B == B = —1. To get A observe that equating the coefficients of x2 on both sides we get0 = A+ C, whence A = —3. Thus

2x+1 1 1 1
dex - —Sf—dx—f—dx+3f—dx
x2(x-1) x x2 x-1

1
—3log|x|+ — +3log|x—1|+C
X

3log‘xT_l|+J—lc+C.
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7.2.47 Integrating by parts,

flog(x +vVx)dx = xlog(x+v/x) —fxdlog(x+ Vx)

= xlog(x + \/})—f—z\/idx
= xlog(x+\/})—f[l—l» vx )dx

1
1 + -x+- | ——
xlog(x+ vx) —x 2) v

= xlog(x+\/})—x+f ad
u? +u

= xlog(x+\/})—x+fl—;du
u+1
= xlog(x+vx)—x+u-logu+1)+C

= xlog(x +vx) —x+vx—log(vVx+1)+C

7.2.48 We use Sophie Germain'’s trick to factor

4

x +l=x4

1252 +1-2x2 = (2 + D% —2x2 = (% — V2x + D2 +V2x+1),
and seek the partial fraction decomposition
1 Ax+B Cx+D
. _AxrE MR 1= (Ax+B)(x2 +V2x+ 1)+ (Cx+ D) (x2 —V2x +1).
x4l x2-V2x+1 22 4V2x+1

Equating coefficients

X i 0=A+C
2 : 0=B+D+V2(4-0)
x : 0=A+C+V2(B-D)
2L . 1=B+D
1 1
From the first and third equation it follows that A = —C and that B = D. From the fourth equation B= D = 5 and from the second equation A = — ﬁ = —C. Hence we must integrate
1 V2x+2 V2x-2
—  dx = dx—
1 4(x2 +v2x+1) 4(x2 - V2x+1)

V2 2x+V2 1 1 V2 2x+V2 1 1
— dx+ - dx—- — x+ — dx
8 J x24+v2x+1 \/4_ 2 +V2x+1 8 J x2_v2x+1 1) x2-v2x+1
2 2 2 2 1 dx 1 dx
= Zlog(x*+xvV2+1) - — log(x —x\/§+l)+—f +—f
g 8 s 8 2J) xv2+D2+1 2J) (—xvV2+D2+1

= ? log(x2 +xV2+1) - \%E log(x2 —xV2+1)+ TZ arctan(xv2+1) — TZ arctan(-xV2+1)+C

7.2.49 We begin by observing that

1 Bx+C
_— ZEE s 124G —x+1) + (Bx+ O)(x+1).
341 x2-x+1
1 2 2 1
LettingX = —1 weobtain1 =34 = A= 3 LettingX =0weobtainl =A+C = C=1-A= 3 Finally, we must have A+ B = 0, since the coefficient of X~ must be zero. thus B = — 3 We must then integrate
dx x-2 1 x—% 1 1
— | ———dx = =lo |x+1|—f +—f
f3(x+1) f3(x2—x+l) 3 8 S(x—l)2+§ 2 (x—l)2+§
2 4 2 4
! logix+11- L logltx 1)2+3|+2f L
= = x+1/— = i S
3 6 2 4 3 4,12
\/g(x 2) +1
1 1 12 3 2 V3 1
= —loglx+1|- —log|(x— )+ —|+ = - —— arctan(x — ~
Sglxlsgl(2)4l32 (2)
1 1 3 2 1
= —loglx+1l——log|x2—x+ll+—arctan—(x——)
3 6 3 V32
8.8.1
8.8.2
8.8.3
8.8.4
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